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,	into	2"	equal	parts,	each	having	sides	of	length	L/21,	just	as	we	divided	the	square	into	four	equal	parts	when	n	=	2.	The	third	equality	is	similar	to	the	fourth	except	for	the	change	of	sign.	SECTION	6.9	/	SADDLE	POINTS	255	6.9	Saddle	Points	Dynamic	economic	models	often	have	equilibria	that	are	not	asymptotically	stable.	But	x	=	A1	2:	0,	so	only
x	=	½(1	+	,,/7)	is	admissible.	TI1ey	also	help	to	understand	the	definitions	of	upper	and	lower	hemicontinuous	correspondences	in	Section	14,	1.	NOH:	·j	If	the	eigenvalues	)q	and	A2	of	A	in	Theorem	6,8.	It	follows	that	(xo,	Yo)	is	the	unique	minimum	point	for	L.	Then	Theorem	12.4.2	is	still	valid,	and	H	need	only	be	concave	in	A	1	•	If	V	is	compact	and
the	functions	f	and	g	are	continuous,	there	will	always	exist	an	optimal	solution.	Note	that	f	(T,	XT)	is	independent	of	ur,	so	lr(xr)	=	Inxr.	Consider	first	(7)	and	note	that	h(x)	is	the	maximum	value	of	1	+x	-	u	2	for	u	E	(-oo,	This	maximum	value	is	obviously	attained	for	u	=	0.	If	C(0)	=	Co	is	small,	the	path	starts	at	a	point	like	Q	in	Fig.	The	solution	for
y(t)	is	found	from	a12Y	=	.x	-	a1	ix	-	b	1(t),	and	it	depends	on	the	same	two	constants.	Define	the	sequence	of	funcLions	{x,,	(f)},	n	=	0,	1,	2....	Draw	a	phase	diagram	for	system	(	*)	in	Example	l.	..	According	to	(4)	and	(5)	we	get	Pt-I	=	OLp	1	for	t	<	T	and	Pr-1	=	PT.	,	g	111	),	them	constraints	can	then	be	written	as	a	vector	equality,	g(x,	r)	=	0.	More
generally	(also	by	uniqueness),	P(t,	s)	=	P(t,	r)	·	P(r,	s)	for	all	t,	s,	and	r.	This	makes	no	difference	to	the	partial	derivatives	3£(x)/3x;,	of	course.	(For	the	definition	of	inf,	see	Section	A.4.)	TH	REMZ.102	Let	f	:	rr;R	11	-+	!Rn	be	a	C	1	function	and	suppose	that	If'	(x)	I	I	O	for	all	x.	l	1.	For	a	point	(x,	y)	with	x	EX	and	y	E	.'P(x),	let	A=	{ilg;(x,	y)/ilx1);EI,
where	I=	{i:	g1	y)	=	b;}.	,	fm	concave	anda	1	2::	0,	...	/)	f/	(x0	+	th)	=	L	f/1(x0	+	th)hi	j=I	It	follows	that	n	g"(t)	n	=LL	j/1(x	0	+	th)h;hJ	(6)	i=l	j=l	Now	use	the	formula	g(l)	=	g(O)	+	g'	(0)	+	½g"	(c)	with	O	<	c	<	1,	and	insert	t	=	0	into	the	expression	(5)	for	g'(t)	and	t	=	c	into	the	expression	(6)	for	g	11	(t).	Find	the	general	solution	of	the	system	t=O,l,	...
,	An	are	the	eigenvalues	of	A,	then	A'=	P	diag(.:\;,	...	,	x,;)	of	one	variable,	It	has	a	stationary	point	at	x;',	because	stationarity	of	f	at	x*	implies	that	g'(xt)	=	f/(x*)	=	0.	Suppose	xo	is	given.	Then	whenever	i,	j	~	rn,	the	points	Xk;	and	xk1	both	belong	to	K	111	and	therefore	d	(x1c;,	xkj)	:S	foL	/2	111	•	Hence	the	subsequence	{xk1	}	is	a	Cauchy	sequence
in	IR	11	,	and	is	therefore	convergent	It	is	both	unsurprising	and	easy	to	prove	that,	if	S	is	unbounded,	then	there	is	a	sequence	in	S	without	any	convergent	subsequence	(see	Problem	4).	Then	there	exist	numbers	Pt,	with	pr	0,	such	that	for	all	t	=	0,	...	,	n	(6)	(7)	.4	Consider	the	standard	end-constrained	problem	(10.1.	1)-(10.1.5)	with	a	compact
control	region	U.	Then	in	(t*,	4),	u*(t)	=	x''(t)	0,	and	from	(i),	p(t)	=	-4.	Upper	and	Lower	Limits	Let	{xk)	be	a	sequence	that	is	bounded	above,	and	define	y	11	=	sup{xk	:	k	:::=	n}	for	n	=	I,	2,	.	Combining	this	with	the	inequality	1	(f*	-	f)	dt	2':	p(t1)(x	(t	1)	-	x*(t1))	that	was	derived	as	formula	(*'i	x1)	(c')	A(t1)	=	,\0S'(x*(t1))	The	following	sufficiency
result	is	a	straightforward	extension	of	Theorem	9.10.1:	F.M	Q	UH!ClENT	CONDHWNS)	The	conditions	in	Theorem	9.10.2	with	Ao	=	l	are	sufficient	if	U	is	convex,	I-JC	(t,	x,	u,	.11.(t))	is	concave	in	(x,	u	),	and	S(x)	is	concave	in	x.	These	can	be	used	to	determine	the	consumption	expenditure	c1	:::::	x.	According	to	(9.6.5),	/3t1	=	H(t;',	x*(tt),	u*(tt),	p(tt))
if	Vis	differentiable.	Instead,	simply	differentiating	V	w.r.t.	xo	under	the	integral	sign	using	fom1Ula	(4.2.1)	gives	-1r	BV(xo,	T)	--	axo	On	the	other	hand,	p(O)	=	-½	T	2,	O	_	(-t)dt	-	-	21	T	2	so	(2)	is	confismed.	So	when	llall	l,	it	follows	that	at	points	where	V	f	(x)	f::	0,	the	number	f~	(x)	is	largest	when	cp	:::::	0,	i.e.	when	a	points	in	the	same	direction	as
V.f	(x),	while	f~	(x)	is	smallest	when	cp	=	re	(and	hence	cos	rp	=	-1	),	i.e.	when	a	points	in	the	opposite	direction	of	V	f	(x).	Then	according	to	(b),	the	eigenvectors	are	mutually	orthogonal.	111	2	MPLE	For	the	last	two	equations	in	Example	1,	it	follows	immediately	from	(3)	that	(b)	is	stable,	whereas	(c)	is	unstable.	V(x)	={	x	2	/4-x	-1	if	X	<	0	ifx	E	(0,2],
ifx	>	2	if	x	::=;	0	ifx	E	(0,	2].	It	is	called	homogeneous	because	if	Xr	is	any	solution,	so	is	ax1	for	any	constant.	Differentiating	w.r.t.	t	yields	y	=	-	.r:e·-r	-	2xe-	1	+	2xe-	1	•	Inserting	these	expressions	for	y	and	j,	into	the	second	equation	gives	-	3.xe-	1	+	2xe-r	=	4xe-t	+	xe-	1	-	2xe-	1	+	1,	or	4x	=	e1	.i	-	Using	the	methods	of	Section	6.3,	we	find	that	the
general	solution	for	x	is	x	From	y	=	xe-1	-	2xe-t	=A+	Be41	+	1	=	(4Be	41	y	½l	-	½e	1)e_,.	SECTION	2	.4	/	C	Ot'-1	CAVE	AND	CONVEX	FUN	CTI	O	t'-1S	II	63	2,4	Concave	and	Convex	Functi	ns	II	We	continue	our	discussion	of	concave/convex	functions.	~i\l	4.	In	particular	we	consider	the	problem	Y	=	1	00	O	1	1-	V	-	-	C	1-v	e-rid	t	•	K	'	=	aK-bK	2	-	C,
K(0)	=Ko>	0	where	a	>	r	>	0	and	v	>	0,	with	C	as	the	contwl	variable.	It	is	clear	that	cot	x	=	I/	tan	x	when	tan	x	and	cot	x	are	both	defined.	Q	3	is	positive	semidefinite	because	it	is	always	~	0,	but	it	is	not	positive	definite	because	it	is	0	if,	say,	x1	=	x2	=	I.	Solve	the	problem	min	fo	(ti	+x	)dt,	x(0)	=	l,x(l)	=	0.	,	},.	,	Xn)	are	then	the	candidates	for
optimality.	,m	(10a)	SECTIOt\l	10.4	/	EXISTENCE	THEOREMS	AND	SENSITIVITY	373	There	exists	a	constant	M	such	that	lp;(t)I	:SM	for	all	t?:	t0	i	1,	...	Note	that	in	problem	(13)	we	maximize	w.r.t.	x,	with	r	held	constant.	there	exists	a	point	xk	in	B(x0	;	1/	k)	with	llf(xk)	-	f(x	0	)	II	>	s.	We	thus	arrive	at	the	following	general	result	(which	can	be	proved
by	induction):	t	X1+1	=	ax1	+	b1	-	x*	(e)	a	(g)	a=	l,	b>0	(h)	f-	I,	Xo	=	x*	a=	1,	b	1,	x	0	>	x''	(f)	a=	-1,	xo	=/::	x*	(i)	a=	I,	b=0	3.	One	application	is	this:	If	.f	is	concave	in	an	interval	J	and	if	Xis	a	random	variable	with	values	in	I	whose	expectation	E(X)	is	finite,	then	f	(E(X))	2:	E(.f	(X)).	The	Cartesian	product	of	the	two	intervals	[a,	b]	and	[c,	d]	is	the
rectangle	R	=	[a,	b]	x	[c,	d]	of	points	in	the	xy-plane	satisfying	the	inequalities	a	s	x	s	band	c	s	y	s	d.	The	concept	of	a	conespondence	from	A	s;	IR'	into	IR2	is	illustrated	in	Fig.	We	find	that	0	+	1	0	=	-2,	-1	B3	=	0	l	l	3	0	0	0	-1	0	0	0	4	=	-5	Hence	(	-1	/	B2	2	and	(	-1)	1	B3	=	5,	so	(	5)	shows	that	Q	is	positive	definite	subject	to	the	given	condition.	Fis
lowe.r	hentlcontim.1ous	(or	Uu:.)	in	X	if	it	is	l,h.c.	at	every	point	x	in	X.	Since	Pa	is	convex,	the	vector	AX+	(1	-	Jc)y	is	also	in	Pa,	meaning	that	f	(Jex+	(l	-	;\,)y)	~	a.	Then	F(f	(x,	y),	g(x,	y))	=	y-Hn(l	+x	2	)	-	ln(l	+	y	=	0	for	all	x,	y.	Let	a	=	a1	+	·	·	·	+	a11	•	For	a	<	1,	the	Cobb-Douglas	function	is	strictly	concave.	Upper	Hemicontinuity	A	concept	closely
related	to	the	closed	graph	property	is	upper	hemicontinuity.	This	ball	is	bounded	and	any	finite	set	of	points	is	bounded,	so	the	sequence	{xd	must	be	bounded.	=	1	with	(xr)	1-	"	/	(	1	-	a),	where	a	>	0	with	a	f=	1.	A	solution	is	a	continuous	function	x	(t)	that	has	a	derivative	that	satisfies	the	equation,	except	at	points	where	u(t)	is	discontinuous.	The
author	team	consists	of	the	two	co-authors	of	EMEA,	together	with	two	other	mathematicians	in	the	Department	of	Economics	at	the	University	of	Oslo.	We	easily	find	u*(x)	=	ax/(a	+	b)	+	fj/b	234	C	HAP	TE	R	6	/	DI	FF	ER	ENT	I	AL	EQUATIONS	11	:	SEC	ON	D	_O	RD	ER	EQUA	TIO	NS	NOH'	3	An	alternative	way	of	solving	(8)	is	to	introduce	a	new
independent	variables	=	1n	t,	Le.	=	dx/dt	=	(dx/ds)(ds/dt)	=	(1/t)(dx/ds),	and	differentiating	i	with	respect	to	t	yields	t	=	e'.	,	an	(t)	are	continuous	functions	on	(-oo,	oo	).	Then	one	writes	F	.	Also,	if	the	matrix	A	is	symmetric,	then	so	is	each	matrix	whose	determinant	ia	a	principal	minor.	,	Ym)	=	0	for	Yi	and	get	Yj	as	a	function	of	the	other	variables	y;,
i.e.	fj	(x)	can	be	expressed	as	a	function	of	the	other	f;	(x)	for	x	E	A.	(3)	So	at	least	one	vector	in	the	admissible	set	simultaneously	satisfies	all	the	constraints	with	strict	inequality,	M	3,9,'f	{NECESS	CON!JlTlONS	FO~	CO	OG	MtNG}	Suppose	that	(1)	is	a	concave	program	satisfying	the	Slater	condition.	Then	the	Hessian	matrix	f"(x*)	is	neither
positive	nor	negative	definite.	Hence,	p(t)	=	e	1-	1	-	1,	and	we	see	that	p(t)	>	0	for	all	tin	[O,	1).	6,5	Sin1ultaneous	Equations	in	the	Plane	So	far	we	have	considered	finding	one	unknown	function	to	satisfy	a	single	differential	equation.	PREFACE	xi	Acknowledgements	Over	the	years	we	have	received	help	from	so	many	colleagues,	lecturers	at	other
institutions,	and	students,	that	it	is	impractical	to	mention	them	alL	Still,	some	should	be	explicitly	mentioned.	(a)	K/L	[Kg/Lge"M	(sA/A)	11"	and	a)""	K	1-",	10.	Perform	a	phase	plane	analysis	of	the	system	x	=	x(k	-	y	=	y(-h	+bx),	ay),	x	>	0,	y	>	0	where	a,	b,	h,	and	k	are	positive	constants.	For	instance,	in	the	optimal	savings	model	of	the	previous
section	it	makes	sense	to	replace	the	terminal	condition	K	(T)	=	KT	by	K	(T)	;:	The	inequality	in	(b)	sometimes	needs	to	be	reversed.	It	is	easy	to	see	that	IR+	is	a	convex	set.	Thus	any	admissible	x(t)	is	positive	and	p(t)	=	-2x*	(t)	<	0,	so	p(t)	is	strictly	decreasing.	Thus,	f*(0.98,	1.80)	=	f*(l	-	0.02,	L75	+	0.05)	~	3	+	0.03	=	3.03.	Note	l	and	Theorem	14.1.2
show	the	relationship	between	the	two	concepts.	Then	(iii)	reduces	to	p(t)	=	p(0)e-'	1	,	and	(i)	becomes	e-rt	u'	(c*	(t))	=	p(0)e-rt,	=	or	u'(c*(t))	=	p(O),	It	follows	that	c*(t)	is	a	constant,	c*(t)	Now(*)	becomes	w	=	rw	+	y(t)	whose	solution	is	=	c,	c,	independent	of	time.	a(al	-	-	)an	-A(px)	-	)a1	···	(an	-	)an	x-A	-px	qi	qn	Solving	this	equation	for	x	gives	x	qn	q1
=	A	l/(1-a)	p	0	/(l-al(aif	q	1	)	01	/(l-a).	We	continue	to	work	backwards	in	this	manner	for	1	=	T,	T	-	l,	...	1cJJj	i=l	(5)	150	CHAPTER	3	/	STATIC	OPTIMIZATION	Thus,	at	the	given	shadow	prices	for	the	resources,	the	total	value	of	the	resources	used	at	the	optimum	x*	is	equal	to	the	total	shadow	value	of	the	initial	stocks.	SECTION	4.2	/	(b)	F(x)	=	(d)
F(x)	=	1.	A	function	f	is	called	upper	semicontirrm:ms	at	a	point	x	0	in	M	if	limx--;-,o	f	(x)	:::	f(x	0	).	The	vector	z(t	+	!1t)	-z(t)	points	from	P	to	Q,	and	[z(t	+	!:,t)	-	z(t)]/	l:,t	points	in	the	same	direction	if	f,,,t	>	0	(and	in	the	opposite	direction	if	f,,,t	<	0).	(c)	0	=	k/k	=	K/	K	-	L/L	=	K/K	-	),,	in	the	stationary	state.	Hence,	we	conclude	that	d(p*)	=	I.	po.
Similarly,	the	inverse	image	of	any	closed	set	is	closed.	Rewrite	the	product	in	x*(t))	We	claim	that,	provided	the	following	three	conditions	are	all	satisfied,	then	condition	(d)	is	satisfied:	(A)	limt-+oo	Jc(t)e-rt	(x1	-	x*(t))	::::	O;	(B)	there	exists	a	number	M	such	that	l),(t)e-r	1	1	:SM;	for	all	t	2"..	,,fx	+	(e)	((x,y):xy:S:l}	3.	2	there	are	two	equilibrium	states,
a	1	and	a	2	.	,	-	can	be	dt	.	Note	that	at	the	stable	point	a	1	,	the	graph	of	,i	=	F(x)	has	a	negative	slope,	whereas	the	slope	is	positive	at	a2.	Then	wefindthatBF/BK	=	U'(C)f'(K)e-rt	and	aF/BK	=	-U'(C)e-'	1	,	so	that	the	Euler	equation	reduces	to	U'(C)f'(K)e-rt	(-U'(C)e-rr)	=	0.	Assume	also	that	capital	depreciates	at	the	proportional	rate	8,	so	that	C	=	f(K.
It	is	nonempty	because	0	E	p+(p,	w).	From	now	on,	we	write	the	concave	program	in	the	vector	form	max	f	(x)	subject	to	g(x)	~	b	(1)	where	g	=	(g1,	.	(a)	J	1	1	(1	-	3x	2	)	dx	10	1	3.	,	uT	only.)	(b)	Verify	that,	although	the	conditions	in	Theorem	12.4.1	are	satisfied,	H(t,	,	it,	p	1	)	subject	to	u	E	[-1,	l].	0	everywhere.	Consider	the	problem	2	max	"'[	)	1	+	x	1
-	y1	U,	vElR	2u	2	v12]	1	-	-	.a,--1	s.t.	{	i=O	X1+I	=	Xt	-	Ut,	X()	=5	Yr+L	=Yr+	Vr,	Yo=	2	'	t	=	0,	I	(a)	Solve	the	problem	by	using	the	difference	equations	to	express	the	objective	function	I	as	a	function	of	only	u	0	,	u	1	,	u2	,	vo,	v	1,	and	v	2	,	and	then	optimize,	(b)	Solve	the	problem	by	using	dynamic	programming.	Marsden	and	Hoffman	(	1993).)	111
536	AP	PE	1\1	D	IX	A	/	SETS,	C	O	M	PL	ETE	1\1	ES	S,	AN	D	C	ON	VE	RG	El\!	C	E	Subsequences	Let	{xd	be	a	sequence.	(x0	+	sp	0	)	>	p0	.	(a)	The	graph	is	closed,	so	the	correspondence	has	the	closed	graph	prope1iy.	to	aH*	-(u*-u)dt	lo	Because	of	(3),	the	second	integral	is	?:	0.	Finally,	to	prove	that	(d)	=>	(a),	choose	any	y	»	0,	and	let	x	=	(I	-	A)-	1y.
In	vector	notation,£~	=	2Ax	-	2'Ax	=	0,	or(*)	Ax=	AX	(see	Note	2.3.4),	so	1c	is	an	eigenvalue	of	A,	with	x	as	an	eigenvector.	Check	the	result	by	finding	an	explicit	expression	for	F(a)	and	differentiating.	If	llall	=	1,	the	number	f~(x)	is	called	the	directional	deiivative	off	at	x,	in	the	direction	a.	e-	1(t	1)	2	.	If,	on	the	other	hand,	all	the	coefficients	a;	in
1/J(A)	are	positive,	then	1/J(A)	~	a	0	>	0	for	all>..~	0.	We	want	to	prove	that	if	x(t)	is	a	solution	starting	at	a	point	x(O)	=	x	0	in	C,	then	x(t)---;,	a	as	t-+	oo.	Geometrically	we	compute	the	volume	of	two	pyramids	(see	Fig.	Then	for	some	positive	number	r,	the	ball	B,.	Kakutani's	theorem	does	not	apply	because	F(l)	is	not	convex.	111e	following
charncte1ization	of	Jim	is	often	useful:	SECTION	A.3	/	SEQUENCES	OF	REAL	NUMBERS	539	C	Let	{xk}	be	a	sequence	of	real	numbers	and	b*	a	(finite)	real	number.	,	k,	and	(1'.1	+ra	1)	+	·	·	·	+	(1'.k	+rnk)	=	1.	(b)	Consumption	per	worker	c	is	defined	by	c	=	(Y	-	K)	/	L.	z	is	defined	implicitly	as	a	function	of	x	and	y	around	(0,	0)	by	the	equation	',,i	lnz
=	-xz	+	y	Find	the	Taylor	polynomial	for	z	of	order	2	at	(0,	0).	Envelope	Theorem	for	Unconstrained	Maxima	The	objective	function	in	economic	optimization	problems	usually	involves	parameters	like	prices	in	addition	to	choice	variables	like	quantities.	Since	the	control	region	is	(-oo,	co),	a	necessary	condition	for	(4)	is	that	H~(t,	x*(t),	u*(t),	p(t))	=0
(7)	If	H(t,	x(t),	u,	p(t))	is	concave	in	u,	condition	(7)	is	also	sufficient	for	the	rnmcimum	condition	(4)	to	hold,	because	we	recall	that	an	interior	stationary	point	for	a	concave	function	is	(globally)	optimal.	The	graph	of	this	function	is	given	in	Fig.	+	6.	The	closed	graph	property	follows	immediately	from	the	previous	example	(with	A	=	{x:	x	~	O}).
Consider	the	differential	equation	x=	½(x	2	=	3x	2	+	l	-	(c)	x	=	xe-'	1),	x(O)	=	x	0	.	The	conditions	needed	for	existence	are	less	stringent	than	the	sufficient	conditions	.	The	point	Dis	a	boundary	point	that	is	not	an	extreme	point.	(2)	2	=	1-1	0	I	=	2	D,,	(3)	-2	'	2	0	=	1-90	-20	I=	18	Li~	Hence	(-1)	2	1)	=	0,	(-1)	2	Li?)	=	2,	and	(-1)2Li~3l	=	18.	in	either	of
these	states,	then	we	will	remain	there.	Also	Q(-a12/ct11,	l)	=	[a11a22	2]/at1	follows.	,	!,n)	from	(a	subset	of)	!Rn	into	!Rm	is	said	to	be	of	class	ck	if	each	of	its	component	functions	ft,	...	dt	11	-	1	1.	This	example	does	not	satisfy	the	boundedness	condition	(3)	for	x	E	LJ	1	X	1	(xo).	For	C	=	9,	the	integral	curve	passes	through	(0,	1).	Hence	there	is	a
subsequence	of	{xk}	such	that(*)	holds	for	every	tenn	of	that	subsequence.	One	iterated	integraJ	is	(	J1	f	00	(	f	J1	J1	00	Y-	x	(y+x)	3	00	2	x2	2	-	-	y	2	dx	dy	=	k	J~"	d0	y	2	dy	=	(3/2n)	f-aoo	2	dx)	dy	=	Jim	[	lim	I	(b,	d)]	=	d-,oob-+oo	!	,	so	the	double	integral	is	not	well	defined.	0	where	f	is	a	given	continuous	function,	and	x	=	x(t)	is	the	unlrnown	function.
Then,	by	definition,	t,	x)	=	x.	11	The	following	property	of	continuous	functions	is	much	used:	Let	S	s;	lR"	and	let	f'	:	S	-,.	The	equation	is	globally	asymptotically	stable.	Note	that	its	value	is	positive	iff	the	sine	and	cosine	functions	have	the	same	sign.	Note	that	n'(Q)	=	0	for	Q	=	Q*	=	(P	-	a)/2c,	with	n(Q*)	=	(P	-	a)	2	/4c	-	F.	Any	extreme	point	of	a
convex	set	must	be	a	boundary	point	(see	Problem	5).	However,	the	Mangasarian	sufficiency	theorem	is	proved	quite	easily	in	Section	9.7.	An	important	generalization	(the	Arrow	sufficiency	theorem)	is	also	explained	In	some	economic	problems	the	final	time	(say	the	end	of	the	planning	period)	is	a	variable	to	be	chosen	optimally	along	with	the
optimal	control.	=	2,5	3	Let	f	(x)	be	a	function	defined	on	a	convex	cone	K	in	~	11	•	Suppose	that	f	is	quasiconcave	and	homogeneous	of	degree	q,	where	O	<	q	:::=	I,	that	f	(0)	=	0,	and	that	f	(x)	>	0	for	all	x	f	O	in	K.	The	set	of	all	adntissible	vectors	is	called	the	admissible	set	(or	the	feasible	set).	,	m	and	hence	in	the	intersection	S1	n	·	-	·	n	S111	=	S.
Those	intermediate	goods	are	themselves	produced	using	as	inputs	m	different	resources	whose	total	supplies	are	b1,	.	,	X11	)	:S	b	111	where	b1,	...	,	T	-	I,	the	state	variable	Xr	is	an	investor's	wealth,	t.hc	control	variable	u	1	is	consumption,	and	the	certain	return	a1	to	investment	in	that	example	is	replaced	by	a	random	return	Zi+1Moreover,
suppose	that	{Z1	is	a	sequence	of	independently	distributed	random	variables	with	positive	values.	Suppose	that	f	(0,	Xo,	uo)	=	0,	f	(1,	X1,	u1)	=	X	1u1,	and	X	1	=	Vi,	where	V1	takes	the	values	1	and	-1	with	probabilities	1/2,	and	where	the	control	u	must	equal	one	of	the	two	values	1	and	-1.	,	J,n	are	functionally	dependent	in	A	if	there	exists	a	C	1
function	F	on	IR	111	that	satisfies	(4)	and,	for	some	j,	has	F1f.	,	fm)	from	a	subset	S	of	IR	11	to	~m	is	said	to	be	continm:ms	at	x	0	in	S	if	for	every	e	>	O	there	exists	a	8	>	0	such	that	d(f(x),	f(x	0	))	<	s	for	all	x	in	S	with	d(x,	x	0	)	<	8,	or	equivalently,	such	that	f(Bo(x	0	)	n	S)	~	Be(f(x0	)).	Show	that	if	x	0	maximizes	f	(x)	in	S,	then	V	f	(x0	)	-	(x0	-	x)	c::	0
for	allx	in	S.	Modify	the	proof	of	Theorem	2.5.3	to	show	that	if	f	is	strictly	quasiconcave	and	homogeneous	of	degree	q	E	(0,	1),	then	f	is	strictly	concave.	Except	for	the	cases	n	=	I	and	11	=	2,	the	condition	that	a	1	,	....	Note,	however,	that	we	still	assume	that	the	value	function	is	differentiable.	Many	of	the	matrices	encountered	in	economics	are
symmet1ic.	Then	for	every	y	such	that	0	~	y	~	a	-	f(a),	the	equation	x	-	f(x)	=	y	has	a	solution	x	with	y	=::;	x	~	a.	,	,	C11	•	(For	n	=	2	this	was	verified	in	Section	62.)	Already	for	the	case	n	=	2,	however,	we	know	that	this	is	not	necessarily	the	general	solution,	even	if	then	functions	ui	(t)	are	all	different	As	in	Section	l	say	that	the	n	functions	u1	(t),	...
Thus	equation	(1)	admits	a	cycle	of	period	2	if	and	only	if	there	exist	distinct	cycle	points	§1	and	~2	such	that	f	(l;i)	=	band	f	(§2)	=	ti.	1111	Boundedness	in	Rn	A	set	S	in	~"	is	bounded	if	there	exists	a	number	M	such	that	llxll	:::;	M	for	all	x	in	S.	The	point	(	2)	is	an	equilibrium	point	for	system	(	*).	In	this	case	all	solutions	converge	to	the	equilibrium
point	(0,	0)	as	t	-,-	oo	.	(This	direct	comparison	of	different	candidates	is	unnecessary	if	we	use	sufficient	conditions.)	9.4	The	Standard	Problern	Section	9.2	studied	a	control	problem	with	no	restriction	on	the	control	function	at	any	time,	and	also	no	restiiction	on	the	state	variable	at	the	terminal	time;	x(t	1)	was	free.	A	function	f	defined	on	a	cone	K
is	hom.ogeneous	of	degree	q	if	f	(tx)	tq	f(x)	for	all	x	in	Kand	all	t	>	0.	Let	us	show	it	fork	+	1.	and	the	only	possibility	is	f	(h(t))	>	f(x")	for	all	tin	(0,	1),	and	by	definition	f	is	strictly	quasiconcave.	Because	Jc;	+rn;	=	0	for	at	least	one	i.	1	Letµ>	AA,	Le.µ,	E	Thenµ,>	0	and	µ-	A	is	productive,	so	by	Theorem	13.7.2,	µ,I	-	A=	µ,(I	-	11-	1A)	is	invertible.	Assume
that	maxu	(au	-	u	2	-	c)	>	0,	i.e.	a	2	>	4c.	In	this	figure	we	have	assumed	that	Ko	<	/(.	Use	Theorem	10.4.1	to	prove	that	this	candidate	is	optimal.	Suppose	{xk}	is	an	arbitrary	sequence	in	a	bounded	subset	S	of	IR	11	•	Even	though	{xk}	is	not	necessarily	convergent,	we	now	show	that	it	must	contain	a	convergent	subsequence.	The	next	theorem
gives	sufficient	conditions	for	V	to	be	defined	in	a	neighbourhood	of	(x	0	,	x1	,	t0	,	ti),	and	for	V	to	be	differentiable	at	(x	0	,	xi,	to,	ti)	with	the	following	partial	derivatives:	x	avcx0	,	x1,	i'oJi)	ax?	=	Taken	together,	the	conclusions	in	(I)	and	(H)	reduce	to	(3),	because	µ(t	1)	>	0.	The	product	AB	is	defined,	and	the	ordinary	rules	of	matrix	multiplication
applied	to	the	entire	matrices	yield	2	(	AB=	l	0	0	2	0	5	6	3	Consider	next	how	to	take	advantage	of	the	partitioning	of	the	two	matrices	to	compute	the	product	AB.	The	conditions	(A)-(C)	are	not,	in	general,	necessary	for	optimality,	i.e.	the	appropriate	prices	do	not	necessarily	exist.	Consider	an	objective	function	with	a	parameter	vector	r	of	the	form	f
(x,	r)	=	f	(x1,	...	Thus	the	maximum	of	g	depends	on	the	value	oft.	So	a	vector	satisfying	the	first-order	conditions	is	an	eigenvector	for	A,	m1d	the	Lagrange	multiplier	is	an	eigenvalue.	SECTION	3,	1	/	EXTREME	POINTS	105	If	f	has	a	maximum	or	minimum	at	x*,	then,	according	to	Theorem	3,	l,	l,	x*	must	be	a	stationary	point.	This	chapter	contains
some	important	results	for	the	one	state	variable	case	that	are	used	widely	in	the	economics	literature.	Because	(8F*/8x)	1=ti	is	:SO	according	to	(3),	=	the	product	in(*)	is:::	0.	380	CHAPTER	10	/	CONTROL	THEORY	WITH	MANY	VARIABLES	ints	10.6	Mixed	Const	This	section	describes	control	problems	where	the	admissible	pairs	(x,	u)	are	required
to	satisfy	additional	constraints	involving	the	state	variable	of	the	form	h(t,	x,	u)	~	0.	If	p	E	[-1,	0),	then	u	is	quasiconcave	(in	fact	concave)	and	u	H-	Au-µ,/	P	is	increasing,	so	z	is	quasiconcave	according	to	Theorem	2.52(a).	Find	the	general	solution	of	the	system	=	x	+	2y	+	1	y	=	-y	+2	x	(i)	by	using	the	same	method	as	in	Example	6.5.	l,	(ii)	by	using
the	eigenvalue	method.	Use	the	indicated	partitioning	to	find	M	11	for	all	n	l/3	1/z	1/z	1/6	l/3	0	0	')	1/6	M=	(	----------	---------0	0	1	0	0	0	0	1	Multiplication	gives	M2	=(p	0	Q	)\	(	p	I	\0	Q)	=	(	pz	I	0	(P	+	I)Q)	I	an	d	M3	=	(P3	\	0	In	general,	for	all	natural	numbers	n,	it	can	be	shown	by	induction	that	Inverses	by	Partitioning	Inverting	large	square	matrices	is
often	made	much	easier	using	partitioning.	So	the	volume	of	-11	tTh	e	tota	Ivo	I	ume	1s	·21	eac11	is	.	x.	No	matter	what	the	initial	capital/labour	ratio	k(O)	may	be,	k(t)	-+	le*	as	t	-+	oo,	W]TE	'!	Let	us	briefly	discuss	sufficient	conditions	for	the	existence	and	uniqueness	of	an	equilibrium	in	the	Solow-Swan	modeL	Apart	from	the	assumptions	on	F	or	f
we	have	already	made,	we	postulate	the	Inada	conditions,2	according	to	which	f'	(k)	-+	oo	ask	-+	0	and	also	J'	(k)	-+	0	ask-+	oo.	Let	us	simplify	the	notation	by	letting	f*	f(t,	x*(t),	u*(t))	dt	denote	f(t,	x*(t),	u*(t)),	f	denote	f(t,	x(t),	u(t)),	H*	denote	H(t,	u*(t),	p(t)),	etc.	Note	that	every	K-	pK	+qK	=	0,	where	p	=	1	1g	+Y2	+µ	andq	=	(y1g	+	y2)µ-(y	1u	+
y3)f.A,o.	(3)	The	function	x	1	=	a	1xo	satisfies	(2)	for	all	t,	as	can	be	verified	directly.	Alternatively,	it	approaches	Oas	t	approaches	infinity	if	A	=	0	(then	Jc	=	2),	and	then	the	product	is	equal	to	se-	0	·	11	-	3e-	0	·51	,	which	does	approach	Oas	t	approaches	infinity.	It	seems	that	the	maximum	theorem	should	be	helpful,	but	there	is	a	difficulty	because
the	relevant	feasible	set	{	y	:	y	:::	0}	is	not	compact.	Prr,nf	So	any	linear	combination	of	two	convex	sets	is	convex.	If	we	let	the	shadow	price	per	unit	of	the	produced	commodity	be	1,	then	the	function	n(x)	defined	by	m	n(x)	=	f	(x)	-	L	'Ajgj(X)	(4)	}=I	indicates	the	shadow	profit	from	running	the	processes	at	the	vector	x	of	activity	levels.	The
production	of	consumption	goods	is	proportional	to	xi	and,	by	adjusting	the	time	unit,	the	constant	of	proportionality	is	chosen	as	1.	The	proofof	(b)	j	s	easy	when	you	observe	that	Q	(x	1,	=	a	11	xf	+	2a	12x	1x2	+	a22x?	In	fact,	V	is	a	strong	Lyapunov	function,	defined	over	the	entire	plane,	and	V	(x,	y)	=	x	2	+	y	2	~	oo	as	II	(x,	y)	II	=	Jx	2	+	y	2	~	oo,	so
Theorem	7.5.3	tells	us	that	(0,	0)	is	globally	asymptotically	stable,	Consider	the	celebrated	Lotka-Volterra	predator-prey	model	x=x(k-ay),	y=y(-h+bx)	(i)	with	a,	b,	h,	and	k	all	positive	constants.	1	(2x	2	+	y	2	+	z2	-	a2	)	+	y	+	z),	the	necessary	conditions	are:	(i)	3£/ax	=	2x	-	4)cix	-	>-.2	=	O;	(ii)	3£/3y	=	2y	-	2).	Compute	ls	(x)	and	uf	(x)	for	s	3.	av	NOTE	1
(A	common	misum:lerstanding)	Concavity	of	the	Hamiltonian	in	(x,	u)	is	not	sufficient	for	optimality	when	t	1	is	free.	Thus	they	have	such	a	high	degree	of	contact	at	x	=	a	that	we	can	expect	the	approximation	in	(1)	to	be	good	over	some	(possibly	small)	interval	centred	at	x	=	a.	By	exchauging	at	the	fixed	price	ratios	PJ	/	p;,	the	consumer	can	achieve
any	commodity	bundle	whose	market	value	equals	that	of	the	initial	endowment.	Use	the	maximum	principle	to	find	a	unique	solution	candidate.	To	describe	such	phenomena	mathematically,	one	possibility	is	to	use	trigonometric	functions,	which	are	briefly	reviewed	in	Sections	B.1	and	B.2.	The	final	Section	B.3	gives	a	brief	introduction	to	complex
numbers.	operation	of	subdividing	a	matrix	into	submatrices	is	called	partitioning.	Moreover,	when	the	control	region	U	is	open	or	unbounded,	it	is	frequently	the	case	that	no	optimal	solution	exists.	By	Theorem	1.6.1,	it	follows	that	A	is	diagonalizable	and	(5)	is	valid	with	P	as	the	mattix	where	the	columns	are	the	eigenvectors	x	1,	•..	,	n,	inequality	(])
in	Theorem	2.4.1	implies	that	f	(x)	:S	f	(x'')	for	all	x	in	S,	Tiiis	means	that	x*	is	a	maximum	point	To	prove	(b),	apply	(a)	to	-f,	which	is	concave,	II	This	important	theorem	is	illustrated	for	the	case	of	functions	of	two	variables	in	Fig,	l,	X1	Figure	1	The	concave	function	f	(x	1	,	x	2	)	has	a	maximum	at	the	stationary	point	(x?,	x	2).	Compare	with	the	answer
in	Example	12.1.3.	12.3	Infinite	Horizon	Economists	often	study	dynamic	optimization	problems	over	an	infinite	horizon.	The	range	of	each	is	the	closed	interval	[-1,	l].	However,ifwespecifyanewcontrol	vmiable	v	so	that	l(	=	vf	(K),	then	the	simple	constraint	O	:::	v	:::S	l	replaces	the	mixed	constraints.	An	equilibrium	that	is	not	stable	is	called	unstable.
=	Show	that	the	budget	correspondence	!B	(p,	m)	defined	in	Example	1	has	the	closed	graph	property	and	is	lower	hemicontinuous	at	any	point	(p,	m)	where	m	>	0.	,	V1	and,	for	each	I,	the	expectation	E	[f	(t,	X1	,	u1	(	X1	,	V1	))]	is	calculated	by	means	of	the	probabilities	(or	densities)	specified	in	(3),	Though	not	always	necessary,	we	shall	assume	that
f	and	g	are	continuous	in	x,	u	(or	in	x,	u,	and	v	in	the	case	when	v	is	a	random	variable	with	a	continuous	density	function).	(Draw	a	graph.)	(iii)	When	lul	:;::	1,	Ix+	ul	S	Ix	I+	1,	so	condition	(2)	in	Note	2	is	also	satisfied.	Then	r0	=	{x	E	IR	11	:	U(x):::	a}=	{x	E	IR":	U(x)	E	F}	=	u-	1(F)	According	to	TI1eorem	13.3.4,	if	U	is	continuous,	then	the	set	ra	is
closed	for	each	value	of	a.	Let	Yk	=	yi	for	kj	::S	k	<	kj+I·	Then	IIYk	-	y0	11	::S	1/j	for	all	k::::	kj,	so	Yk---+	y0	.	Prices	with	this	property	are	called	equilibrium	prices.	The	equationi*	=	x*+u*	then	yields	i*(t)	=	x*(t)	+	e	21	p(t).	0	form	sufficiently	large.	,	Vn)	denote	a	firm's	production	function,	which	is	assumed	to	be	differentiable,	If	the	positive	price	of
output	is	p	and	q1	,	,	..	Then	we	consider	the	conditional	probability	that	V	1+1	=	v	given	the	outcome	v1	at	time	t,	which	is	denoted	by	P1(v	I	v	1).	What	about	x	4	?	Thus	),	=	11	-	=	1	1	is	an	eigenvalue	for	A,	4.	,n	==?	(a)Necessaryconditions:(i)	p1	=-3H/3K=-pif~,	(ii)	p2	=0,	5.	Second-orde1·	equations	are	introduced	in	Section	1·1	.3.	See	(C)
following	equation	(1	.5.5).)	In	this	case	only	solutions	of	the	form	x(t)	=	Ae	1'1	1	+	x*,	y(t)	=	A(Jc	1	-	a	11	)e~	11	/a	12	+	y*	converge	to	the	equilibrium	point	as	t	--,,,.	Because	dx(t';	t,	x)/dt'	=	g(t',	x(t1	;	t,	x),	u(t';	t,	x)),	we	have	v:(t,	X)	+	v;(t,	x)g(t,	X,	u(t;	f,	X))	=	-f(t,	X,	u(t;	f,	x))	(iii)	Hence,	if	we	define	=	v;u,	x)	and	introduce	the	Hamiltonian	function	H
(t,	x,	u,	p)	=	f	(t,	x,	u)	+	p	g(t,	x,	u),	then	equation	(iii)	p(t,	x)	can	be	w1itte11	in	the	form	V((t,	x)	+	H(t,	x,	u(t;	t,	x),	p(t,	x))	=	0	(iv)	Starting	at	the	point	(t,	x),	consider	an	alternative	control	which	is	a	constant	v	on	an	interval	[t,	t	+	L'l.t]	and	optimal	thereafter.	(x(t)	-	p(t).	Let	us	see	how	to	derive	this	solution	by	using	the	Kuhn-Tucker	conditions.	,	T	-
1.	The	control	region	is	(0,	oo).	Moreover,	at	the	end	of	this	interval	x	(t)	has	changed	and	this	change	is	transmitted	throughout	the	remaining	time	intervaL	In	order	to	steer	the	process	optimally,	the	choice	of	u(t)	at	each	instant	of	time	must	m1ticipate	fae	future	changes	in	x(t).	Does	this	not	tell	us	the	whole	story?	(a)	The	associated	symmetric
matdx	A	is	given	in	Example	3,	and	its	leading	p1incipal	minors	are	3	0	3	and	0	l	-2	Di	D3	=	0l	3'	D2	=	g	-2	=3,	I~	I=	We	conclude	that	Q	is	positive	definite.	C.	In	this	case,	with	constant	coefficients,	(3)	reduces	to	x(t	+	1)	=	Ax(t)	+	b(t),	t=0,1,	...	The	function	H	defined	in	(4)	is	H(t,	k,	p(t))	=	ak	sE[O,J]	max	[l	+	(p(t)	-	l)s]	Given	t	defined	as	in	the
solution	to	Example	9.6.3(b),	we	found	that	for	t	E	[O,	t),	the	adjoint	variable	is	p(t)	>	1.	Thus,	condition	(2)	is	precisely	as	expected.	Inserting	these	expressions	into	the	equation	and	rearranging,	we	get	8B	sin	2t	--	8A	cos	2t	=	2	cos	2t.	5	Then	the	earlier	construction	works,	and	leads	to	a	problem	of	the	form	T	max	E[L	F(t,	X1,	X	+1,	Vt)],	1	xo	given,
x,,	x2,	...	1	For	an	arbitrary	vector	a,	define	the	function	g	by	g(h)	=	f(x	+	ha)	=	f(x1	+	ha1,	....	Then	(d)	implies	that	x	~	0,	and	(I	-	A)x	=	y	>>	0	implies	x	»	Ax,	so	A	is	productive.	Let	V	(x)	be	a	Lyapunov	function.	If	a	and	bare	positive	and	a+	b	<	1,	then	J{;f22	-	(!{	2)2	>	0,	so	f	is	strictly	concave	according	to	Theorem	2.3.l(d).	Compute	""./	(s,	r)	by
means	of	Leibniz's	rule.	In	particular,	if	it	is	required	that	x	(t)	:::	x	1	for	all	t,	then	it	suffices	to	check	conditions	(A)	and	(C)	in	Note	3.	Notice	that	the	problem	is	to	maximize	the	objective	w.r.t.	u	subject	to	the	constraint	(2).	In	certain	applications	(e.g.	in	the	theory	of	investment),	the	optimum	may	require	sudden	jumps	in	the	state	variables.	The
expression	in	the	problem	for	Pi	x1follows.	Xn(t	+	l)	=	·,	.,	Xn(t)	(1)	fn(f,	XJ	(t),	...	Prove	that	O	is	locally	asymptotically	stable.	If	,ve	define	w	=	x	-	x0	,	then	w	measures	the	deviation	of	x	from	the	equilibrium	state	x0	.	(If	(b	-	1)	2	-	4ac	=	4,	then	x2	is	"locally	asymptotically	stable	on	one	side"	and	unstable	on	the	other	side.)	422	C	H	A	PTE	R	1	1	/	D	I	FF
ER	EN	C	E	EQ	U	AT	I	O	N	S	Equation	(4)	admits	a	cycle	of	period	2	if	there	exist	distinct	numbers	SI	and	s2	such	that	f	(s1)	=	S2	and	f	(s2)	=	Sl	·	These	numbers	must	be	solutions	of	the	equation	X	=	f	(f	(x)),	Since	f	(f	(x))	is	a	polynomial	of	degree	4,	it	seems	at	first	sight	that	we	have	to	solve	a	rather	difficult	equation	in	order	to	find	!;	1	and	.c;2	.
Reversing	time	gives	the	other	two	formulas:	p	(xi)	Variable	Final	Time	Problems	tn.	Suppose	that	(x,	u)	missible	pair.	oo	as	x	·---+	oo,	and	f(x)	->	-co	as	x-+	-co,	so	there	is	a	solution,	and	in	addition,	f	(x)	is	strictly	increasing,	so	the	solution	is	unique.	is	2':	0	if	and	only	if	-Q(x1,	x2)	=	-auxf	-	2a12x1x2	-	a22Xi	:S	0.	Only	in	some	special	cases	can	we	find
closed	fonn	solutions.	As	one	reviewer	of	EMEA	put	it:	"Mathematics	is	the	star	of	the	show".	Thus	the	gradient	V	f	must	be	a	normal	to	K	at	P.	Because	F	=	+-	.x	2	is	convex	in	(x,	x),	the	optimal	solution	has	been	found.	Suppose	that	neither	of	the	conditions	in	Theorem	3.2.l(a)	and	(b)	are	satisfied.	10.4),	we	also	have	the	following	relationship:	E
ELOPE	RE	ar.	Here	(i)	3£*/'du	=	-u*(t)	-	p(t)	-	q(t)	=	0,	(ii)	q(t)	:::	0	(=	0	if	x*(t)	>	u*(t)),	(iii)	p(t)	=	1	-	q(t),	with	p(2)	=	0.	These	movements	are	indicated	by	an-ows	in	Fig.	,	x11	(1)	are	found	by	substituting	t	=	0	in	(1),	next	x1	(2),	...	t	Jo	(tx	+	x2	)	dt,	x(0)	(i)	with	x(l)	free,	(ii)	with	x	(1)	:::	1	(a)	Solve	the	variational	problem	max	fol	(10-	i:	2-	2xx	-	(b)	What
is	lhe	optimal	solution	if	3.	4	shows	more	clearly.	,	x,,	of	the	intermediate	goods	that	give	the	largest	possible	output	of	the	final	good,	while	making	fall	use	of	all	the	resources.	,	;;,roof	(a)	Suppose	"A	is	an	eigenvalue	for	A,	possibly	complex,	so	that	Ax	=	"Ax	for	some	vector	x	#	0	that	may	have	complex	components.	This	verifies	the	induction
hypothesis	fort	-	l,	and	so	completes	the	proof	11	In	the	discrete	random	variable	case,	the	above	proof	is	easily	adapted	to	show	that	a	policy	n:*	is	optimal	only	if	the	optimality	equations	hold	at	every	time	t	=	0,	1,	2,	...	,	xf+1)	must	satisfy	the	Euler	equation	Fi(t,	x,,	X1+1)	+	F~(t	-	1,	Xt-1,	Xt)	=	0,	F~(t-1,Xt-!,Xt)=O,	t	=I,	..	(b)	Briefly	formulated,	the
problem	reduces	to	{T	max	Jo	(1-s)akdt,	k	=	ask,	k(O)	=	ko,	k(T)	=:-	kr	>	ko	withs	E	[O,	l],	a	>	0,	T	>	1/a,	and	koe"T	>	kT.	Yet	while	x*	could	be	a	local	or	global	maximum,	it	could	also	be	a	minimum	or	some	kind	of	saddle	point.	(See	Problem	4.2.5.)	Compute	also	M'	(0),	and	in	general,	AfC11	l	(0).	,	Xn	(t))	be	a	solution	of	(1	).	The	state	variable
obtained	in	this	way	is	denoted	by	x*	and	the	corresponding	control	variable	by	u*(t)	=	u(t,	x*(t),	p(t)).	,	T.	If	values	of	the	objective	function	are	calculated	for	all	these	candidates,	the	"best"	candidates	can	be	singled	out:	those	giving	the	objective	function	the	highest	value	among	all	candidates.	Whether	or	not	mixed	constraints	are	present	in	a
given	control	problem	is	partly	a	question	of	the	fonn	in	which	the	problem	is	stated.	Pranf	1	Prove	that	V	(x,	y)	=	+	y	2	is	a	Lyapunov	function	for	the	system	X	=	-x	-	y,	y=X	-	y	with	equilibrium	point	(0,	0).	II	I	SECTION	11,6	/	SYSTEMS	OF	DIFFERENCE	EQUATIONS	415	(iM,	5.	There	are	many	references	to	Sydsreter	and	Hammond's	Essential
Mathematics	for	Economic	Ana.lysis,	3rd	Edition,	FT/Prentice	Hall,	2008	(generally	refeJTed	to	as	EMEA	throughout),	but	that	book	is	by	no	means	a	prerequisite.	Figure	l	shows	a	phase	diagram	in	which	the	two	paths	converging	to	the	equilibrium	point	are	indicated	by	dashed	lines.	The	utility	associated	with	a	level	of	consumption	u	during	one
period	is	supposed	to	be	u	1-v,	while	the	utility	of	the	assets	at	time	T	is	Ax;.-v.	converges,	and	find	its	iimit	(Hint:	Prove	first	by	induction	that	Xk	<	4	for	all	k.)	2.	Finally,	on	(t	11	,	T],	the	rate	of	extraction	u	(t)	gradually	declines	from	a	level	lower	than	u	1	until	the	field	is	exhausted	at	time	T.	,	p	11	)	is	called	an	adjoint	variable	(or	co-state	yariable).
This	will	be	true,	for	example,	in	the	common	situation	where	the	admissible	set	is	bounded	for	all	possible	b.	Alternative	Behaviour	Around	Equilibrium	Points	In	this	subsection	we	give	a	brief	survey	of	how	system	(1)	behaves	when	the	equilibrium	point	is	not	necessarily	globally	asymptotically	stable.	,	fm	are	functionally	dependent	i11	IR1	11
according	to	the	definition	(5).	The	two	gradients	V	g1	and	V	g	2	are	nonnals	to	their	respective	surfaces,	and	therefore	both	are	normals	to	K	at	P.	Take	any	point	z	in	Br	(x)	and	choose	r'	so	small	that	B,.,(z)	0,	we	know	that	xk	E	B(a;	r)	for	all	enough	k.	11.	2.7	Implicit	and	Inverse	Function	Theorems	In	economics	one	often	considers	problems	of	the
following	kind:	if	a	system	of	equations	defines	some	endogenous	variables	as	functions	of	the	remaining	exogenous	variables,	what	are	the	partial	derivatives	of	these	functions?	11	,	respectively.	Thereafter,	Section	7.5	gives	more	formal	definitions	and	results	on	stability	of	nonlinear	systems.	In	paxticular,	P(t,	s)	=	P(t,	to)(P(s,	t0	))-t.	For	a	proof	of
this	theorem	see	Clarke	(1983).	Suppose	that	T	>	1/a	and	that	koeaT	>	kr.	Hence	equation	(4)	reduces	to	U(C)	+	KU'(C)	=	C	(c	is	a	constant)	One	usually	assumes	that	f'	>	0	and	U'	>	0,	so	Fi	equivalent	to	the	Euler	equation.	(e)	Not	separable.	Let	be	a	polynomial	of	degree	n	with	real	coefficients.	(Differentiating	the	first	equation	w.r.t.	t	gives.'.\'=	;v,
and	substituting	from	the	second	equation	we	get	""x	+	t	The	methods	of	Section	6.3	give	the	solution	for	x.	For	first-order	equations,	one	has	the	following	result	(a	special	case	of	Theorem	5.8.2	below):	M	5.	Then:	13,ck	(x_.	Suppose	y	(a)	If	f	is	concave,	then	f/;	(x)	:::;	0	(so	each	marginal	product	f/	(x)	is	decreasing).	It	is	not	difficult	to	formulate	and
prove	the	general	result,	though	the	notation	becomes	cumbersome.	(t"'	Rj	1.84.)	(Note	that	one	has	to	check	that	q	(t)	::::	0	fort	in	[O,	t*],	and	that	x*(t)	>	u*(t)	fort	in	(t*,	2].)	1.	Thus,	for	b	=f.	The	next	theorem	requires	the	set	N	(t,	x)	to	be	convex.	f	(x	f	11'(	X	)	-_	1lffi	h-+0	+	ha)	h	f	(x)	(6)	or,	with	its	components	written	out,	(We	assume	that	x	+	ha
lies	in	the	domain	off	for	all	sufficiently	small	h.)	In	particular,	with	a;	=	1	and	ai	=	0	for	j	:fa	i,	the	derivative	in	(6)	is	the	partial	derivative	off	w.r.t.	x;.	Thus	the	function	g	has	an	interior	maximum	at	t	=	0,	From	the	theory	of	functions	of	one	variable,	g'	(0)	=	0	and	g"	(0)	s	Oare	necessary	conditions	for	a	maximum	at	t	=	0,	By	(2.6.5)	and	(2,6.6),	n	11
g'	u)	=	I:	t/	ex*+	th)h;,	i=l	g"(t)	=	11	I:	I:	!/;ex*+	th)hihi	i=l	j=l	(8)	114	CHAPTER	3	/	STATIC	OPTIMIZATION	Putting	t	with	11h11	=	0,	it	follows	that	g'	(0)	=	0	and	g"	(0)	=	::;	O.	It	is	easy	to	confirm	this	statement	by	finding	the	general	solution	of	the	The	methods	explained	in	Section	6.5	lead	to	a	second-order	equation	in	x,	x+	i	+	2x	=	0,	with	the
solution	x	=	e~t/	2	(Acos	½/7	t	+	B	sin	½../71)	By	using	y	=	i,	we	find	a	similar	expression	for	y.	Since	x	=	)'	=	0	at	the	equilibrium	point,	it	follows	that	if	the	system	is	at	(x*,	y*),	it	has	always	been	there	and	will	always	stay	there.	u;	S	EC	T	I	O	N	'I	2	6	2	ST	O	C	H	A	STI	C	O	PT	I	M	I	Z	AT	I	O	1\1	/	451	=	Consider	a	stochastic	version	of	Example	12.	(1
+	r	1	)	(l	(l	l	=	-	-	-	-	-	-	-	==	D1c	Cl+ri)·	·O+	Hence,	t	D1w1	=	wo	+	L	k=l	Dk(Yk	-	Cfc),	t=l,2,	...	First,	the	Bellman	equation	might	then	have	more	than	one	solution,	or	perhaps	none.	Let	f	(t,	x)	be	a	function	defined	for	all	positive	integers	t	and	all	real	numbers	x.	Then	Az	=	1	has	a	solution	z.	Formally,	this	independence	can	be	proved	by	backward
induction.	The	equation	is	then	called	globally	as:y.nptoticaUy	stable.	Our	first	result	has	a	interpretation.	,	l	(b)	Q	is	positive	semidefinite	¢=:}	AJ	(c)	Q	is	negative	definite	{::::::::}	AJ	<	0,	..	(In	particular.	(a)	u*(t)	+	x0	=	xou,	=	588	ANSWERS	2.	For	each	real	number	a,	define	a	perturbed	function	x(t)	by	x(t)	=	x*(t)	+	otµ,(t).	More	precisely,	x*	is
unstable	if	there	exists	an	&	>	0	such	that	for	every	x	1..vith	O	<	Ix	-	x*	I	<	r:;	one	has	lf(x)	-	x*I	>	Ix	-	x*I.	It	is	tempting	to	conjecture	that	the	more	general	initial	value	problem	i	=	Ax,	x(to)	=	has	the	solution	x	=	This	is	cmTect	if	e	to	the	power	of	il	matrix	is	properly	defined.	It	cannot	be	weakened	by	assuming	that	f'	(x)	>	0	for	all	x.	1	/	BASIC
DEFINITIONS	AND	RESULTS	549	Trigonometric	Formulas	There	is	a	plethora	of	trigonometric	formulas	that	have	pestered	high	school	8tudents	(and	their	parents)	for	generations.	It	is	not	hard	to	imagine	that,	for	some	start	point	between	Q	and	the	path	converges	to	the	equilibrium	point	P.	Mathematical	induction.	Even	if	U	is	compact	and	there
exist	admissible	pairs,	there	is	no	guarantee	that	an	optimal	pair	exists.	V(x,	y)	is	clearly	positive	definite,	and	V	=	2xx	+	2yy	=	-2x	2	-	2y	2	<	0	for	all	(x,	y)	f	(0,	0),	so	V	is	a	Lyapunov	function	for	the	system.	Prove	that	if	(xd	converges	to	both	x	and	y,	then	x	=	y.	Furthermore,	if	for	each	x	there	is	only	one	value	of	y	that	maximizes	f	(x,	it	seems
plausible	that	this	maximizing	y	will	also	vary	continuous!	y	with	x.	After	u;(xo)	is	found,	the	difference	equation	in	(l)	determines	the	state	at	time	1	as	x;	=	g(O,	Xo,	Uo(xo)).	Introduce	the	interest	factor	Rk,	defined	by	n	t	Rk	=Dk/Dr=	(1	+rs)	(8)	Rk(Yk	-	ck)	(9)	s=k+l	Then	formula	(5)	can	be	written	as	t	w1	=	Rowo	+L	k=I	which	is	the	appropriate
generalization	of	formula	(2).	At	each	time	t	the	firm	can	influence	its	immediate	profit,	as	well	as	the	change	in	its	future	capital	stock.	s	an	(b)	A	sufficient	condition	for	f	to	be	strictly	guasiconcave	is	that	(	-1	)'"	Br	(x)	>	0	for	all	x	in	Sand	all	r	=	1,	...	--·	.....	This	can	be	transformed	into	a	homogeneous	system	by	introducing	new	variables.	When	f	is
affine,	this	inequality	becomes	an	equality,	and	the	rest	of	the	argument	is	as	before.	The	conesponding	value	of	the	objective	function	will	depend	on	xo,	x1,	to,	and	ti,	so	it	is	denoted	1	t1	V(xo,	xi,	to,	ti)=	f(t,	x*(t),	u*(t))	dt	(1)	to	We	call	V	the	(optimal)	value	function.	But	then	so	is	f".	On	[O,	t*),	from	(ii)	and	(iii),	p(t)	=	-1.	,	n,	and	so	g;	(p*)	:::;	0	for	i	=
l,	,	.	Then	all	the	conditions	in	the	maximum	principle	(Theorem	10.1.1)	are	satisfied	on	[to,	tt]	and,	in	addition,	H(t(,	x*(tt),	u*(tt),	p(tt))	=0	(18)	For	a	proof,	see	Hestenes	(1966).	,,	Xr+1	For	a	=	=	ax1	+	b	1,	we	have	1	+a+···	Xt	=	a	1(xo	-	_b_)	+	_b_	1-a	1-a	+	a	1-	1	=	t	and	x	1	=	xo	(a	+	tb	fort	f=	+	...	-J.	The	final	Section	11.	,	fm,	so	some	additional
requirements	on	F	are	needed.	Conversely,	if	A	1	xo	--+	0	for	every	xo	in	IR	11	,	then	in	N	ei	--+	0	for	each	unit	vector	ej	=	(0,	...	To	calculate	these,	first	recall	that	in	the	discrete	random	variable	case	the	probability	that	the	events	V1	=	v1	and	V2	=	v2	occur	jointly,	given	Vo	=	vo,	equals	the	conditional	probability	that	V2	=	v2	occurs	given	V1	=	Vt,
times	the	probability	that	V1	=	VJ	occurs	given	Vo	=	vo.	In	fact	=	c''(t)	=	f	+	[eat	p(f)	r)jE	(vi)	In	order	to	keep	the	algebra	manageable,	we	restrict	attention	once	again	to	the	case	when	r	(t)	=	r,	independent	of	time,	but	now	r	f	a	is	allowed.	(~MJ	7.	-Pascal	(	1670)	T	his	chapter	gives	a	brief	introduction	to	the	classical	calculus	of	variations.	You	are
supposed	to	repay	the	Joan	in	30	equal	annual	repayments	so	that	after	n	=	30	years,	the	mortgage	is	paid	off.	(Here	f~(x	2	fol	(J~;	(x2	+	xy)	dy)	dx	=	J~l	(	~xl	-	x4	(b)	f	Ut	(x	2	+	xy)	dx)	dy	=	f~	(iYv1Y	+	½.v2	1	0	~y	3	)	dy	y	=	/2~.	,	Xi	•	...	(See	Section	6.9	for	further	discussion.)	(D)	If	the	eigenvalues	are	purely	imaginary	(),	1,2	=	±ifJ),	then	(x*,	y*)	is
a	so-called	centre.	The	rather	inbicate	relationships	between	these	different	concepts	are	set	out	in	some	detail.	Replacing	t	by	t	-	1	in	the	above	definition	gives	J('_l	(X1-l,	V1-l)	=	f	(t	-	1,	X1-l,	U1-l	(X1-1,	V1-1))	+	E[t	f	(s,	Xs,	u,(	Vs))	I	Xt-1,	'Vr-1]	But	the	law	of	iterated	expectations	and	the	induction	hypothesis	together	imply	that	r	E[~	f(s,	Xs,	u,(X,,
V,))	I	X1-1,	=	E[E[	t	Yt-l]	f	(s,	X,,	Us(Xs,	V,))	I	X,,	,	X1-l,	V1-l]	I	X1-l,	V1-l]	s~t	=	E[	=	E[t,	f(s,	Xs,	E[l/'(X,(V1)	u,(X,,	Y,))	I	X1	,	V1]	I	X1-1,	V1-1]	I	X1-l,	V1-1]	:S	E[l1(X,,	V1)	I	Xr-1,	V1-1]	where	X	1	=	g(t,	Xi-1,	Ur-1	(x1-1,	Y1-1),	V	1),	with	equality	if	u,(xs,	Y,)	satisfies	(6)	for	+	1,	...	Then	8	S	Band	C	s;:;	B.	+	"Ap(t)	(ii)	The	transversality	condition	(9A.7)(b')
gives	p(T)	2:-	0	with	p(T)	=0	if	k*(T)	>	kr	(iii)	For	a	more	extensive	discussion	of	the	rnodel,	see	Shell	(1967).	l)b	and	so	on,	111is	makes	the	pattern	clear.	,	Pngn	are	all	concave	in	(x,	u).	,	V1	and	u	1	=	u	1	(X1	,	V1	),	t	=	0,	...	Let	x	=	x	(t)	be	an	arbitrary	admissible	function	in	the	problem.	,	n	==?	S	EC	T	I	O	l'J	9	.	(a)	x	=	Ct"	(b)	x	=	Cthe	01	(c)	x	=	Cbtb
/(I	=	N	(t2	),	but	fl	(t	1)	#-	N(t2	),)	-	aCt")	7.	N(t,x)	-1	-2	-----+~3---~	Figure	1	The	set	N	(t,	x)	in	Example	1	is	convex.	Show	that	(6,	6)	is	a	locally	asymptotically	stable	equilibrium	point	for	the	system	.:i:	=	f(x,	y)	=y-	y	=	g(x,	y)	x,	=	-x	2	+	8x	-	2y	2.	It	is	obviously	impossible	to	choose	a	sequence	Yk	E	F(xk)	that	converges	toy,	because	the	coffesponding
sequence	{(Xk,	Y1c))	can	only	converge	to	a	point	on	the	line	segment	RQ,	and	not	to	P	.)	Roughly	speaking,	if	a	correspondence	F	ls	upper	hemicontinuous	at	a	point	x0	of	its	domain,	then	F(x)	cannot	"explode"	as	x	moves	slightly	away	from	x	0	,	as	happens	at	x	=	I	in	Fig.	(171e	0	0	2	minimum	point	is	(1/3,	1/3,	1/3).)	3,	At	(1,	0,	0)	with	'A	1	=	1,	'A	2
=	-1,	we	have	(-1)	3	B	3	=	16	>	0,	which	gives	a	local	maximum	At	(-1/3,	-2/3,	-2/3)	with	'A	1	=	-1,	),	2	=	1/3,	we	have	(-1)	2	B	3	=	16	>	0,	which	gives	a	local	minimum.	Solve	the	Bliler	equation	in	this	case.	,	we	often	use	xo,	x1,	xz,	...	,	x	11	)	near	x0	=	(x?,.,.,	x~).	(c)	IIV	.f(x)II	measures	how	fast	the	function	increases	in	the	direction	of	maximal
increase,	48	CHAPTER	2	/	MULTIVARIABLE	CALCULUS	We	assumed	above	that	V	f	(x)	-:/=	0.	The	Euler	equation	plays	a	similar	role	in	the	calculus	of	variations	as	the	familiar	firstorder	conditions	in	static	optimization.	The	conclusions	drawn	above	for	the	case	when	the	boundedness	condition	(3)	is	satisfied	are	also	valid	if	the	following	weaker
condition	holds:	there	exist	positive	constants	M,	M*,	a,	and	o	with	{Jc/-'	<	l	such	that	for	all	x	E	.'X(xo)	and	u	E	V,	one	has	If	(x,	u)I	:S:	M*(l	+	llxlla)	and	llg(x,	u.,	v)II	:S:	M	+	ollxll3	(Alternative	boundedness	conditions)	Complications	arise	when	the	boundedness	condition	fails.	D"f"	·	·	1	ierentiatmg	tI1e	two	g~	l(F(u,	v),	G(u,	v))	=	u	and	g(F(u,	v),	G(u,
v))	=	v	w.r.t.	u,	keeping	v	constant,	yields	l;F,;	and	gr.F~	+	=	0.	·1	Stiict	convexity	can	also	be	defined	for	sets	Sin	IR	11	that	contain	no	interior	points.	,	Pn)	the	corresponding	price	vector.	Because	He	is	concave	in	u	and	u	E	IR,	the	maximum	of	the	Hamiltonian	occurs	when	aW(t,	x*(t),	u*(t),	J-.(t))	=	au	-2u''(t)	+	A(t)	=	0	(i)	Next,	the	differential
equation	for	A	is	i(t)	-	0.U(t)	Because	x(T)	is	free	and	S(x)	=	-a	He	/ax=	-1	+	0.4A(t)	(ii)	=	ax,	condition	(C)(c')	in	Theorem	9.10.2	yields	A(T)	=a	(iii)	SECT	IO	1\1	9.	oo,	In	case	B	in	Note	3,	J	is	the	optimal	value	function	(so	u(x,	v)	is	optimal)	provided	that	the	same	transversality	condition	holds	even	for	arbitrary	choices	of	the	controls	u	1	(x,	v)	at	each
time	t,	Consider	the	following	stochastic	version	of	Example	12,3,	l:	(i)	X	1+1	=	V1+i(l-w1	)X	1	,	xoisapositiveconstant,	0	<	y	<	I	(ii)	Here	w	E	(0,	1)	is	the	control,	whereas	Vi,	V2,	,	,	,	are	identically	and	independently	distributed	nonnegative	stochastic	variables,	Define	D	=	E[V	1-Y],	where	V	denotes	any	of	the	V1	,	It	is	assumed	that	/3	E	(0,	l),	y	E	(0,
1),	D	<	oo,	p	=	(f3D)	1IY	<	l	(iii)	SECTION	12.7	I	lf\lFINITE	HORIZON	STATIONARY	PROBLEMS	In	the	notation	of	problem	(1)-(3),	f(x,	w)	optimality	equation	(6)	yields	=	(wx/-y	and	g(x,	w,	V)	=	V(l	-	=	WE(O,	max	[	(wx)l-y	+	fJE[J(V(l	l)	J(x)	461	w)x.	(12)	k	=	l,	...	The	boundary	A	{x	·	llx	-	all	=	s}	of	Bis	compact,	and	since	Vis	continuous,	V	has	a
minimum	value	a	over	A.	Our	claim	is	that	an	optimal	path	is	to	choose	c(t)	=	c	for	all	t,	which	we	call	"consumption	smoothing"	because	all	fluctuations	in	income	are	smoothed	out	through	saving	and	bmrnwing	in	a	way	that	leaves	consumption	constant.	Showthat(O.	The	result	is	fairly	extensive	rewriting	of	some	chapters,	and	numerous	other	less
significant	improvements.	On	the	right-hand	side	of(*),	the	coefficients	J-,	1	+	J-,	2	and	A.	,	g1)	:	[Rn+m	-+	~	1	be	continuous,	let	b	be	a	given	l-vector,	let	A	be	a	given	closed	set	in	[Rm,	and	let	X	be	a	given	set	in	[Rn.	For	each	x	in	X,	define	the	set	P(x)	£	~m	by	506	CHAPTER	14	/	CORRESPONDENCES	AND	FIXED	POINTS	=	{y	E	A	:	g(x,	y)	;£	b}	=	{y
E	A	:	g;	(x,	y)	:::	b;,	i	=	(7)	1,	--	.	The	concept	of	functional	dependence	helps	determine	when	there	are	superfluous	equations.	(If	we	require	f	(K)	-	u	::_	k	>	0,	this	trick	does	not	work.)	We	consider	the	general	mixed	constraints	problem	1	1)	max	II	x	=	g(t,	x,	u),	f(t,x.,u.)dt,	x(to)	=	x0	(l)	to	h.(t,	x,	u)	~	0	for	all	t	(2)	with	the	terminal	conditions	(a)	x;	(t1)
=	xl,	(b)	X;	(c)	xi(t1)	free,	(t1)	2'.:	xi,	i	=	1,	...	1	1	ff	we	solve	equations	(4)	and	(5)	separately,	we	end	up	with	four	constants.	,	qn).	(a)	Show	that	the	equilibrium	point	of	the	following	system	is	a	saddle	point:	y=y-2	:i:=-½x+y,	Find	also	the	eigenvalues	of	the	associated	matrix	A	in	Theorem	6.9.1,	and	an	eigenvector	corresponding	to	the	negative
eigenvalue.	(c)	The	coffesponding	results	for	convex	(strictly	convex)	functions	are	obtained	by	changing	::~	to	2::	(	<	to	>)	in	the	inequality	(1).	Then	(i)	We	demonstrate	by	contradiction	that	llx1c	II	---+	oo	as	k	-i>	oo.	So	there	are	no	unfulfilled	demands	that	can	force	consumers	to	change	their	plans.	For	A	=	J?:,;	for	.Jc	,Ff	t	-	=	0	the	solution	is	k/)..
(This	result	can	be	proved	by	using	the	extreme	value	theorem.)	NC}H:	?,	,t	A	weaker	sufficient	condition	for	optimality	than	in	Theorem	12.4.2	is	that	for	each	t	the	pair	(xt,	maximizes	H(t,	X,	u,	Pt)	-	P1-1X	as	a	function	ofu	E	u	andx	E	1ft	un	PU	2	Apply	Theorem	12.4.2	to	the	problem	in	Example	12.1.2,	3	max	I)l	+	X1	-	u~),	x1+1	=	Xt	+	U1,	xo	=	0,	t
=	0,	1,	2,	Ur	E	[ij	1=0	H,;	Fort	<	3,	the	Hamiltonian	is	H	=	I+	x	-	u	2	+	p(x	+	u),	so	=	-2u	+	p	and	H;	=	1	+	p.	,	m	(m	<	n)	(g1,	gz,	...	Find	the	Euler	equation	associated	with	J(x)	(a)	F(t,	+	.ci:2	+	2xe	=	f'1	.lro	1	~~	(cl)	F(t,	4.	Then	the	system	can	be	solved	recursively	in	two	steps:	(i)	First,	solve	y	=	g(t,	y)	as	an	ordinary	first-order	differential	equation
to	get	y(t).	(b)	See	Fig.	,	s	(7)	atallcontinuitypointsofu*(t),	i	=	1,	...	such	that	C¥1Y1	+	·	·	·	+	011cYk	=	0	E	1R11	+1,	that	is,	k	>	n	+	1.	We	expect	students	to	learn	economic	theory	systematically	in	other	courses,	based	on	other	books	or	articles.	Hence,	the	evolution	of	x(t)	is	desc1ibed	by	a	controlled	differential	equation	i(t)	=	g(t,	x(t),	u(t)),	x(to)	=
xo	(1)	Suppose	we	choose	some	control	function	u(t)	defined	fort	2".	Sufficient	Conditions	The	simplest	general	sufficiency	theorem	is	the	following:	.1	Consider	the	standard	end-constrained	problem	(l)-(5)	with	U	convex,	and	suppose	that	the	partial	derivatives	af	/	au	j	and	3g;	/	au	j	all	exist	and	are	continuous.	(Substitute	u	=	,j4	-	x	2	.)	(b)	2	-	6	ln
(Substitute	u	=	3	+,Jr+	8.	But	p	0	.	Because	0	<	(a	-	r)	/2b	<	a	/2b,	the	graph	of	Jc	=	0	will	be	as	suggested	in	the	figure.	TI1erefore,	whenever	it	is	optimal	to	have	positive	extraction,	we	have	the	following	rule	due	to	Hotelling	(1931):	'S	RULE	Positive	optimal	extraction	requires	the	marginal	profit	to	increase	exponentially	at	a	rate	equal	to	the
constant	discount	factor	r.	With	m	=	2	and	n	=	3,	the	conditions	in	(a)	reduce	to	(-1)2B,.(P)	>	0	for	r	=	3,	i.e.	B	3	(P)	>	0.	0	,	y	0	).	(a)	The	determinant	of	the	associated	symmetric	matrix	A	is	IAI	=	6c	-	¾(5	+	c)2	=	-¾(c	2	-	14c	+	25)	=	-¼(c	-	c1)(c	-·	c2),	where	c	1	=	7	-	2-/6	,"-,	2.1	and	c2	=	7	+	2,/6	::':J	1L9	.	162	C	H	A	PTE	R	4	/	TO	PI	C	S	I	N	I	N	TE	G
RAT	I	O	N	Infinite	Intervals	Integration	Leibniz's	formula	can	be	generalized	to	integrals	with	unbounded	intervals	of	integration.	If	the	problem	has	optimal	points,	then	these	are	the	same	as	the	best	candidates.	Let	w	be	the	price	per	unit	of	oil	and	let	r	be	the	discount	rate,	with	f3	=	1/	(l	+	r)	E	(0,	1)	the	corresponding	discount	factor.	If	b1	is	a
linear	combination	of	products	of	terms	of	the	form	a	1	,	t	111	,	cos	qt	and	sin	qt,	as	in	Section	11	A,	the	method	of	undetermined	coefficients	again	can	be	used.	We	want	an	interpretation	that	relates	to	the	value	function	for	the	problem	defined	over	the	whole	interval	[to,	ti],	not	only	the	subinterval	[t,	ti].	As	you	surely	know,	the	in-ational	number	e
R,	2.718281828	is	one	of	the	most	important	numbers	in	mathematics.	,	,	n	whenever	the	m	+	1	vectors	x0	,	x	1	,	...	Find	the	general	solutions	of	the	following	equations	fort	(a)	t	2	x	+	Sti	+	3x	=	0	9.	Summing	these	equalities	from	j	=	1	to	n,	yields	m	=	r:_;=	1	a;	Pi	+	1/	'A.	Soc,	a,	and	b	must	be	As	a	product	of	polynomials	with	positive	coefficients,
p(r)	has	positive	coefficients	only.	The	result	follows	from	combining	Theorem	14.2.1	with	Example	14.1.5	in	the	next	chapter.	Hence,	for	any	x,	f	(x,	y,	z)	will	attain	a	maximum	value	at	some	point	(Yx,	in	cl(S).	([!'!J:	4.	Applying	(4)	with	a	=	-1	and	b(t)	=	t	yields	x	=	Ce	1	+	e'	te-r	dt.	This	section	takes	a	closer	look	at	continuous	transformations.	If	f	2(x,
y)	:/=-	0,	then	y'	=	-	J{(x,	y)/f2(x,	y).	The	current	value	Hamiltonian	He	is	concave	as	a	function	of	(K,	C).	(b)	c	=	(Y	-	K)/	L	=	(1-	s)Y	/	L	=	(1	-	s)f(k).	J(x,	v)	as	the	finite	horizon	T	-,.	Inserting	this	expression	for	u	into	the	right-hand	side	gives	the	maximum	value.	Section	7.6	generalizes	and	extends	the	existence	and	uniqueness	results	of	Section	5.8	to
vector	diffe1·ential	equations,	Results	on	the	dependence	of	the	solutions	to	changes	in	the	initial	conditions	are	also	recorded.	We	define	(strict)	minimum	point	and	minimum	value	by	reversing	the	inequality	sign	in(*)-	As	collective	names,	we	use	extreme	points	and	extreme	values	to	indicate	both	maxima	or	minima.	So	far	we	have	seen	that	y	=	sin
x	is	periodic	with	period	2n:.	The	determinant	IAI	itself	is	also	a	principal	minor.	Suppose	the	pensioner	plans	consumption	from	now,	t	=	0,	until	the	expected	time	of	death	T,	so	as	to	maximize	la	T	U(C(t))e-pt	dt	=	lo	T	U(rA(t)	+w	-A(t))e-P	1	dt	where	U	is	a	utility	function	with	U	1	>	0,	U	11	<	0,	and	p	is	a	discount	rate.	If	po	f.	Therefore	infxEB	f(x)	=
0,	while	=	oo.	A	so-called	transversality	condition	is	needed	to	determine	both	constants.	Proving	(c)	and	(d)	requires	more	complicated	arguments	to	show	that	lx1cYk	-xyl	and	lx,dy1c	-x	/yl	are	less	than	an	arbitrary	positives.	Hence	A	111	a-+	0	as	m	-+	oo.	(Hint:	Every	point	in	co(S)	can	be	written	as	a	convex	combination	of	exactly	n	+	1	points	(not
necessarily	distinct)	in	S.)	L	Use	Theorem	13.6.1	to	find	a	hyperplane	that	strictly	separates	S	from	the	origin.	j,	and	z;;	=	a1(a	1	-	l)z/x;.	ff	lhis	is	to	work,	inserting	j:	=	rtr-J	and	x	=	r(r	-	1w-2	into	equation	(8)	gives	t	2	r(r	-	1)tr-Z	So	x	+	atrt'-	1	+	btr	=	0,	or	f	(r	2	+	(a	-	l)r	+	b)	=	0	=	t'	is	a	solution	if	r	2	+	(a	-	l	)r	+b=0	(9)	The	solutions	of	this	equation
are	ru	=	-½(a	-	1)	±	½J(a	-	1)	2	-	4b	(10)	If	(a	-	1)	2	>	4b,	equation	(9)	has	two	different	real	solutions	r	1	and	r	2	,	and	the	general	solution	of	(8)	is	X	=	A/'"	1	+	Bt'2	(A	and	B	are	arbitrary	constants)	(11)	(Note	that	t,.	(See	(1.1.34).)	562	ANSWERS	8.	But	the	sequence	{yk}	={(-½/}is.	Once	we	have	defined	relative	open	balls,	concepts	like	relative
interior	point,	relative	boundary	point,	relatively	open	set,	and	relatively	closed	set	are	defined	in	the	same	way	as	the	ordinary	versions	of	these	concepts,	except	for	the	fact	that	ITi'I"	is	replaced	by	Sand	balls	by	relative	balls.	SECTION	8.5	/	MORE	GENERAL	TERMII\JAL	CONDITIOf\lS	301	Inequality	terminal	conditions	like	this	are	often
encountered	in	economics.	This	example	is	due	to	Conlisk	and	Ramanathan,	Review	of	Economic	Studies	(1970).)	~MJ	6,	Consider	the	system	.i	=	-x,	Here	is	(0,	0)	an	equilibrium	point.	(a)	(x,	y)	=	(±1,	0)	with	'A	=	1/4	and	(0,	±./2)	with	'A=	1/2.	(b)	Derive	the	c01Tesponding	Euler	equation,	and	find	its	solution.	(4)	Formula	(11.1.11)	yields	or,
equivalently,	(5)	Define	the	discount	factor	D	1	by	(6)	+	=	Note	that	when	rs	r	for	alls,	then	D	1	=	(1	r)-	1	,	the	discount	factor	used	in	Example	3	(see	(3)).	E.	(b)	x	=	ce-	21	13	-	8.	Since	(f.l(:i)	=	0,	cp(x)	has	a	rna-\:imum	at	x,	so	O	=	arp(x)	ax·	•	I	=	aJ	(x)	_	~	af*(b)	afJi(i)	axI	ax-	,	ab-J	L,,.,	}=!	i	=	1,	..	In	Section	10.4	we	discuss	analogous	existence
theorems	for	control	problems.	(c)	Differentiation	yields	_:x	2	+	2(1	-	t)xx	=	3t	2	Simplifying	and	using	(1	-	t)x	2	=	t	3	yields	the	given	equation.	It	is	called	globally	asymptotically	stable,	because	if	x(t)	is	a	solution	to	x	=	F(x)	with	x(to)	=	xo,	then	x(t)	will	always	converge	to	the	point	on	the	x-axis	with	x	=	a	for	any	start	point	(to,	xo).	We	shall	now
study	the	firm's	cost	function,	which	specifies	the	minimum	cost	of	producing	a	given	output	level	y	in	Y	when	the	input	price	vector	is	w.	6	/	5	TO	CH	AST	IC	OPT	I	fVI	I	Z	AT	ION	449	In	all	that	follows	we	shall	assume	that	both	and	½	can	be	observed	before	choosing	u1	•	Often	this	assumption	will	be	satisfied	because	we	define	the	state	X	1	and
random	shock	Vi	as	what	can	be	observed	at	time	t.	Then,	in	particular,	that	pair	is	a	solution	to	the	corresponding	problem	with	fixed	terminal	point	(t1,	x*(t1)).	-	2x?.	Figure	3	shows	some	integral	curves	that	(K	(t),	A(t))	could	follow	as	t	increases.	We	assume	that	the	function	H	satisfies	H	(0)	=	0	and	H'	>	0,	so	that	H	is	strictly	increasing.	Hence,	fr-
1(x)	=	h(1/2x)	=	lnx	+	C,	The	next	step	is	to	use	(6)	for	s	lr-2(x)	=	with	C	=	-1/3	+	ln(3/2),	and	u}_	1	(x)	=	l/2x	T	-	2:	=	max[-~ux	+	h-1(x(l	+	ux))]	=	max[-~ux	+	lnx	+	ln(l	+	ux)	+	C]	u~O	tt~O	J	Again	u	=	u}_	2	(x)	same,	and	we	get	h-2(x)	=	l/2x	gives	the	maximum	because	the	first-order	condition	is	the	=	lnx	+	2C,	with	C	=	-1/3	+	ln(3/2),	and	u}_	2	(x)
=	1/2x	SECTIOI\I	121	This	pattern	continues	and	so,	for	k	lr~k(x)	=	lnx	+	kC,	/	=	0,	I,	...	A	necessary	condition	for	x*	to	be	a	maximum	or	mini	mum	point	for	f	is	that	x*	is	a	stationary	point	for	f-that	is,	it	satisfies	the	equations	f/(x)	=	0,	i	=	1,	...	This	completes	the	proof	of	(ii)	by	induction.	,	0,	f;(x),	O,	...	The	equilibrium	state	x*	is	unstable	if	a	solution
that	sta11s	close	to	x*	tends	to	move	away	from	x*,	at	least	to	begin	with.	(a)	x	=	Cte-	1	;	C	=	L	(Separate:	dx/x	=	[(1/t)	-	l]dt.	l.7)).	See	Problem	8.	1	and	so	II	-	A	111	I	f.	If	u*(t)	E	(uo,	u1),	then	BH*	/'du	=	0.	The	right-hand	side	is	the	cost	of	maintaining	the	constant	output	level	Y	over	the	whole	year,	and	this	is	the	minimum	cost.	We	need	to	spell	out
some	crucial	assumptions:	(A)	F(t,	x)	is	defined	and	continuous	on	an	open	set	A	in	1R11	+1	.	,n	(llc)	=	maxuEU	H(t,	x,	u,	p(t))	is	concave	in	x	h	k	(	t,	x)	is	quaskoncave	in	x,	Then	(x*(t),	u*(t))	solves	the	problem.	Hence	y	0	E	F(x0	).)	On	the	other	hand,	the	following	theorem	also	holds:	THEOREM	J	4.1.2	Suppose	that	the	correspondence	F	:	X	c;	!Rn	_,,
!Rm	has	the	closed	graph	property	at	x	0	and	that	F	is	locally	bounded	near	x	0	in	the	sense	that	there	exists	a	neighbourhood	N	of	x	0	such	that	F(N	n	X)	is	bounded.	Then	x	2	+	y	>	2	and	y	>	1,	so	(iii)	and	(iv)	yield	A1	=	>c	2	=	0.	The	variable	final	time	problem	considered	here	can	be	briefly	formulated	as	follows	(note	that	the	choice	variables	u	and
t1	are	indicated	below	the	max	sign):	max	f	I	(a)	x(t1)	lt	f(t,	x,	u)	dt,	i(t)	=	g(t,	x,	u),	u,t1	'	to	x(to)	=	xo,	=	x1	(b)	x(ti)	::':	X]	(1)	.	,bm),	When	each	component	function	gi	is	convex,	we	also	say	that	the	vector	function	g	is	convex.	This	result	is	referred	to	as	the	Malinvaud	tnmsvenmlity	condition.	It	is	standard	to	abbreviate	sine	to	sin	and	cosine	to	cos.
Under	a	range	of	well-known	imprints,	including	Finandal	Times/Prentice	Hall,	we	craft	high	quality	print	and	.?fectronic	publications	which	help	readers	to	underst.and	and	apply	their	content,	whe:ther	studying	or	at	work.	The	mean	value	theorem	says	that,	for	some	c	between	x	1	and	x*,	one	has	lx1+1	-	x*I	=	lf(x1)	-	f(x*)I	=	lf	1(c)(x1	-	(a)	Since	f'	is
continuous	and	If'	(x'')	I	<	1,	there	exist	an	&	>	0	and	a	positive	number	k	<	1	such	that	If'	(x)I	::::	k	for	all	.x	in	(x''	-E,	x*	+e).	In	that	sense,	the	tangent	hyperplane	"supports"	the	upper	level	set.	Answers	to	such	questions	are	provided	by	existence	and	uniqueness	theorems.	Consider	on	the	other	hand	an	interval	contained	in	X[).	A4.5.6(a).	,xCn-ll)
(1)	Here	F	is	a	given	function	of	n	+	1	variables	and	x	=	x	(t)	is	the	unlrnown	function.	Milton	Friedman	called	a	similar	measure	"permanent	income",	and	enunciated	the	"permanent	income	hypothesis"	according	to	which	a	measure	of	"pennanent	consumption"	equals	permanent	income.	,	a	11	all	positive)	is	always	quasiconcave.	(MANG	Consider
the	standard	end-constrained	problem	(9.4.1)-(9.4.3)	with	U	an	interval	of	the	real	line.	The	function	mized	Hantiltonian_	Then	one	can	show:	s	FJ!(JE	NT	!HO	(4)	ii(t,	x,	p)	is	called	the	maxi-	)	Suppose	that	(x*(t),	u*(t))	is	an	admissible	pair	in	the	standard	end-constrained	problem	(9.4.1)-(9A3)	that	satisfies	all	the	requirements	in	the	maximum
principle,	with	p(t)	as	the	adjoint	function,	and	with	po	=	1.	You	should	therefore	appreciate	the	extreme	simplicity	of	the	proof	of	the	following	much	more	general	result:	If	/	1,	••.	:i	Recall	that	if	n	is	a	natural	number,	n	!	(read	as	"n	factorial")	is	defined	as	n	!	=	l	·	2	·	3	·	...	xt	+	t	2	cannot	be	written	in	the	form	f	(t)g(x).	at	,	y*)	(2)	>"~)	is	a	saddle
point	(3)	In	order	to	generalize	these	results	to	functions	of	n	variables,	we	need	to	consider	the	n	leading	principal	minors	of	the	Hessian	matrix	f"	(x)	=	(x))/l.X/1:	u:;	Dk(X)	=	f{~	(x)	J{;(x)	f{'i,(x)	I;;	(x)	J;;(x)	.t~;/x)	k	.fj~	(x)	Jj;(x)	3	2.	Find	the	solution	of	Problem	9.4.6	using	the	current	value	formulation.	If	the	maximum	temperature	is	T*	at	P,	then	the
level	surface	f(x,	y,	z)	=	T*	must	be	tangent	to	the	curve	K	at	P.	If	l	=	n	(and	so	the	end	point	is	fixed),	or	if	x	1-+	H(t,	x,	p(t))	is	strictly	concave,	then	all	the	partial	derivatives	(inclliding	those	in	(6)	and	(7))	exist	(For	further	details	see	Seierstad	and	Sydsreter	(1987),	Section	3.5.)	R	1.	It	follows	from	TI1eorem	2.5.3	that	if	O	<	µ,	s	l	and	p	2".	y	~/	'	'	a1
I	I	-------------:--------	;	ao	--·	'	I	;7((-----,	I	d	C	Figure	3	P0	()	X	=	[xo,	d],	Pa	=	(xi,	d].	Hence,	the	first-order	condition	I'	(0)	=	0	reduces	to	1	1\	to	[aF*	-	-d	ax	dt	(aF*)]	ax	-.	where	Vi+1	=	0	with	probability	1/2,	ai1d	V1+	1	probability	1/2.	Consider	the	problem	T	max	H;E[O,il	LC3	-	u1)x!,	Xr+l	=	u	1xr,	t	=	0,	...	If	appropriate	regularity	and	initial	conditions	are
imposed,	there	is	a	unique	solution	of	the	system.	To	prove	that	the	set	A	=	{(x,	y)	;	x	>	y}	in	Example	13.1.2	is	open,	define	the	continuous	function	g	from	IR	2	into	IR	by	g	(x,	y)	=	x	-	y.	Nevertheless,	many	important	economic	problems	require	methods	that	go	beyond	those	presented	so	far.	,	Xn	:::	0,	x1	+,,	·	+	x	11	:::	]},	whose	vertices	arc	O	and
the	n	standard	unit	vectors	e	1,	,	•	,	,	e",	where	fi	has	its	itb	component	equal	to	l	and	the	other	n	-	1	components	equal	to	0.	Also,µ,x'+(l-µ)y'	=	Ax+(f3-aJc)y	=	Jcx+(l-J-.)y.	Next,	this	function	is	inserted	into	(10)	fort	=	T,	and	the	resulting	equation	is	then	solved	for	XT,	yielding	XT	=	XT(XT-L	VT-1).	Then	G(x)	=	af(x)	+	bg(x)	has	G"(x)	=	af"	(x)	+	bg"	(x)
:::	0,	so	G	is	also	concave.	,	rn.	We	apply	formula	(4,2.1)	to	obtain	/1(a)	=	j,11	3	+	a1J,(t),	-F(t,	to	i.la	+	aµ(t))	dt	i*(t)	According	to	the	chain	rule,	-/1;;	F	(t,	x*	(t)	+	aµ(t),	i*	(t)	+	aµ(t))	F~	and	Fi	are	evaluated	at	(t,	x*	(t)	+	OL/J,(t),	i*	(t)	+	af.'.1,(t)).	Dete1mine	the	definiteness	of	Theorem	1.8.1.	subject	to	Xt	37	+	x2	=	0	both	directly	and	using	2.	7	/
QUADRATIC	FORMS	33	(b)	The	symmetric	1m,trix	A	associated	with	Q	has	leading	principal	minors	D	1	=	-1,	D2	=	0,	D3	=	0.	,	x*)	=	B,.	(b)	Separable,	because	xt	+	t	=	t(x	+	1).	When	there	are	terminal	conditions,	Theorem	12.5.1	gives	necessary	conditions	for	the	case	of	several	variables.	l	has	the	equation	u	2	and	+	v2	=	(sinx)	2	cosx	=u	(1)	L	This
implies	the	important	relationship:	+	(cosx)2	=	1	(2)	The	domains	of	the	functions	sin	and	cos	are	the	set	of	all	real	numbers.	Then	F	is	upper	hemicontinuous	at	x	0	.	The	maximized	Hamiltonian	is	seen	to	be	H(t,	x,	p(t))	=	max	UE[O.l]	u2	-	x	+	(t	-	2)u	=	{-x.	To	do	so,	however,	we	must	consider	the	signs	of	all	the	principal	minors	of	the	Hessian	matrix
f"	(x)	=	(!(	(x)	)nxn·	Recall	from	Section	L7	that	a	principal	minor	-0.,(x)	of	order	r	in	f"(x)	=	Cf(	(x))	11	x	11	is	obtained	by	deleting	n	-	r	rows	and	the	n	-	r	columns	with	the	same	numbers.	111	Consider	the	sequence	{xd	defined	by	X1	h,	=	Xk+l	=	,/xk	+	2,	k	=	1,	2,	...	111	1.	-	t.'	P2	(t)	=-	1	2.	Assume	further	that	the	cost	C	per	unit	of	time	depends	on	t,
x	and	u,	so	that	C	=	C	(t,	x,	u).	0	as	m	-+	oo.	It	follows	from	(3)	that	the	Euler	equation	associated	with	F(x,	x)	has	a	constant	solution	x	=	k	on	some	interval	if	and	only	if	F;	(k,	0)	=	0.	For	n	=	100,	we	get	2.7048	<	e	<	2.73	l	9.	]_	n	n	+	h)	=	£(x'')	+	I>,c;(x'')h;	+?LL	,c;1(x*	+	ch)h;h;,	i=I	-	Because	x*	satisfies	all	the	constraints,	J'.(x*)	be	written	as	f	(x*
+	h)	-	=	=L	l	k=1	Ak(gk(x*	(i)	f	(x*).	2	we	assume	that	Ko	<	a/2b.	Taylor's	Formula	for	Functions	of	Two	Variables	Let	z	=	f	(x,	y)	be	defined	in	a	neighbomhood	of	(xo,	Yo)	and	let	(h,	k)	be	a	given	pair	of	numbers.	For	a	proof	of	the	general	case	where	some	of	the	eigenvalues	are	equal,	see	e.g.	Fraleigh	and	Beauregard	(1995).	Hence	N	is	convex.	+	x[e
1x(x	+	Li:)]	=	0.	E[	I]1	-	(v	1+1	+	X1+1	-	t=O	where	the	random	variables	V1	(t	E[Vr]	=	1/2.	a21	a22	(7)	y	Let	us	see	if	by	an	appropriate	choice	of	numbers	v1,	v2,	and	A	we	can	make	(x,	y)	(vw'	1	,	v2e'	1	)	a	solution	of	(7).	For	example,	suppose	that	we	have	a	difference	equation	like	(1),	and	we	want	to	compute	x	100	.	It	may	nevertheless	be	useful
not	to	forget	entirely	the	form	of	each	closed-loop	control.	9.1	The	Basic	Problem	Consider	a	system	whose	state	at	time	tis	characterized	by	a	number	x	(t),	the	state	variable.	Let	N	be	the	greater	of	the	two	numbers	N1	and	N2.	The	transformation	maps	the	given	rectangle	onto	a	quad1ilateral	in	the	y	1yrplane	determined	by	the	inequalities	l	s	y	1	+
y	2	s	2	and	YI	s	)'2	s	2y1.	Hence,	vf	E	(0,	1).	9	I	C	U	RRENT	VAL	U	E	FO	RM	U	L/\T	IONS	339	=	Note	that	if>-.	Then,	according	to	(iii),	LJ=l	(Bgk(x*	+	ckh)/iJxJ)hJ	=	0,	fork=	I,	...	If	a	E	(-1,	0),	Pa	is	the	closed	interval	with	endpoints	±.J-a/(1	+	a).	Suppose	further	that	the	control	region	U	is	convex	and	that	H	(t,	x,	u,	p(t))	is	concave	in	u)	for	every	t	in
[to,	t	1	].	Solve	the	following	Bernoulli	equations	assuming	t	>	0,	x	>	0:	(a)	t:i:+2x=tx	2	(c)	ti+x=x	2	Int	(b)	x=4x+2e',jx	2.	The	last	equality	is	illustrated	in	the	next	example.	The	differential	equation	for	Jc	is	5c	-	r	'A	=	He/	=	0,	with	the	solution	1	A	=	Aer	,	where	A	is	a	constant	Thus	u*	=	½AeO	using	Theorem	9.11.	Recall	that	a	function	f	:	~	-+	~	is
said	to	be	of	class	ck	(k	=	1,	2,	...	,T-l	t=O	where	xo	is	given	and	we	require	xr	~	0.	A=	(c)	Negative	semidefinite	(	-]l	~	3/2	2	3/2	1	0	-1	-]	1	6)	-1	1	(d)	Negative	definite.	Now	f(T,	x,	u)	independent	of	u,	so	h(x)	=	lnx,	and	any	uT	is	optimal,	Next,	putting	s	=	T	-	I	in	(6)	yields	h-1	(x)	=	lnx	is	=	max[-jux	+	h(x(l	+	ux))]	=	max[-~ux	+	lnx	+	ln(l	+	ux)]	u;::O
u?::0	The	maximum	of	the	concave	function	h	(u)	=	-	~	ux	+	In	x	+	ln	(	1	+	ux)	is	at	the	point	where	its	derivative	is	0.	,	n,	Then	the	A;	are	all	nonnegative	and	their	sum	is	1.	According	to	(3),	p(t)	is	a	"shadow	price"	of	the	capital	stock	vaiiable,	since	p(t)	measmes	the	marginal	profit	of	capital.	Arguing	as	in	Note	12.3.4,	we	observe	that	each	Juk	(x,	v)
satisfies	the	Bellman	equation	when	the	only	possible	choice	of	policy	is	Uk	v).	Sequences,	subsequences,	and	Cauchy	sequences	on	the	real	line	are	the	topics	of	Section	A.3.	The	last	Section	A.4	introduces	some	results	about	the	infimum	and	supremum	of	functions	that	are	occasionally	useful	in	economics.	E	PLE	5	Check	the	concavity/conveyjty	of
the	Cobb-Douglas	function	defined	on	the	set	S	=	{(x,	y)	:	x	>	0,	y	>	O},	assuming	that	a+	b	:S	1,	a	::::	0,	and	b:::,:	0.	Note	that	these	two	patiicular	subsequences	happen	to	be	both	convergent.	It	also	plays	an	impo1iant	role	in	mathematical	economics,	for	example	when	proving	existence	of	solutions	to	maximization	problems.	,	k.	What	is	the
symmetlic	matrix	A	associated	with	the	following	quadratic	form?	For	what	values	of	the	constant	a	is	the	following	function	concave/convex?	=	=	Interpreting	the	Lagrange	Multipliers	Equation	(6)	can	be	written	as	(9)	This	tells	us	that	the	Lagrange	multiplier	AJ	=	AJ(b)	for	the	jth	constraint	is	the	rate	at	which	the	optimal	value	of	the	objective



function	changes	w.	It	is	used	as	follows:	First	find	the	function	h(x)	by	using	(7).	y)	by	f(x,	y)	=	x	3	+y3-3xy.	Solve	the	equation	in	this	case.	oo,	and	J"(k)	:::;	0	for	all	k	?:	0.	We	say	that	a1	is	a	locally	asymptotically	stable	equilibrium	state,	whereas	a2	is	1.mstable.	The	leading	principal	minors	of	A	are	au	a12	Cl]k	a21	an	a2k	k	Dk=	Gk\	2,	.	Suppose	the
admissible	pair	(x''(t),	u*(t))	satisfies	all	the	conditions	(9.4.5)-(9.4.7)	of	the	maximum	principle,	with	the	associated	adjoint	function	p(t),	and	with	po	=	1.	Differentiation	yields	2(11	-	3)	du	=	dt,	etc.)	(c)	!e	3	+	(Integration	by	parts.)	x2"	_	2x"x"'	Jx	+	x2m	4x"+m+1/2	2x2n+l/2	2x2111+1;2	.	,	is	b	·	a.	which	is	the	nth	moment	J~	J~	=	6.	Here	f{(0,	0)
(Price	adjustment	mechanism)	Consider	the	following	extension	of	Example	5.7.2	to	two	commodities:	p	=	H1(D1(p,	q)	-	Si(p,	q)),	q=	H2(D2(P,	q)	-	S2(p,	q))	Here	p	and	q	denote	the	prices	of	two	different	commodities,	D;	(p,	q)	and	S;	(p,	q),	i	=	1,	2	are	the	demand	and	supply	for	the	two	commodities,	while	H1	and	H2	are	fixed	functions	of	one
variable.	(a)	With£=	2xf	+	14x	1x	2	+	2xi	-	Jc(xf	+	x?	For	this	SECTION	10.3	I	INFINITE	HORIZON	371	problem	the	maximum	principle	holds.	For	lower	hem.icontinuous	correspondences	the	opposite	is	true:	F(x)	cannot	implode	as	x	moves	slightly	away	from	x0	,	but	it	may	explode.	Instead,	we	take	a	closer	look	at	a	generalization	of	Mangasarian's
theorem	due	to	Arrow	(see	Arrow	and	Kurz	(1970)).	This	is	an	optimal	control	problem	with	w(t)	as	the	state	variable	and	c(t)	as	the	control	variable,	We	assume	that	c(t)	>	0,	so	that	the	control	region	is	(0,	oo).	Of	course,	we	cannot	expect	r	to	be	larger	than	a.	and	we	conclude	584	ANSWERS	,,_.,,	,f	1,	(a)	By	integration,	z	(b)	z	=	3x	+	-	Jt	maxJ;i(-2u-u
2	)e-	1110	dt,i	=	u,x(O)	=	l,x(l)	=	0.Wefindthatu*(t)	=	4,	The	Euler	equation	reduces	to	;\7	[ae	0,	u*	=	1	maximizes	H	(b)	V	(.:ro)	=	0	when	x	0	<	0	and	V	(x0	)	=	xo	when	xo	c::	0,	so	Vis	not	differentiable	at	0.	If	f	(x)	I=-	f	(x	0	),	then	x	or	x	0	is	0,	m1d	the	right-hand	side	of	(9)	is	0.	Some	results	on	periodic	solutions	complete	the	chapter.	The	subset	of	IR
consisting	of	the	single	point	{a}	is	a	closed	set.	3	Let	A(t)	denote	a	pensioner's	wealth	at	time	t,	and	let	w	be	the	(constant)	pension	income	per	unit	of	time.	Then	the	function	Vis	defined	for	to	=	t0	,	t1	=	t0	,	and	(x	0	,	x	1)	in	a	neighbourhood	of	(x	0	,	x	1),	and	the	partial	d:';!_ivatives	are	given	by	(4)	and	(5)	at	(x0	,	x1).	Put	Yk	=	Xk/	llxk	II.	In	order	for
g(x;)	to	have	a	local	maximum	at	xt,	one	must	have	g"	(xt)	f/;	(x*)	:=::	0,	(If	not,	g	would	have	a	local	minimum	at	,)	Thus	f{~	(x*)	:=::	0,	(x*)	::::	0	are	necessary	for	f	to	have	a	local	maximum	at	x*	in	the	direction	of	each	coordinate	axis,	and	thus	necessary	for	x*	to	be	a	local	maximum	point	for	f.	But	if	we	refer	to	an	example,	a	note,	or	a	formula	from
another	section	we	use	a	three	part	reference.	1.1.)	Thus	V	(t,	x)	is	the	maximum	profit	obtainable	if	we	start	at	time	t	with	the	capital	stock	x.	~.	,	x	11	(t)),	i	=	1,	..	(a)	Xk	=	(1/k,]	+	1/k)	(c)	Xk	=	((k	+·	2)/Jk,	(-]	)k	/2k)	(b)	x,.	r:	t.	(a)	Find	the	only	possible	solution	to	max	Jor	lO	(1	-	s)-/k	dt,	k	=	sJk,	k(O)	=	1,	s	k(lO)	free,	E	[0,	l]	(b)	Use	Theorem	9.7.2	to
prove	that	the	solution	candidate	in	(a)	is	optimal.	If	we	let	F	=	f	of,	it	is	clear	thaq	1	and	1;2	must	be	fixed	points	of	F,	i.e.	they	are	equilibria	of	the	difference	equation	Y1+1	=	F(y,)	=	.f(f(y1))	(2)	Such	a	cycle	is	said	to	be	locally	asymptotically	stable	if	every	solution	of	(l)	that	comes	close	to	§1	or	~2	converges	to	the	cycle,	Thus	the	cycle	is	locally
asymptotically	stable	if	and	only	if~	1	is	a	locally	asymptotically	stable	equilibrium	of	equation	(2),	or	equivalently,	if	and	only	if	~2	is	such	an	equilibrium.	,	m,	there	exists	a	Oj	>	0	such	that	1/j(x)	-	fi(x	0	)1	<	e/,/m	for	every	point	x	in	S	with	d(x,	x	0	)	0	be	given.	Choose	a	sequence	{µ,din	h	that	converges	to	and	let	xk	=	(µ1cI	-	A)-	1	1	for	k	=	1,	2,	....	t
=	0,	1,	....	)	if	all	of	its	partial	derivatives	of	order	up	to	and	including	k	exist	and	are	continuous.	Is	this	statement	correct?	(c)	Can	you	give	a	geometric	interpretation	of	the	problem?	Putz	=	>,,x	+	(1	-	>,,),,Y.	Solve	the	problem	min	fo	(x	2	+	tx	+	txi	+	i	1	)	dt,	1	6.	If	x	=	JJ"	d0	J~1cr/(l	1	1	=	2.	,	xi!)	is	C	1	in	an	open	set	A,	Then,	at	points	x	where	V	f(x)
f::	0,	the	gradient	V	f(x)	=	(f{(x),	f~(x),	...	Let	f	(t)	=	1	and	g(x)	=	x	2	-	1.	It	is	a	(local)	saddle	point.	Thus	a	set	Sin	~	11	is	convex	ifand	only	ifitcontains	all	convex	combinations	of	each	pair	of	points	in	S.	Hence,	continuousfimctions	generate	closed	upper	level	sets.	8.1	Basic	Definitions	and	Results	Consider	the	circle	in	Fig.	It	follows	that	condition	(d)
in	Theorem	9.11.1	is	satisfied,	and	x*	(t)	=	-!e-OAt	+	~	is	therefore	optimal.	T0	•	(3)	More	impo1tant	than	overtaking	optimality	is	the	next	ciiterion:	The	pair	(x*(t),	u*(t))	is	CU	optimal	if	for	each	admissible	pair	(x(t),	u(t))	and	every	E:	>	0	there	exists	a	number	Tu,e	such	that	Du(t)	::':	-E:	whenever	t	::".	In	Section	11.5	the	theory	in	the	preceding
section	is	generalized	in	a	straightforward	way	to	higher-order	equations,	except	that	the	stability	criteria	in	Theorem	11.5.4	probably	would	strike	you	as	less	than	obvious.	Classify	the	stationary	points	of	(a)	f(x,y,z)=x	2	+x	2	y+y	2	z+z	2	-4z	(b)	f(x1,	x2,	X3.	We	define	the	(optimal)	value	function	for	the	problem	at	times	by	2	T	18(X)=	max	Us,·	.,urEU
'i:,J(t,x1,U1)	(3)	t=s	where	=	X	and	X1+l	=	g(t,	Xt,	U1)	for	f	>	s,	Ut	EU	At	the	terminal	time	t	=	T,	definition	(3)	implies	that	fr(x)	=	maxuEU	f(T,	x,	u).	u;	(t,	x)	(the	"diffusion	equation")	appears	in	=	e10.:	+	13x	=	0	3	=	0	has	two	real	roots	r	1	=	=	(r	-	2)	2	=	(A+	(c)	---/3	and	=	0	has	the	double	root	r	=	2.	Then	rp'()..)	=	V	f()..x	+	(1	-	>c)y)	·	(x	-	y).	Now,
for	each	choice	of	investment	function	I{	(t)	on	the	interval	[O,	T],	capital	is	fully	determined	by	K	(t)	=	Ko	+	f~	K	(r	)d	r,	and	(ii)	in	turn	determines	C	(t).	x	gives	the	same	expression	for	F'(x)	as	before.	The	curve	x	=	Ct	2	passes	through	(1,	2)	if	C	1.	Then	the	appropriate	generalization	of	Theorem	9.7.2	is	this:	SECTION	10.1	0.	(II)	Constraint	1	is
active,	2	is	inactive.	The	gradients	of	the	two	constraint	functions	are	v	g	1	(x,	y)	=	(2x,	1)	and	'v	g2	(x,	y)	=	(0,	-1).	Inserted	into	(i)	this	yields	y	+	2x	-	2x	2	=	0.	Lety	11	=	sup{xk:	k	:::=	n}	for	n	=	1,	2,	Then	{y,,}	is	a	decreasing	sequence	because	the	set	{x1c	:	k	2'.	(a)	2.	,	Ao	by	requiring	u*	to	satisfy	(4)	and	equating	coefficients	of	like	powers	oft.	H
can	often	be	verified	by	applying	(2)	to	each	separate	component.	2	1	1	max	11(/)E(-00,00)	3.	(TI1is	is	almost	never	checked	in	the	economics	literature.)	(What	to	do	l.f	even	the	Arrow	condition	foils)	If	the	maximized	Hamiltonian	is	not	concave,	then	the	Mangasarian	condition	also	fails.	,	T,	(vii)	Fort=	T,	because	PT	=	0	and	vf	=	½w,	this	equation
reduces	to	(viii)	Fort	=T-	1,	the	expression	within	square	brackets	in	(iv)	is	*	(.W	/3	T-l	XT-1	-	0	*	)	..,VT-I	-	*	_	JJT-!XT-1	-	/3T-1	i,	[	XT-1	W	(1	-	4l/3·W	)	-	2	VT-I	,t	]	=	(ix)	Because	O	<	w	<	land	/3	E	(0,	1),	one	has	l	>	¾/3w.	,	b1-1,	b1,	bJ+l,	...	(e)	Of	course,	a	11	<	b11	for	all	n.	+	··	·	+	x;	.	Prove	that	(0,	0)	is	a	locally	asymptotically	stable	point	for	each	of
the	following	systems.	4,	are	these:	THtORE!\4	25.	=	x(O)	=	0,	0,	and	C(t,	u)	=	ft	C(t,	u)e-r	dt.	We	then	obtain	a	second-order	differential	equation	to	determine	x	=	x(t).	l	are	not	satisfied,	nor	are	those	in	(b)	or	(c).	(a)	Write	down	necessary	conditions	for	(x*	(t),	u*	(t)	),	with	corresponding	adjoint	function	,\(t),	to	solve	the	problem.	In	fact,	here	is	a
modified	maximum	principle:	Vi/lTH	A.BLE	flNAL	TIM	Let	(x*(t),	u*(t))	be	an	admissible	pair	defined	on	[to,	t7]	which	solves	problem	(1)	with	t	1	free	U1	E	(to,	oo)).	Consider	the	stochastic	dynamic	programming	problem	+	L	-exp(-yur)	T-1	ma,--(	E	[	-oexp(-yXr)	]	'	X1+1	=	2Xr	-	Ur+	Vr+1,	xo	given	1=0	where	u	1	are	controls	taking	values	anywhere	in
IR,	and	8,	y	are	positive	constants.	The	maximum	principle	therefore	yields	the	following	candidate	for	an	optimal	control,	in	the	case	when	T	>	2/a:	.,	=	{l	u~co	0	iftE[0,T-2/a]	(T	>	2/a)	iftE(T-2/a,T]	Fort	in	[O,	T	-	2/a],	we	have	u*(t)	=	l	and	so	JJ1	(t)	Because	Pl	(t*)	=	pz(t*)	=	T	-	t*	=	2/a,	this	yields	=	-ap	1	(t),	i.e.	p	1	(t)	t	E	[0,	T-2/a)	(ii)	=	ce-ar.	We	see
that	I	is	a	sum	of	concave	functions	and	so	is	concave.	3,	Differentiate	xe	1x	=	C	implicitly	to	obtain	ietx	(1	+	tx)i	=	-x	2	.	=	0	in	[O,	t,],	u''(t)	=	l	in	(t.,	t**],	and	u*(t)	=	0	in	(t**'	T],	=	T	-	tc"	(1	-	JI	-	2bc).	Deduce	the	Euler	equation,	fiN	=	x	0	,	andx(T)	=	xr.	Moreover,	F2(Y1,	Y2)	=	-1	f=	0,	so	f	and	g	are	functionally	dependent.	His	concave	in	(x,	u)	and	h(t,
u)	=	x	-	u	is	linear	and	therefore	quasiconcave.	If	we	minimize	the	integral	in	(1),	the	theorem	is	still	valid	if	(3)	is	replaced	by	(-aF)	ax	>O	1=11	-	with	'	aF)	(-.	306	CH	APTER	9	/	CO	i\J	TR	O	L	THEORY:	BASIC	TE	C	HNI	QUE	S	A	rigorous	proof	of	the	maximum	principle	is	beyond	the	level	of	this	book.	Where	the	maximum	does	not	exist,	we	have	to
replace	ma,'l	in	(5)	by	sup.	5,	If	Sand	Tare	any	two	sets,	the	Cartesian	product	S	x	T	of	Sand	Tis	defined	by	S	x	T	=	(	(s,	i)	·	s	E	S,	t	E	T},	as	illustrated	in	the	figure	for	the	case	when	S	and	T	are	intervals	of	the	real	line.	Then	(4)-(7)	are	all	valid.	Suppose	that	assets	at	time	t	+	l	are	proportional	to	savings	x	1	-	u	1	at	t,	with	a	factor	of	proportionality
depending	on	t,	i.e.	x	1+1	=	a	1(x	1	-	u	1),	a	1	given	positive	numbers	Assume	that	the	initial	assets,	xo,	are	positive.	Solve	this	equation	and	then	find	the	solution	of	(	*)	that	passes	through	the	point	(x,	y)	=	(0,	-1	/2).	Thus,	each	individual	i	receives	a	share	f3i	of	the	total	endowment	of	each	good,	which	ls	equal	to	the	weight	given	to	i's	utility	in	the
welfare	sum	W	=	(3	1	U	1	+	{32	U	2	•	er=	+	=	(c)	The	maximum	value	of	Wis	SoaW*/Be1	=	/31ot1(1/f31ei)f31	+f32ot1(1/he1)/32	=	(aJ/ei)(,81	+1'32)	=aJ/e1	=	A1.	(Note	that	the	maximancl	will	be	convex	in	the	control	u,	so	any	maximum	will	be	attained	at	an	endpoint	of	U.)	Then	find	l	1	(x)	for	general	t	6.	(b)	With£	=	x	2	+	(y	-	1)	2	+	2	2	-	l(x	+	y	-
,J'i)	-	µ(x	2	+	y2	-	1).	[iJF*	-	x	)	+	-	(	x	-	x	)d=	-dt	=	[	d-	dt	ai	Because	(iv)	is	valid	for	all	tin	[t0	,	ti],	integrating	yields	1	/j	lo	(F"'..	The	conditions	(i)-(iv)	below	are	therefore	sufficient	for	optimality.	As	in	the	one-variable	case,	we	have	the	following	useful	rule:	(2)	Note	that	if	f	(x	1	,	...	Markov	Controls	The	optimal	solutions	we	have	been	looking	for	have
been	functions	of	time,	u*(t)	and	x*(t).	2/b,	T	-	c/a],	u	1	=	u	2	=	0	in	(T	-	c/a,	T].	Guided	by	the	method	we	used	in	Section	6.5	to	solve	systems	of	two	differential	equations,	we	try	to	derive	a	second-order	difference	equation	with	x1	as	the	only	unknown	From	(i)	we	obtain	(iii)	y1	=	3x	1+l	-	½x	1	,	which	inserted	into	(ii)	yields	½x	(iv)	Yt+l	=	2x	1+t	1•
Replacing	t	by	t	+	I	in	(i),	we	get	(v)	Xt+2	Inserting	(iv)	into	(v),	then	rearranging,	we	get	5	=	½x	1+1	+	1Yt+l·	In	this	section,	the	argument	tis	usually	included	in	parentheses,	when	subscripts	are	needed	to	indicate	different	variables	in	the	system,	416	CHAPTER	11	/	DIFFERENCE	EQUATIONS	t	The	characteristic	equation	is	m	2	-	im	+	=	0,	with
the	roots	m1	=	1,	m2	=	{	The	general	solution	for	x(t)	is	then	easily	found.	Moreover,£	is	stationary	at	x*,	so	(i)	can	m	f	(x'")	c	E	(0,	l)	i=l	j=l	+	h)	-	bk)+	n	n	2	LL	£;1	+	ch)h;hJ	(ii)	i=I	j=l	The	first	sum	on	the	right-hand	side	is	Owhen	x''	+h	satisfies	the	constraints.	(a)	x=	x	-	1	(b)	x	+	2x	=	24	(c)	x	=	x2	-	9	2.	Even	if	it	has	one	or	more	solutions,	it	is
possible	that	none	of	them	is	the	optimal	value	function.	So	there	is	no	solution	candidate	in	this	case.	The	vector	a	=	(a	1,	a2)	=	(l/	,/lo,	3/	,/j])	is	a	vector	oflcngth	1	in	the	same	direction	as	b.	If	x(to)	=	a	for	some	value	to	oft,	then	x(t)	is	equal	to	a	for	all	t.	(a)x	=	Ae	1	+Be-	1	-t,	y	=	Ae	I	-Be-r	-1.	Therefore	y'	=	lim,.-+o(Jcy	+	(l	-	'A)y')	E	9'	0	(x),	and	by
Example	14.1.5,	:Pis	l.h.c.	9.	If	q	is	a	simple	root	of	q	2	+	aq	+	b	=	0,	we	look	for	a	constant	B	such	that	Bteqt	is	a	solution.	So	far	we	have	argued	that	the	conditions	of	the	maximum	principle	are	satisfied	along	a	curve	(t),	,i_,	*(t))	of	type	II	in	Fig.	When	f	>	0,	the	level	f	of	consumption	can	be	regarded	as	minimum	subsistence,	below	which
consumption	should	never	be	allowed	to	fall,	if	possible.	4,	{xk	h	would	have	a	convergent	subsequence	{x1c;	}j,	with	limit	x	0	;;;	0.	,	and	in	general,	we	write	x	1	for	x(t).	Solving	for	the	payment	a	each	peliod	instead	yields	rK	a-----1	-	(1	rK(l+rt	+	r)-n	(l+r)"-1	Fonnulas	(,1,)	and(**)	are	the	same	as	those	derived	by	a	more	direct	argument	in	EMEA,
Section	10.6.	EXAMPlE	.3	(Compound	interest	and	PDVs	with	constant	interest	rate)	The	result	in	(ll.L8)	can	be	applied	to	describe	the	changes	over	time	in	a	savings	account	whose	balance	is	subject	to	compound	interest.	x	=	t4	A=	2.)	-	t	t	3	+	2t	+	L	(x	=	*t	3-	½t	2	+	A,	x	=	ti	t	4	-	t	t	3	+	At	+	B.	But	there	is	no	need	to	do	this.	Suppose	the	firm
chooses	different	output	levels	y	1.,	•	•	,	y	11	per	year	for	fractions	of	the	year	.l..	,	f,	11	(Jex+	(1	-	Jc):1lY))	2:	F(Jcj1(x)	+	(l	-	Jc)f1	(x0	),	...	On	the	other	hand,	according	to	Theorem	2.4.2	(a),	a	concave	function	has	convex	upper	level	sets.	Putting	J'l	=	1/	C	and	solving	9.	Here	is	an	alternative	condition	for	lower	hemicontinuity:	ERNATtlJE.	If	we	choose
an	x	in	Pa,	then	f	(x)	?::	a	=	f	(x	0	),	and	it	seems	that	the	angle	a	between	the	vectors	x	-	x	0	and	V	f	(x0	)	is	always	acute	(:S	90°),	in	the	sense	that	V	f(x	0	)	·	(x	-	x	0	)	=	llv	f(x	0	)11	llx	-	x	0	11	cos	a	?::	0.	changes	in	the	constant	bj.	Let	u	1	2:	0	be	the	rate	of	extraction	and	let	x	1	be	the	remaining	stock	at	time	t.	(a)	Put	F(x,	y)	=	f(x	2	+	y	2	).	To	this	end,
consider	the	linear	approximation	of	the	funclions	j(x,	y)	and	g(x,	y)	about	(a,	b).	260	CH	APTER	7	/	DIFFERENTIAL	EQUATIONS	111:	HIGH	ER-ORD	ER	EQUATIONS	If	Fis	a	linearftmction	of	x	and	of	its	derivatives	w.r.t.	t	up	to	and	including	those	of	order	n	-	l,	we	usually	write	the	equation	as	(2)	where	a1(t),	...	Sometimes	we	shall	use	the
alternative	notation	xCk)	for	dk	x	/	dtk.	Suppose	f	:	IR	3	-+	IR	2	and	g	:	IR	2	-+	IR1	2	are	defined	by	Then	h	YI	=	Ji	(x1,	x2,	x3),	Z1	=g1(Y1,Y2)	Y2	=	Z2	h(x1,	x2,	X3),	=	g2(Y1,	)'2)	=	g	o	f	is	defined	by	=	h1(x1,	x2,	x3)	=	g1Cf1(x1,	x2,	x3),	h(x1,	x2,	x3))	z2	=	h2(x1,x2,x3)	=	g2(f1(x1,x2,x3),	h(x1,x2,x3))	z1	SECTION	2.9	/	DIFFERENTIABILITY	97	According
to	the	chain	rule	(2),	Bhi	(	ahr	Bx1	8hr	Bx3	ih2	Bhz	Bx1	8h2)	Bh2	Bx2	~	(	agr	By1	Bx3	8g2	ag1)	afi	Bfi	ay,	ax1	Bx2	Bh	OX]	Bh	Bx2	(	Bg2	By2	Byi	:~:)	a.f3	OX3	Evaluating	the	matrix	product	on	the	right,	we	get	the	familiar	formula	(11,e	partial	derivatives	of	gi	are	evaluated	at	y	=	(y1,	y;z)	=	U1	(x),	h(x)).)	=	(!1,	...	The	following	result	is	useful	in	utility
theory	because	it	shows	that	quasiconcavity	(or	quasiconvexity)	is	preserved	by	any	increasing	transfonnation	F:	'fHEOREM	2	5	2	Let	f	(x)	be	defined	on	a	convex	set	Sin	~n	and	let	F	be	a	function	of	one	variable	whose	domain	includes	f	(S).	Moreover,	suppose	that	K	=	E[	exp(-y	Vr+	1)]	<	oo.	No	subsequence	of	{x1c}	can	be	convergent	5.	Moreover,
B,.	Consider	an	economy	with	n	commodities.	(a)	Write	down	conditions	(7)	and	(5)	for	the	problem	max.	Then	BOP	is	30°,	and	triangle	BOP	is	half	an	equilateral	triangle,	as	Fig.	Fort	=	I,	2,	...	In	the	same	way	we	see	that	limk-+oo	Xk	=	-	l.	CORRl:SPONDENCf.S)	The	function	x	fry	f(x)	is	continuous	at	a	point	x	0	of	its	domain	X	if	and	only	if	the
associated	correspondence	x	I-*	{f(x)}	is	upper	hernicontinuous	at	x	0	.	(a)	First,	note	that	z;1	=	a1a1z/x;x1	for	i	f=.	Solve	the	problem	max	1	2.	,n	(5)	The	conesponding	necessary	and	sufficient	condition	for	negative	definiteness	subject	to	the	constraints	(4)	is	(	-1)'	Br	>	0,	r	=	m	+	I,	...	(a)	Q(O,	...	For	a	clifferent	example,	consider	the	closed	unit	disk
D	=	{(x,	y):	+	y	2	:=::	1)	in	11;£2,	and	let	D*	be	the	punctured	unit	disk	D*	=	{(x,	y):	0	<	x	2	+	y	2	:=::	l},	i.e.	D	with	the	migin	removed.	If	the	functions	gi	(x),	j	=	1,	...	To	proceed	further	requires	a	little	extra	notation.	We	get	z	1	-	x	+	y	+	~x	2	-	2xy	+	0	f'::;	½y	2	•	=/=	0,	so	Theorem	2.	Because	[O,	y	1]	is	bounded,	Theorem	14.	It	turns	out	that
existence	can	still	be	established	under	suitable	assumptions,	making	use	of	Kakutani's	fixed	point	theorem	for	c01Tespondences.	,	T	-	1,	and	ur(Xr,	satisfies	(7).	These	expectations,	of	course,	depend	on	the	probability	of	each	pair	(	X1,	V	1).	x--.-xo	B(x	0	;	r)	n	M,	x	f	x0	x	E	B(x0·	r)	n	M,	x	=f=.	If	Aui(t)	+	Bu2(t)	tends	to	Oas	t--+	oo	for	all	values	of	A	and
B,	then	in	particular	u1(t)-,.	Everything	else	is	just	pictures	and	talk.	Find	the	quadratic	approximations	at	(a)	f	(x,	y)	=	(xy	-	1)	3.	The	Jacobian	is	x1,	We	find	that	x	1	=	y	1	+	)'2,	x2	=	y2f	(Yi	+	}'2)	(provided	}'1	+	Y2	=/=	0).	More	specifically,	Section	7.1	presents	the	rnain	theory	for	general	linear	equations.	We	now	define	T	lr	,	Vr)	=	max	E[L	f(s,	Xs,
Us(Xs,	Vs))	I	X1,	vi]	(4)	s=t	Here	the	expected	discounted	total	reward	is	maximized	over	all	policy	sequences	Us	=	=	t,	...	The	vector	x(t)	=	(.:i:1	(t),,	..	The	next	step	is	to	use	(	6)	to	dete1mine	fr-	1	(x)	and	the	corresponding	maximizing	control	uT-l	(x).	(Feeding	a	fish	optimally)	Let	x(t)	be	the	weight	of	a	fish	at	time	t	and	let	P(t,	x)	be	the	price	per
kilogram	of	a	fish	whose	weight	is	x	at	time	t.	(a)	With	oC(x,	y,	z,	a)=	+	y	2	+	z2	-	>-.	(See	EMEA,	Problem	14.4.1	for	a	counter-example.)	4	A	standard	proof	of	Theorem	3.3.1	appeals	to	the	implicit	function	theorem,	using	the	rank	condition	to	"solve"	the	constraint	for	m	of	the	variables	as	functions	of	then	-	m	remaining	variables.	(a)	Consider	the
difference	equation	Y1+1	(a+	byt)	=	t=O,l,	...	Arbitrarily	close	to	each	comer	z1	of	the	cube	there	is	a	point	YJ	from	S,	and	when	the	y;	are	sufficiently	close	to	ZJ,	then	evidently	x	lies	in	the	interior	of	the	convex	hull	of	the	points	Yi.	See	SM	for	a	different	argument.	,	Am	are	called	Lagrange	multipliers.	Solving	the	constraint	for	x	1,	we	have	x1	-
b2x2/b1.	Obviously,	N(t,	x)	is	convex	as	an	"infinite	rectangle",	so	(a)	is	satisfied.	The	value	of	y	=	sin(ax)	will	still	oscillate	between	-1	and	1,	and	we	say	that	the	runplitude	is	equal	to	1.	7	Quadratic	Forn1s	Many	applications	of	mathematics	make	use	of	a	special	kind	of	function	called	a	quadratic	form.	However,	J	(x)	y	x	¢	]	11	(x)	for	the	optimal
policy	u	1	a.	314	CHAPTER	9	/	CONTROL	THEORY.	Then	f(x)	has	an	inverse	which	is	defined	and	C	1	in	all	of	rr;R"	if	and	only	if	inf{llf(x)II:	llxll::::	n}-+	oo	as	n-+	oo	(6)	For	proofs	of	the	last	two	theorems	see	Ortega	and	Rheinholdt	(1970).	Equivalently,	1	forx	:/=	x	0	close	to	x	0	,	f(x);::	f(x	0	)	cc,}	V	f(x	0	),	(x	-	x	0	)	>	0	Letx'	f:.	To	illustrate	the
dynamics	of	system	(J	),	we	can,	in	principle,	draw	such	a	vector	at	each	point	in	the	plane.	,	-	d	.1	)	=	F(t,x,x,	...	Then	for	each	x1	the	equation	=	has	a	solution	xz	x2(x1,	)'2),	with	clx2(x1,	Y2)/3x1	=	-(cJ.f2/8x1)/(cJfz/cJ.x2).	Next	inse1i	these	numbers	11	1	into	the	difference	equation:	X1+1	=g(t,xr,U1),	xo	given	This	obviously	has	exactly	the	same
solution	as	equation(*).	2	Recall	that	u	;;;;	v	means	that	11;	S	v;	for	all	i	for	all	i,	we	write	u	«	v.	(An	estimate	sometimes	used	for	wis	-0.6.)	It	follows	that	at	any	time	t,	c	-	>	0	C	{==}	f'(K(t))	>	r	On	the	other	hand,	if	f'	(K)	<	r,	there	is	so	much	impatience	to	consume	that	consumption	starts	off	high,	then	declines	over	time.	Moreover,	x(t0	)	=	xo,	so
x(t)	is	a	solution	of	(1).	ax-J	L.,	i=l	J=I	J=I	.,m	(iv)	Suppose	now	that	x''	+	h	is	a	point	of	U	that	satisfies	all	the	constraints.	...	Assuming	that	F	and	F;	are	continuous,	in	Example	14,3.1	it	is	shown	that,	under	the	hypotheses	of	Theorem	5.8.2,	the	sequence	x,,	(t)	is	well	defined	and	converges	uniformly	3	to	a	function	x(t)	satisfying	lx(t)	-	x	0	1	:Sb	for	all
tin	(to	-	r,	to+	r).	This	definition	of	a	convex	set	can	be	extended	to	sets	in	1R	11	•	Let	x	and	y	be	any	two	points	in	1R	11	•	The	closed	line	segment	between	x	and	y	is	the	set	[x,	y]	=	{z:	there	exists	A	E	[O,	l]	such	that	z	=AX+	(1	-	.A.)y}	(1)	whose	members	are	the	convex	combinations	z	=	.A.X	+	(1	-	.A.)y,	with	O::::	A:::],	of	the	two	points	x	and	y.
Assume	that	both	savings	and	consumption	must	be	positive	each	pe1iod,	so	O	<	u1	<	x	1	•	The	investor's	problem	is	thus:	T-l	max[Lf3	u;-r+f3TAxtv],	1	x1+1=a1(x1-1t	1),	u1E(O,x1)	(i)	t=O	We	apply	Theorem	12.1	.1,	as	amended	by	Note	4,	with	the	control	region	U(t,	x)	given	by	the	open	interval	(0,	So	f	(t,	x,	u)	=	{Yu	1-v	fort	=	0,	1,	..	1	f	(c)	x	=	ce-
51	14	+	20	3.	~ii!;·	10,	(a)	Consider	the	problem	ma,x(min)	Q	=	2xf	+	l4x	1x	2	+	2xJ	subject	to	+xJ	=	1	The	quadratic	form	Q	can	be	written	as	Q	=	x'	Ax,	where	x	=	(	~~)	and	A	=	(	~	;).	Solve	the	problem	00	maxj	(x-u)e-	1	dt,	x=ue-	1	,	x(-1)=0,	x(oo)isfree,	liE[O,l]	-1	9.12	Phase	Diagra111s	Consider	the	following	problem	1	11	max	f(x,	u)e-rt	dt,	x	=	g(x,
u),	x(to)	=	xo,	(1)	to	with	the	standard	end	constraints,	and	with	t1	finite	or	oo.	Solve	the	problem	T	max	I)-x;	-	u;)	subject	to	X1+1	=	y1,	Y1+1	=	Yt	+	Ut,	t	=	0,	1,	...	Use	the	method	described	above	to	find	the	solution	of	the	system	x=y	y	=	y2/x	(x	>	0,	y	>	0)	=	1	and	y(l)	=	2.	We	refer	to	Chapter	11	of	Protter	and	Money	(1991)	for	the	definition	of
uniform	convergence,	and	for	the	proof	of	Theorem	4.2.2.	Obvious	changes	to	TI1eorem	4.2.2	yield	similar	theorems	for	integrals	of	the	type	f	(x,	t)	dt,	and	also	of	the	type	f	(x,	t)	dt.	6	the	level	set	Pa	is	not	convex,	and	the	tangent	hyperplane	at	x	0	does	not	support	the	level	set	'	\	/.·-·	\	X	XO	'\,..___~~	X	_	f(x)	2.	The	arrows	indicate	the	directions	of	the
integral	curves	in	each	of	these	four	parts.	It	can	also	be	shown	by	backward	induction	that,	as	t	decreases	toward	1,	so	b1	increases	but	remains	less	than½,	Moreover,	the	triple	(ar-k,	br-k,	cr-k)	converges	rapidly	to	(0,	½,	-1)	as	T-+	oo	for	each	fixed	k.	This	is	called	the	"stochastic	Euler	equation"	because	it	differs	from	(	12.2.2)	by	including	the
random	term	Vt	as	an	extra	argument,	and	by	having	the	conditional	expectation	of	F2(t,	·)	given	v1_	1.	Given	the	fixed	times	to	and	t1,	our	problem	is	mm,irnize	subject	to	i(t)	(1	}to	f(t,	x(t),	u(t))	dt,	=	g(t,	x(t),	u(t)),	x(to)	=	x0	,	u(t)	E	(-oo,	oo)	(1)	xo	fixed,	x(t1)	free	(2)	Given	any	control	function	u	(t)	defined	on	[to,	t1	],	the	associated	solution	of	the
differential	equation	in	(2)	with	x(to)	=	xo	will	usually	be	uniquely	determined	on	the	whole	of	[to,	ti].	278	CHAPTER	7	7.6	/	DIFFEREI\JTIAL	EQUATIOI\IS	Ill:	HIGHER-ORDER	EQUATIOI\IS	Qualitative	Theo	The	local	and	global	existence	and	uniqueness	theorems	of	Section	5.8	can	be	generalized	to	systems	of	differential	equations	in	n	variables,
regsrded	as	vector	differential	equations	in	n	dimensions.	Sometimes	the	Lagrangian	is	written	in	the	alternative	form	£(x)	=	f	(x)	-	·	·	·	-	Am	gm	(x),	without	the	constants	bi.	A	study	of	the	US	economy	by	R.	(c)	There	exists	an	orthogonal	matrix	P	(Le.	with	P'	=	p-	1	)	such	that	0	(5)	0	The	columns	v	1,	v	2	,	...	Then	the	differential	equation	(2)	has	one
and	only	one	solution	x(t)	on	(-co,	oo)	that	satisfies	the	conditions	x(to)	=	xo,	dx	(to)	m	-	-	==Xo	'	dt	c1n-l	x	(to)	(n-1)	-dtn-1	-	-	--x0	TI1is	result	has	an	important	corollary:	M	7..	Find	all	(global)	extreme	points	of	f(x,	y,	z)	=	+	2y	2	+	3,:	2	+	2xy	+	2xz,	The	only	stationary	point	is	(0,	0,	0).	Define	the	maximized	Hamiltonian	as	H(t,x,p)	=rnax.H(t,x,u,p)	uEU
(16)	assuming	that	the	maximum	value	is	attained.	However,	there	is	an	important	difference	between	the	two.	We	prove	by	backward	induction	that	qr-k	E	[O,	w].	These	are	the	affordable	consumption	bundles	at	which	the	consumer	satisfies	his	or	her	budget	constraint	Among	all	affordable	commodity	bundles,	each	consumer	selects	one	that	is
preferred	to	all	the	others.	But	the	sum	over	i	=I,	...	Let	the	optimal	value	function	f*	be	defined	for	all	c	such	that	{x	:	g(x)	~	c}	:/-	0,	Then	has	a	supergradient	at	b.	A	solution	of	(1)	is	a	set	of	functions	xi	=	xi	(t),	...	In	this	sense,	the	two	variables	x(t)	and	y(t)	"interact".	*)	_::::_	o_for	~	01	01de1	all	principal	minors	k	-	1,	...	The	double	integral	over	R
will	measure	the	volume	of	the	"box"	that	has	the	rer:tmgle	R	as	its	bottom	and	the	graph	off	as	its	curved	"hd".	=	e1.	l	Consider	the	problem	i=ue-at,	x(O)=O,	limx(t)2>_K,	uEIR	1--+00	The	constants	r,	a,	and	K	are	positive,	with	a	>	r	/2.	In	the	next	example	we	take	the	constraint	qualification	seriously.	NOTt	2	Condition	(c)	in	the	theorem	is	implied
by	the	following	sufficient	condition:	(2)	i'lGTE	:1	For	an	existence	theorem	for	infinite	horizon	problems,	see	Seierstad	and	Sydsreter	(1987),	Section	3.7,	Theorem	15.	By	compactness	of	Y,	this	sequence	again	has	a	subsequence	{xi	h	such	that	{y;}	=	{y(x;)}	converges	to	some	y'	f:;	y(x	0	).	+	+	5.	,	en),	including	any	consumer's	initial	endowment.	We
conclude	from	Theorem	2,5.S(b)	that	the	Cobb-Douglas	function	=	is	strictly	quasiconcave.	Then	we	have:	(a)	Q	is	positive	definite	{==:;>	(b)	Q	is	positive	semidefinite	{==:;>	(c)	Q	is	negative	definite	{==:;>	(	-1	/Dk	>	0	for	k	=	1,	...	Since	(12)	gives	the	first.order	conditions	for	problem	(1),	we	122	CHAPTER	3	/	STATIC	OPTIMIZATION	see	that	the
answer	is	yes:	make	each	resource	price	equal	to	the	conesponding	Lagrange	multiplier	obtained	from	the	first-order	conditions	for	problem	(1):	So,	when	the	Lagrange	multipliers	are	used	as	resource	prices,	maximizing	the	net	profit	in	(11)	leads	to	the	available	stock	of	each	resource	being	used	in	full.	'l	(TRAN	CONDITIONS)	If	x*(t)	solves	problem
(1)	with	either	(a)	or	(b)	as	the	terminal	condition,	then	x*	(t)	must	satisfy	the	Euler	equation	(8.2.2).	,	J,11	is	ck.	,	2,	1,	until	at	the	last	we	construct	the	function	x{(xo).	Show	that	A	=	(	~	~)	has	positive	leading	principal	minors,	but	is	not	positive	quasidefirute.	Then	the	value	function	f*	(b)	is	determined.	-John	Kenneth	Galbraith	(1971)	T	his	chapter
discusses	extensions	of	the	theory	developed	in	the	two	preceding	chapters.	Note	also	that	a	small	change	in	x	will	change	the	point	P,	only	slightly,	so	the	coordinates	u	and	v	will	also	change	only	slightly,	and	v	=	sin	x	and	u	=	cos	x	are	both	continuous	functions	of	x.	We	claim	that	F+(p,	w)	s;	[0,	y*]	for	w	»	w	0	/2,	p	<	2p	0	.	S	EC	TI	ON	1	1	.	2,
Suppose	that	at	time	t	I	gives	the	p	solutions	,	tm	(C)	A	pair	of	complex	roots	ot±i/3,	each	with	multiplicity	1,	gives	the	two	solutions	rt	cos	r	1	sin	where	r	=	ot	2	+	{3	2	'	and	E	[O,	JT]	satisfies	cos	=	ex/	r,	sine	=	/3	/r.	to	denote	x(O),	x(l),	x(2),	...	,	x,,)	Show	that	the	derivative	off	along	the	vector	a	=	(a1,	...	(b)	Show	that	the	columns	of	Pare	eigenvectors
of	A3	,	and	compute	the	matrix	product	P'	A3	P.	Thus,	we	can	assume	in	(1)	that	a12	=	a21-	Then	the	matrix	(a;;hx2	in	(2)	becomes	symmetric,	and	(3)	We	are	often	interested	in	conditions	on	the	coefficients	a11,	a	12,	and	a22	ensuring	that	Q(x	1,	x2)	in	(3)	has	the	same	sign	for	all	(x1,	xz).	Section	8.4	uses	the	Euler	equation	to	characterize	the
solution	to	the	Ramsey	problem_	Section	8-.5	is	concerned	with	different	types	of	terminal	conditions	that	are	often	present	in	economic	problems,	To	determine	the	optimal	solution,	a	transversality	condition	at	the	end	of	the	time	period	is	required.	In	some	cases	a	special	kind	of	behaviom	near	an	equilibrium	is	encountered:	two	paths	approach	the
equilibrium	point	from	opposite	directions	as	t	-+	oo.	By	definition,	a	relatively	open	set	consists	only	of	relative	interior	points,	and	a	relatively	closed	set	contains	all	its	relative	boundary	points.	Also,	show	that	the	concavity	condition	in	Theorem	8.3.1	is	satisfied	if	f'(K)	>	0,	F'(K):::	0,	U'(C)	>	0,	and	U"(C)	<	0.	Along	curve	I	the	point	(K(t),	A(t))	moves
down	to	the	right	until	it	reaches	a	minimum	point	where	it	crosses	the	line	i	=	0.	By	definition,	for	each	a	in	A	there	exists	a	ball	r0	)	such	that	B(a:	r0	)	n	S	0	such	that	f(x')	E	B(f(x);	s)	0	such	that	for	infinitely	many	k.	If	p	>	0,	then	u	is	quasiconvex	(in	fact	convex)	and	u	1--r	Au-i.i/p	is	decreasing,	so	z	is	quasiconcave	according	to	Theorem	2.5.2(b	).
For	some	e	>	0	there	exists	a	subsequence	{xk1	}	such	that	lly(xk1	)	-	y(x0	)	II	:::	e	for	all	j.	The	general	solution	of	(1)	usually	depends	on	two	arbitrary	constants	A	and	B,	and	can	then	be	written	as	x	=	'PI	(t;	A,	B),	y	=	cp2(t;	A,	B).	E	Find	the	equilibrium	point	for	the	system	MPLE	x	=	-2x	-1-	y	-1-	2	)1=-2y+8	Find	also	the	general	solution,	and
examine	what	happens	when	t	tends	to	infinity.	Cayley-Hamilton's	theorem	can	be	used	to	compute	powers	of	matrices.	Moreover,	if	J..lo	>	0	is	such	that	/1,o	I	A	is	productive,	then	µ-	1A	is	productive	for	all	/al	>	J..lo,	and	also	for	some	µ	slightly	less	than	11	0	.	What	has	Theorem	3.4.1	to	say	about	this	point?	These	are	trivial	examples	of	problems
without	optimal	solutions.	The	sequence	{zk}	is	convergent,	with	limk->-oo	Zk	=	limk->-oo	1/(Jk	+	l	+,If)=	0.	Remember	that	the	set	X	is	compact	See	SM.	To	proceed,	note	that	by	the	definition	of	fl,	H"'	=	H*	~	~	and	H	:5	ii	(iv)	It	follows	from	(i)-(iv)	that	1	'1	D	11	:::	[H*	-	H	-	p(t)	·	(x(t)	-	x*(t))]	dt	(v)	to	But	(8)	implies	that	-p(t)	is	the	(partial)	gradient
vector	V,H*,	which	must	equal	by	the	envelope	theorem	(Theorem	3.10.2).	The	function	ho	is	concave	and	h~(u)	=	3	-	2u	=	0	for	u	=	3/2,	so	the	maximum	value	of	ho(u)	is	h	0	(3/2)	21/4	+	4x	+	9/2	-	9/4	=	15/2	+	4x.	,	Ak-l	J,;(x))	=	Jck-h,;	f(x).	TI1e	first-	and	second-order	partial	derivatives	can	be	expressed	as	=	a,z/x;,	=	a;(a;	-CI/GjZ/X;Xj	(for	i	:f	j)
Consider	the	case	n	=	2.	Let	x(t)	=	u(t)er	1	and	prove	tbat	this	function	is	a	solution	if	and	only	if	ii=	0.	Because	-M	s	i	s	M	as	long	as	(t,	x)	E	r,	the	part	of	any	solution	curve	through	(to,	xo)	that	is	contained	in	r	must	lie	between	the	two	straight	lines	through	(to,	xo)	with	slopes	±M,	as	illustrated	in	Fig.	Suppose	alsothatx*(t)	is	an	interior	point	of	A	(t)
for	every	t.	According	to	(9),	the	general	solution	of	(*)	is	therefore	(	x)	\	y	=	Ae-t	(-2)	+	l	Be2r	(	l)	=	(-2A~-t	+.B~e	Ae	+	B	c	1	1	21	)	1	Consider	a	nonhomogeneous	system	of	the	form	x	=	aIIx	+	a12y	+	b1	y	=	a21x	+	a22)'	+	b2	(10)	where	b	1	and	b2	are	constants.	,	Un	(t)	are	linearly	independent.	Case	4,	lsoelastic	Utility:	Here	u(c)	=	c	1-P	/(1	-	p)
where	p	>	0	and	p	f.	2	5.	,	n,	there	is	an	open	ball	U	in	[l1	11	with	its	centre	at	x*	such	that	(	-	IY"	Br	(x	0	,	x	1	,	...	For	equation	(*),	sufficient	conditions	for	f	(x,	y)	=	0	to	define	y	as	a	function	of	x	are	briefly	indicated	in	the	following:	(f	f(xo,	Yo)	=	0	and	J2(xo,	yo)	:/=	0,	then	the	equation	f(x,	y)	=	0	defines	y	as	an	"implicit"	function	y	=	m.	N(JH:	::!.	This
definition	does	not	require	a	and	b	to	be	nonnegative:	indeed,	taking	a	=	I	and	b	=	-1	gives	the	vector	difference	S	-	T	of	the	two	sets.	It	is	defined	only	for	those	(x0	,	x	1	,	t0	,	t	1	)	for	which	admissible	pairs	exist.	The	condition	P'P	=	I	then	reduces	to	the	n	2	equations	x;xi	=	1	if	i	=	j	and	x;xj	=	0	if	i	I=	j.	[	]	I)-~u1)+lnxr	,	1=0	.	(We	assume	that	an	the
maxima	are	attained.)	=	Provided	that	the	boundedness	condition	(3)	is	satisfied,	then	as	shown	in	Note	12.3.4	for	the	deterministic	case,	the	operator	Twill	be	a	contraction	mapping	(see	Section	14.3),	The	constructed	sequence	of	functions	h	will	therefore	converge	to	the	unique	solution	of	the	Bellman	equation	J	=	T(J),	which	is	the	maximum	value
function.	Keynes	1	M	any	of	the	quantities	economists	study	(such	as	income,	consumption,	and	savings)	are	recorded	at	fixed	time	intervals	(for	example,	each	day,	week,	quarter,	or	year).	,	xr)	to	maximize	I:,;=s	f	(t,	x	1,	u,)	with	x.,·	=	x.	Fort	=	3,	H	=	1	+	x	-	u	2	,	so	H:,	=	-2u	and	H;	=	l.	Because	of	Theorem	13.3.S(a),	the	theorem	follows	from	this
equivalence.	4	Let	f	(x1,	y	1)	and	g	(x2,	Y2)	be	two	continuous	production	functions	that	give	the	quantities	produced	of	two	commodities	as	functions	of	the	input	factors	x1	~	0,	Y1	~	0,	x2	~	0,	and	Y2	~	0.	Suppose	further	that	f	and	g	1	,	...	Moreover,	f	(x')	=	(fJ/a)f	(x)	=	{Jf	(y)	f	(y').	Explain	why	the	demand	functions	(p)	are	then	all	homogeneous	of
degree	0,	and	why	this	entitles	us	to	normalize	prices	by	setting	Pl	+	·	·,	+	Pn	=	1.	Let	S	be	a	nonempty	set	of	real	numbers	bounded	above,	and	let	b*	=	sup	S.	We	thus	have	a	counterpart	to	equations	(3.3.6)	and	(3.3.9),	with	a	corresponding	interpretation	of	the	Lagrange	multiplier.	The	graph	of	x(t)	will,	in	general,	have	"hnks"	at	the	points	of
discontinuity	of	u(t),	and	it	will	usually	not	be	differentiable	at	these	kinks.	So	we	have	just	proved	that	any	sequence	in	f(K)	has	a	subsequence	converging	to	a	point	of	f(K).	111	350	CHAPTER	9	/	CONTROL	THEORY:	BASIC	TECHNIQUES	NOT£	2	Condition	(d)	in	Theorem	9	.11.1	is	well	known	in	the	economics	literature,	but	is	often	not	properly
checked.	At	each	point	on	the	nullcline	g	(x,	y)	=	0,	the	j,	component	is	0,	and	the	velocity	vector	is	horizontal.	If	au	>	0,	then	(*)	is	valid	and	Q(-a12/	a11,	l)	=	[a11	an	-	a}2]/a11	2':	0,	so	a!la	22	-	at2	>	0.	Then	condition(3)would	fJF*	/ax=	-2i:*	=	O	at	t	=	I.	But	then	(x*(t),	u*(t))	must	satisfy	all	the	conditions	in	the	maximum	principle,	except	the
transversality	conditions.	oo	as	llxll	-+	oo.	Then	a	-	f(a)	0,	so	the	theorem	tells	us	that	for	every	y	with	0	;£	y	;£	a	-	f(a),	the	equation	x	-	f(x)	=	y	has	a	solution	x.	A	pair	(x(t),	u(t))	that	satisfies	(2)	is	called	an	admissible	pair'.	Only	solution	candidates	fulfilling	these	necessary	conditions	can	possibly	solve	the	problem.	Then	A2	a	=	1c(1ca)	>>	)cAa	=
A(la)	~	A(Aa)	=	A	2	a	0,	and	by	induction	we	get	Am	a	»	A	111	a	»	0	for	m	=	1,	2,	.	111	NGTt'	::	Suppose	.f	is	defined	on	a	set	S	l,	Pa	is	empty,	and	thus	convex.	TY	FOR	DIFFERENTIABLE	F\JMC:TtONS}	1	Suppose	that	f	(x)	is	a	C	1	function	defined	on	an	open,	convex	set	Sin	IR1	11	•	Then:	(a)	f	is	concave	in	S	if	and	only	if	f(x)	-	f(x	0	)	::S	'iJf(xo)	v	f(x	0
)	·	(x	-x0	)	=La-;.n	/=]	-x?)	(])	I	for	all	x	and	x	0	in	S.	Then	there	exists	a	8	>	0	such	that	F(x)	s;;	B(O;	a+	1)	and	G(x)	s	B(O;	a+	1)	whenever	llx	-	i1YII	<	8.	Let	us	now	define	the	inequality	relation	;:;	on	:B	so	that,	given	any	J,	I'	in	93,	one	has	J	;:;	I'	if	and	only	if	J	(x,	v)	::,:	I'	(x,	v)	for	all	(x,	v)	E	lR:	11	x	U.	,	Xn)	is	the	input	vector.	.+	00	x(t)	then	the
maximum	principle	again	holds,	except	for	the	transversality	conditions.	Hence,	we	get	the	same	result	whether	we	insert	the	closed-loop	controls	(x)	or	the	equivalent	open-loop	controls	u1	,	In	fact,	once	we	have	used	the	closed-loop	controls	to	calculate	the	equivalent	open-loop	controls,	it	would	seem	that	we	can	forget	about	the	former.	,	n,	let	Br
(x	0	,	x	1	,	...	It	is	easy	to	extend	this	result	to	linear	combinations	of	an	arbitrary	finite	number	of	convex	sets.	,;sM'.)	5.	Let	{xk)	be	a	sequence	of	points	in	a	compact	subset	X	of	IR".	In	the	stable	case	when	N	<	2/38	the	resulting	price	cycles	are	damped,	and	both	price	and	quantity	converge	to	a	steady-state	equilibrium	at	(q*,	p*).	Note	that	the	pair
(K*(t),	.'A..(t))	must	satisfy	the	system	=	0.5A	-	4,	)c(20)	=	0	K	=	-0.25K	+	0.5A,	K(O)	=	Ko	Jc	Ko	16	Figure	1	Phase	diagram	for	Example	L	Figure	1	shows	a	phase	diagram	for	this	system.	Let	a	be	a	point	in	S'.	By	choosing	u1	=	u1(X1)	=	X1,	we	can	make	E[X	1	ui]	=	1,	which	yields	a	higher	value	of	the	objective	(*).	2	Then	there	exist	an	open	ball	(Le.
an	open	circular	disk)	B	v,ith	(a,	b)	as	its	centre	and	a	curve	C	in	B	passing	through	(a,	b),	such	that:	(1)	Through	every	point	on	C	there	passes	a	solution	(x(t),	y(t))	that	remains	on	C	and	converges	to	(a,	b)	as	t-+	oo.	(0,	0).	Now	1w	(xo)	must	also	satisfy	the	Bellman	equation	in	the	problem	where	the	set	U	is	reduced	to	the	single	point	{w}.	We	write
lim	k--+CO	Xk	=X	or	TI1e	precise	definition	of	convergence	is	as	follows:	534	APPENDIX	A	/	DH!NHIOf;l	OF	A	SETS,	COMPLETENESS,	AND	CONVERGENCE	NV	OENT	S	UENC.E	The	sequence	{xk}	converges	to	x,	and	we	write	lim	k-'>00	Xk	=X	(1)	if	for	every	£	>	0	there	exists	a	natural	number	N	such	that	lxk	-	x	I	<	e	for	all	k	>	N.	Then	it	follows
from	the	definition	of	matrix	multiplication	that	Q(x1,,	..	Use	(3)	to	show	that	the	equation	i	+	4x	+	Si	+	2x	=	0	is	globally	asymptotically	stable.	Section	9.1	o	explains	how	to	adjust	the	maximum	principle	to	take	care	of	this	case.	This	is	no	less	true	when	the	model	involves	one	or	more	differential	equations.	That,	we	can	all	agree,	is	what	really
matters	in	the	end.	Hence,	a	E	S.	So	condition	(5)	tells	us	that	in	the	case	where	x	(t1)	is	free,	the	adjoint	variable	vanishes	at	t1.	4x?	+	V	f	(x*)	vg	111	(8)	(x*)	The	gradients	V	g1	(x*),	...	Do	these	conditions	ensure	that	(d)	is	satisfied?	But	then	(**)implies	that	E[f3u'(C1	)	I	V1-iJ	=	u	1	(c	1_i)/a	or,	equivalently	E[f3u	1	(C	1)/u	1	(c	1-1)	I	v	1_i]	=	1/a.	a,	and
f3	are	positive	constants,	a	ma,'<	for	e-/Jt	Ju	dt	when	x(t)	=	ax(t)	-	u(t),	x(O)	(b)	What	happens	if	the	terminal	condition	x(T)	=	f-	1,	x(T)	2{:J)	=	0,	=	0	is	changed	to	x(T)	~	u(t)	~0	O?	The	proof	of	the	reverse	implication	is	left	to	the	reader	as	Problem	6.	Similar	arguments	to	those	for	case	J	suggest	the	following	as	an	optimal	solution:	For	t	E	[O,	t*],	s*
(t)	=	1,	k*(t)	=	koea	1	,	and	p(t)	=	For	t	E	(i*,	T],	s*(t)	=	0,	=	koeat*,	and	p(t)	k*(t)	ea(t"-t)	=1-	a(t	-	t*)	(x)	(xi)	SECTIO~~	9.6	From	k*(T)	/	=	kr	it	follows	that	329	ADJOINT	VARIABLES	AS	SHADOW	PRICES	=	kr/ko,	so	(xii)	We	note	that	t*	<	T	is	equivalent	to	koeaT	>	kr,	as	assumed.	An	example	is	indicated	in	Fig.	i,	Figure	1	Consider	first	the	case
where	n	=	2,	so	that	S	is	a	bounded	set	in	the	plane,	as	illustrated	in	Fig.	If	q	is	a	double	root,	then	Ct	2	eq	1	is	a	solution	for	some	constant	C.	In	the	same	way	we	write	limk->-oo	xk	=	-oo	if	for	every	number	M	there	exists	a	number	N	such	that	x1c	:::.	The	general	solution	of(*)	is	therefore	=	Aerix--'r	Ber2x	+	OL	-x	b	f3b	-	aa	+b2	'	r1,2	=	-½a	±	/	¼a
2	-	=	It	seems	natural	to	try	a	pat1icular	solution	of	the	fonn	u*	ii*	=	Aq	2	elf	1	.	Then	find	x*	(t)	and	j3	for	the	case	a	=	f3	=	0,	r	>	0.	,T-1,	xogiven	where	a	and	y	are	positive	constants.	J	X	/	-1	Figure	A5.4.1	f	te-	1	dt	=	576	ANSWERS	4,	(a)	x	=	Ce	31	-	5/3.	u;(t)	if	t	E	[0,	T	-	5]	iftE(T-5,T]'	=	u;(t)	=	I	and	4.	'.'	11	(10)	akk	a1,;:,2	These	determinants	are
obtained	from	the	elements	in	by	the	following	arrangement:	a	11	=	l,	a12	a32	IAI	according	to	the	pattern	suggested	0Jn	a33	(11)	a,i1	Note	that	there	are	many	more	principal	minors	than	there	are	leading	principal	minors.	268	CH	APTER	7	/	DIFFERENTIAL	EQUATIONS	111:	HIGH	ER	-	ORD	ER	EQUA	TIO	1\1	S	For	n	=	1,	2,	3,	4,	the	matrix	A	is
given	by	(a1),	(a/	i~J'	Ci	~),	a3	0	a4	a1	a3	l	a2	G	a2	aI	a3	a2	a3	respectively.	Show	that	the	substitution	x	=	tz	transforms(*)	into	a	separable	equation	in	z	=	z(t).	For	the	results	in	this	note	see	Bertsekas	(1976)	and	Hernandez-Lerma	and	LasseITe	(1996).	This	method	can	be	seen	in	action	in	the	suggested	answer	to	Problem	3.6.1.	max	f(x,	y)	xy	+	x2	-
=	xy	+	subject	to	g1(x,	y)	=	x	2	+	y	:S	2,	g2(x,	y)	=	-y	2:	-1	Note	that	the	second	constraint	is	equivalent	toy	2:	1.	BF	F-x-	Bi	=C	(C	constant)	(4)	for	some	constant	C.	(The	mtegra	.	Equation	(1)	is	a	complicated	second-order	differential	equation.	This	accords	with	the	results	in	(5.7.2).	2.)	X	A	\	~	B	to	Figure	1	ti	Figure	2	One's	first	reaction	to	the
problem	might	be	that	it	is	easy,	because	the	straight	line	joining	A	to	B	must	be	the	solution.	This	difference	equation	can	be	solved	by	using	(l	l.1.5	),	which	gives	b1	=	(1	+	r)'	(K	-	a/r)	+	a/r	398	CH	APTER	1	1	/	But	b1	DIFFER	ENC	E	EQUATIONS	=	0	when	t	=	n,	so	O	=	(1	+	rt(K	-	a/	r)	+	a/r.	(b)	The	nonhomogeneous	equation	(2)	has	the	general
solution	x	=	x(t)	=	C1u1(t)	+	·	·	·	+	C11	u,,(t)	+	u*(t)	where	Ciu	1	(t)	+	·	·	·	+	C11	u	11	(t)	is	the	general	solution	of	the	corresponding	homogeneous	equation	(3)	and	u*(t)	is	any	particular	solution	of	the	nonhomogeneous	equation	(2).	5	/	CO	I\!\/	EX	SETS	487	Convex	Hulls	Suppose	that	x1,	...	1	),	x	1+1	=	g(x1,	u	1	),	t	=	0,	1,	2,	...	(b)	Draw	a	phase
diagram	for	(x	(t),	Jc(t))	and	show	that	for	the	two	solutions	converging	to	the	equilibrium	point,	°A(t)	must	be	a	constant.	SECTION	12.1	/	DYNAMIC	PROGRAIVIMII\JG	427	Use	Theorem	12.1.	l	to	solve	the	problem	3	I)1	+	x	max	1	-	x	1+	1	u;),	=	x	1	+	u1	,	t	=	0,	1,	2,	xo	=	0,	u	1	E	[R;	t=O	=	Here	T	3,	f	(t,	x,	u)	=	1	+	x	,	and	x,	u)	=	x	+	u.	If	all	the
eigenvalues	of	A	difference	equation	x(t	+	(aij)nxn	have	moduli	(strictly)	less	than	1,	the	1)	=	Ax(t)	+	b,	t	=	O,	1,	,	,	,	is	globally	asymptotically	stable,	and	every	solution	x(t)	of	the	equation	converges	to	the	constant	vector	(I	-	A)-	1b.	Johansen	involves	the	following	definitions:	-j	00	K(t)=1	f(t-r)k(r)dr,	T(O)=	[	.f(~)d~,	V(t)=-1	1	.fo	-oo	where	G(r,	t)	that
V(t)	=	k(r)	J;°':_r	=	k(t)	-	T	(0)	1	G(r,t)dr	-oo	f(~)	di;.	To	find	out.	This	gives	the	following	solution	candidate:	Case	/.'	p(T)	For	t	E	[O,	T	-	1/a],	For	t	E	(T	-	1/a,	T],	=	1,	s*(t)	=	0,	s*(t)	k*(t)	=	k0	e01	,	and	p(t)	=	ea(T-t)-l	k*(t)	=	k	0	eaT-l,	and	p(t)	=	-a(t	-	It	remains	to	check	that	k*(T)	:::	kr.	(a)	(x,	y)	=	(1,	1/2)	=	(2a/(a	+	/J),	fJ/(a	+	/3))	0,	x'	=	0,	y''	=	,,/6/3,
with	A	=	(b)	(x,	y)	1	3.	Equation	(	J)	is	called	globally	asymptotically	stable	if	every	solution	Au	1(t)	+	B	u2	(t)	of	the	associated	homogeneous	equation	tends	to	Oas	t	--+	oo	for	all	values	of	A	and	B.	(a)	A	2	=	(PDP-	1)(PDP-	1)	=	PD(P-	1P)DP-	1	=	Pmnp-l	=	po	2	p-	1	,	(b)	The	formula	is	valid	form=	I,	Suppose	it	is	valid	form=	k.	(c)	x	=	ce-	21	+	e-	21	.f	e
2't	2	dt	=	ce-	21	+	½t	2	+	¾	For	C	=	3/4,	the	integral	curve	passes	through	(0,	1).	(b)	Replace	the	objective	functional	by	for	(½x	1	+	½x2	-	u	1	-	u2)	dt	find	the	solution	in	this	case.	Find	the	Euler	equation	and	solve	the	variational	problem	max	2.	Among	these,	the	objective	function	is	highest	at	(1,	1).	See	Theorem	6.9.	l	for	the	case	Jc	1	<	0	<	Az.	The
system	i	=	f(x,	y=	y)	=	-3x	-	g(x,	y)	=	3x	+y	+	8x	2	+	y3	2y	-	3x	2	y2	+	y4	has	(0,	0)	as	an	equilibrium	point.	To	show	that	H+	is	convex,	take	two	afbitrary	points	x	1	and	x2	in	Then	p	-	xl	:::	m	and	p	2::	m.	Prove	that	the	necessary	conditions	lead	to	an	equation	for	determining	the	optimal	T*	that	has	a	unique	positive	solution.	(V(x,	y)	=	+	3y)	2	+	1	ly	2
.·	111	.	Both	K*(t)	and	i*(t)	approach	zero	as	t-+	oo.	If	D	(p*)	locally	asymptotically	stable.	As	in	the	deterministic	case,	equations	(6)	and	(7)	are,	essentially,	both	necessary	and	sufficient	They	are	sufficient	in	the	sense	that	if	u;'	(x1	,	v1	)	maximizes	the	right-hand	side	of	(6)	fort	=	1,	...	Defineh(t)	Consider	the	problem	min	f	(h(t))	=	tx'	+	(1-t)x"	for	tin
[0,	1).	(b)	Draw	a	phase	diagram	for	the	system	and	indicate	the	behaviour	of	some	integral	curves	in	the	region	S.	Moreover,	the	characteristic	equation	of	each	of	the	equations	in	(4)	is	the	same	as	the	eigenvalue	equation	of	A.	!IE[0,1]	.i(t)	lo[1	(1	-	=	x(t)	+	u(t),	u)x	2	dt,	x(0)	=	0,	x	=	ux,	x)	for	the	problem	x(l)::::	1,	u	=	xo	x(0)	>	0,	E	(-L	l]	x(l)	free.	,	a
11	)beanequilibriumpointforsystem(l).	If	the	optimum	occurs	at	an	interior	point	of	5,	we	talk	about	the	classical	case,	In	Sections	3.1	and	3.2	some	basic	facts	are	reviewed,	In	particular,	Section	3.1	discusses	an	envelope	theorem	for	unconst1·ained	maxima,	and	Section	3.2	deals	with	second-order	conditions	for	local	extrema	.	Consider	the
important	special	case	with	two	unknowns	and	two	equations:	x=	f(t,x,	y)	y=g(t,x,y)	We	assume	that	f,	g,	f~,	J;,,	g~,	and	g~	are	continuous.	(a)	Differentiation	of	x	2	=	2at	w.r.t.	t	gives	2xx	=	2a,	and	fmther	2tx	2	+a=	2ta	2	/x	2	=	2a.	,	,	A11	<	0	(d)	Q	is	negative	semidefinite	{::::::::}	.\1	:::	0,	...	In	fact,	because	er(T-t)	erT	+	e-r(T-t)	+	e-rT	e-rt	+	e-r(2T-t)
-	-	-	-	-	-	-+	0	1	+	e-2rT	as	r	-+	oo	it	follows	that	x*(t)	-+	0	for	each	t	>	0	even	with	T	fixed.	Thus	g'(O)	=	f{(xo,	Yo)h	+	!	2(xo,	Yo)k	and	g''(c)	=	.f{'1Ct,	y)h	2	+	2f{~	(x,	y)hk	+	J	2;	(i:,	y)k	2	,	where	i	=	xo	+	ch,	y	=Yo+	ck.	The	range	off	(x)	is	the	interval	(0,	oo).	This	"calculus"	proof	of	(a)	is	valid	for	C	2	functions	of	one	variable.	(a)	If	f	(x)	is	quasiconcave
(quasiconvex)	and	Fis	increasing,	then	F(j(x))	is	quasiconcave	(quasiconvex).	For	example,	such	an	equation	might	relate	the	amount	of	national	income	in	one	period	to	the	national	income	in	one	or	more	previous	periods.	Because	of	the	possibility	that	i	=	0,	the	Euler	equation	is	not	quite	equivalent	to	(4	).	It	is	not,	in	general,	sufficient	By	analogy
with	static	optimization	problems,	it	is	natural	to	expect	that	appropriate	concavity	(convexity)	requirements	on	F(t,	x,	i)	will	ensure	optimality.	Consider	again	problem	(9.4.1)(9.4.3),	but	assume	that	all	admissible	paths	x	(t)	of	the	state	variable	are	forced	to	have	a	jump	equal	to	vat	t	E	(to,	t1),	so	that	x(t+)	-	x(t-)	=	v.	v	=	n	/4	+	2kn	for	all	integers	k.	,
xo	given,	u,	EU	0	such	that	.J	(x)	and	show	that	a	is	unique.	A	paper	by	Akerlof	and	Stiglitz	studies	the	equation	+	(af3/a	-	2)Kr+!	+	(1	-	afJ)K1	=d	where	the	constants	a,	f3,	and	a	are	positive.	:z:=;=	0	(1	=	T,	T	-	1,	T	-	2.	The	Hamiltonian	is	H	=	f(t,	x,	u)	+	p(t)g(t,	x,	u).	These	parameters	are	often	inferred	imperfectly	from	empilical	observations	and	so
are	subject	to	uncertainty.	Hence,	x	=	x	+	rO	=	A1X1	+	·	·	·	+	AkXk	+	r(a1x1	+	·	·	·	+	O!fX1J	=	(Jc1	+	rn1)X1	+	·	·	·	+	()...k	+	rak)Xk	where	A;	+rn;	c::	0	fori	=	l,	2,	...	But	ifwe	also	require	the	exterior	function	to	be	increasing,	then	the	composite	function	is	concave.	It	turns	out	that	u	2	=	(In	t)t,.	Among	all	admissible	pairs	we	search	for	an	optimal
pai:r,	i.e.	a	pair	of	functions	that	maximizes	the	integral	in	(l	).	Thus,	the	entrepreneur's	problem	is	The	constraint	set	F(r,	s,	m)	=	{(x1,	x2,	YI,	Y2)	E	~!	:	r(x1	+	x2)	+	s(y1	+	Y2)	:Sm}	is	obviously	closed.	Note	that	the	existence	of	a	solution	to	a	variational	problem	can	often	be	established	even	if	the	concavity	or	convexity	conditions	in	Theorem	8.3.1
are	not	satisfied.	Consider	the	problem	T	L	r=O	max	u,EI0.lJ	(	-11+	r	)r	,ju;x,	1	X1+1=p(l-u,)xr,	t=0,	...	Applying	(5)	to	the	open	set	CB	=	IR1m	\	B,	there	exists	a	neighbourhood	N	otx0	such	that	F(N	nX)	c;	CB.	Sometimes	we	can	find	a	simple	formula	for	x	1	,	but	often	this	is	not	possible.	Using	(3)	gives	the	solution	t=0,1,2,	..	llxll	::S	r}	be	the	closed
n-dimensional	ball	centred	at	the	origin	and	with	radius	r	>	0.	(0,	0)	and,	moreover:	(A)	The	control	u*(t)	maximizes	H(t,	x*(t),	u,	p(t))	w,r.t	u	EU,	Le.	H(t,	x*(t),	u,	p(t))	:'.S	H(t,	x*(t),	u*(t),	p(t))	for	all	u	in	U	(B)	jJ(t)	=	-H;(t,	x*(t),	u'	(t),	p(t))	(5)	(6)	(C)	Corresponding	to	each	of	the	tenninal	conditions	in	(3)	there	is	a	transversality	condition	on	p	(t	1):	(a')
p(t1)	no	condition	(b')	p(t1):::	0,	with	p(t1)	(c')	p(t1)	=	Oifx*(t1)	>	x1	(7)	=0	In	some	"biza1Te"	problems	the	conditions	in	the	theorem	are	only	satisfied	with	(See	Problem	9,)	Note	that	when	po	0	the	conditions	in	the	maximum	principle	do	not	change	at	all	if	f	is	replaced	by	any	arbitrary	function,	In	fact,	when	po	=	0,	then	(5)	takes	the	form	p(t)g(t,
x"·(t),	u,	p(t))	:'.S	p(t)g(t,	x*(t),	u*(t),	p(t))	for	all	II	in	U.	,	0)	=	0	implies	that	Jj(x)	=	0,	i.e.	f;(x)	=	0	for	all	i	cf	j	implies	that	fi	(x)	=	O	also	holds.	Under	these	conditions	x*	solves	problem	(l).	Using	Equation	(2)	requires	finding	(d/dt)[(-16	-	Sx)e-	1	].	,	l,	there	exists	a	strictly	increasing	sequence	of	numbers	ki	such	that	fork	::::	kj,	the	inequality	g;	(xk,	yi)
<	b;	holds	for	all	i.	7	/	PH	AS	E	PLA	N	E	A	/\I	A	LY	S	I	S	24	7	We	assume	that	f	and	g	are	c	1	functions.	Next,	consider	t	1	as	an	unknown	to	be	determined	by	condition	(2).	The	leading	principal	minors	are	a11	and	IAI.	,	m	This	equality	accords	with	(9).	The	characteristic	equation	is	r	2	-	r	-	¾	0,	with	roots	r1	=	-1/2	and	r2	=	3/2.	Prove	that	f	is	concave.
Since	1960,	thousands	of	papers	in	economics	have	used	optimal	control	theory.	If	b	=	0	in	(4	),	then	the	term	in	x	is	missing	and	the	substitution	u	=	,i	transforms	the	equation	into	a	linear	equation	of	the	first	order	(see	Example	6.	Show	that	S	is	a	convex	set.	For	the	case	where	Sand	T	are	subsets	of	IH2	,	the	construction	is	illustrated	in	Fig.	lt
seems	that,	given	any	one	solution	curve,	all	the	others	are	obtained	by	shifting	lhat	curve	horiwntally	to	the	right	or	to	the	left.	,	n	If	we	change	the	sign	of	each	element	in	a	k	x	k	matrix,	then	the	determinant	of	the	new	matrix	is	(-	Ii	times	the	deten:ninant	of	the	original	maiTix.	Condition	(4)	means	that	the	Lagrangian	is	stationary	at	x''.	a	fb	f	(t)	dt
=	-	f	(x)	(5)	X	l	Find	the	integrals	in	Problems	1-5.	(The	eigenvalues	are	real	and	of	opposite	signs	iff	the	determinant	of	A	is	negative.	Examine	the	definiteness	of	-5x	2	+	2xy	+	4xz	-	y2	-	2z	2	s.t.	{	x+	y+z=O	4x	-	2y	+	z	=0	J	x	+2y	+	z	=	0	l	2x	-	y	-	3z	=	0	4.	,	n,	where	c;	(w)	is	the	minimum	cost	at	prices	w	of	producing	one	unit	of	good	i.	e	SECTION	1
4.	Consider	Fig.	In	fact,	=	b/(1-a)	for	any	s	::::	0,	then	xs-i-1	=	a(b/(1	-a))	+b	=	b/(1-a),	and	again	Xs.+	2	=	b/(l	-	a),	and	so	on.	More	extensive	answers	to	selected	problems	are	included	in	a	Student's	Manual	that	can	be	downloaded	from	the	book's	website,	which	will	also	include	some	proofs	and	comments	that	we	did	not	include	in	the	book	The	book
is	not	intended	to	be	studied	in	a	steady	progression	from	beginning	to	end.	Problem	(*)	is	therefore	to	find	the	hottest	point	P	=	(x''',	y*,	z*)	on	the	curve	K.	Figure	4	shows	that	an	equation	of	the	form	(1)	may	have	solutions	that	exhibit	cyclic	behaviour,	in	this	case	a	cycle	of	period	2	.	We	get	gration	by	parts	to	get	f	x	2	cos	x	dx	=	8,	(a)	1:-0	e"eebT
dT	=	e"e	1~-0	¾ehT	=	(b)	See	Figs.	Hence,	x	=Ax+	b(t),	x(to)	=	x	0	~	x	=	P(t,	t0	)x	0	+	1	1	P(t	-	s,	O)b(s)	ds	(12)	to	Note	finally	that	if	P(t,	s)	is	the	resolvent	ofx	=	A(t)x,	then	ti-+	P(s,	t)'	(the	transpose	of	P(s,	t))	is	the	resolvent	of	the	equation	z(t)	=	-A(t)'	z(t)	(13)	To	prove	that	t	i-+	P(s,	t)'	satisfies	(13),	first	differentiate	P(t,	s)P(s,	t)	=	I	0	w.r.t	t	to
obtain	((iJ/Bt)P(t,	s))P(s,	t)	+	P(t,	s)(B/Bt)P(s,	t)	=	0,	which	implies	that	A(t)P(t,	s)P(s,	t)	+	P(t,	s)(B/ilt)P(s,	t)	=	0,	or	(il/ilt)P(s,	t)	=	-P(t,	s)-	1A(t)	=	-P(s,	t)	A(t),	i.e.	(il/Bt)P(s,	t)'	=	-A(t)'	P(s,	t)'.	,n	(lOd)	=	t-+oo	There	exists	a	number	Q	such	that	Ix;	(t)	I	<	Q	for	all	t	?:	to,	and	Jim	p;	(t)	=	0	t-+oo	(Malhmmd's	tnmsversality	conditions)	If	the	terminal
conditions	7(a)-(c)	are	replaced	by	the	conditions	x;	(t)	?:	x/	for	all	t	?:	to	and	all	i	=	l,	...	Because	x*(r)	is	a	maximum	point	off	(x,	r)	when	r	=	f,	one	has	0,	y	>	0	is	strictly	convex,	and	find	its	(global)	minimum	value.	Then	i	..	The	Hamiltonian	is	H(t,	k,	s,	p)	=	(I	-	s)ak	+	pask	=	ak[l	+	(p	-	l)s].	Both	work	within	the	set	:B	of	all	real-valued	bounded
functions	I	(x,	v)	defined	on	~n	x	U.	Let	r	>	0	and	s	>	0	be	the	prices	of	the	two	inputs.	,	(iii)	S1	=	I1	The	last	equation	is	the	familiar	equilibrium	condition	that	saving	equals	investment	in	each	period.	,	n	(6)	Note	that	the	number	of	determinants	to	check	is	n	-	m.	The	function	g	records	how	f	(x,	y)	behaves	along	the	straight	line	through	(xo,	yo)	in
the	direction	determined	by	the	vector	(h,	k).	We	find	that	D	-1	-4	=	=	-49,	16	so	the	quadratic	form	is	positive	definite	subject	to	the	given	constraint.	Fork	1,	2,	...	If	all	zeros	of	p(r)	have	negative	real	parts,	then	those	of	r	+	c	and	+	ar	+	b	must	have	negative	real	parts.	Moreover,	x(t)	=	2x(t)	+	2tx(t)	+	1	+	t	2	+	2t	2	.	Equation	(i)	below	results	from
the	observation	that	H	is	concave	in	u	and	u	E	R(,	so	condition	(6)	is	equivalent	to	the	condition	aFl''/	=	0,	au	u*(t)	=	½p(t)	+	2	q(t)	2:	0,	p(t)	p(4-)	-	p(4)	=-	(i)	and	q(t)	=	0	if	x*(t)	<	1	8£*	ax	=	-I	+q(t),	p(4)	=	o	=	-/3	:S	0,	and	/3	=	0	(ii)	(iii)	if	x':(4)	<	1	(iv)	We	can	guess	the	fonn	of	the	solution	as	long	as	we	eventually	verify	that	all	the	conditions	in	the
theorem	are	satisfied,	Accordingly,	we	guess	th~it	x*(t)	<	I	in	an	interval	[0,	t*)	and	that	x*(t)	=	l	in	(t'',	4].	Moreover,	because	p	·	x	:::	m,	0	<	ak	<	1,	and	m	>	0,	one	has	p	·	akx	:::	akm	<	m,	so	a1;x	belongs	to	£	0	(p,	m),	and	x	=	limk	akx	E	2°(p,	m),	which	proves	the	asserted	inclusion.	256	CHAPTER	6	/	DIFFERENTIAL	EQUATIONS	II:	SECOND-
ORDER	EQUATIONS	Consider	the	following	system	with	equilibrium	(0,	0):	x=2y,	With	f(x,	y)	=	=	and	g(x,	y)	.Y=3x-y	3x	-	y,	the	matrix	A	in	Theorem	6.9,l	is(~	-~).	If	a	=	1,	the	set	Pa	consists	only	of	the	point	(0,	0),	which	is	convex.	Consider	as	a	point	of	departure	the	problem	max	f	u(l)EU	}	10	00	f(t,x(t),u(t))dt,	x(t)	=g(t,x(t),u(t)),	x(to)	=x	0	,	lirn	x(t)
=x	1	t-+oo	(1)	where	x	1	is	a	fixed	vector	in	~	11	•	Suppose	the	integral	converges	whenever	(x(t),	u(t))	satisfies	the	differential	equation	and	x(t)	tends	to	the	limit	x	1	as	t	tends	to	oo.	x	0	for	alls	>	0,	so	x	0	+	sp	0	¢	S	for	alls	>	0.	(a)	Solve	the	problem	T	max	r	(½x1+½x2-U1-u2)dt,	.	Suppose	this	is	valid	fork.	(It	does	solve	the	problem	when	Ko	>	K,
however.)	The	equilibrium	point	ck,	i)	=	(Ca	-	r)/2b,	[(a	2	-	r	2	)/4brv)	is	an	example	of	a	saddle	point	(see	Section	6.9).	(a)	Transform	Problem	12.Ll	to	the	form(!).	(~M."	4,	(a)	Draw	a	phase	diagram	and	some	typical	paths	for	the	autonomous	system	1	•	x	=-x,	Y	=	-xy	-	Y	2	=	-1,	y(0)	=	1.	This	section	also	shows	how	to	use	Lyapunov	functions	to	decide
whether	an	autonomous	system	is	stable.	Prove	that	the	equation	·,;;·	+	x·	+	x	+	i	=	21	-	5	=	16	>	0,	so	that	this	+	x	=	sin	tis	not	globally	asymptotically	stable.	Thus	the	conditions	in	Theorem	2.3.l(b)	are	satisfied,	so	f	is	concave	for	all	(x,	y).	566	ANSWERS	10.	_	__	_	_	_	_	_	_	_	_	_______,.	We	first	show	that	the	sequence	is	bounded.	The	solution	of	the
equation	is	Y1	=	(l	+	g/Yo.	Note	that	g	=	(Y1+1	-	Y1	)/Y1	•	392	CHAPTER	11	/	DIFFERENCE	EQUATIONS	Linear	First-Order	Equations	Constant	Coefficients	Consider	next	the	inhomogeneous	difference	equation	Xr+l	=	ax1	+	b,	t	=	0,	I,,,,	(4)	where	a	and	b	are	constants.	The	expression	we	need	to	consider	in	Theorem	9.11.	Because	.f	(S)	is	closed,
both	a	and	b	belong	to	.f	(S).	=	0.	If	X	and	6,	because	x(O)	=	0,	one	has	x(t)	::::	0	for	all	t.	If	at	least	one	eigenvalue	of	A	has	positive	real	part,	then	a	is	unstable.	(The	dashed	lines	have	been	included	to	make	it	easier	to	see	the	partitioned	struct1,Jre	of	the	determinants.)	See	Chipman	(	1950)	for	discussion.	Then	u	-	3	=	,Jt+s	and	(u	-	3)	2	=	t	+	8.	,	a,,
>	0)	is	defined	for	all	x	1	>	0,	...	Using	the	notation	introduced	above	and	the	results	in	Example	1,	we	have	b1	=	1,	b2	=	1.75,	dbi	=	-0.02,	db2	=	0.05,	,\	1	(1,	l.75)	=	)dl,	l.75)	=	1,	and	f*(b1,	b2)	=	f*(l,	l.75)	=	0+2(3/2)	=	3.	Differentiate(*)	w.r.t	t	and	then	use	to	obtain	p(t)	=	2i*(t)	=	p(t)/c,	whose	general	solution	is	p(t)	=	Aert	+	Be-rt,	where	r	=	1/	,.Jc
Imposing	the	boundary	conditions	p(T)	=	0	and	j1(0)	=	2x*(O)	=	2xo	implies	that	AerT	+	Be-rT	=	0	and	r(A	-	B)	=	2xo.	If	A(O)	is	even	smaller,	and	(Ko,	A(O))	lies	below	the	curve	l	=	0,	then	(K	(t),	A(t))	moves	steadily	"south-west",	like	curve	IV.	JO	Existence	and	Uniqueness	of	Solutions	of	Systems	of	Equations	3.1	Extreme	Points	3.2	Local	Extreme
Points	3.3	Equality	Constraints:	2	The	Lagrange	Problem	7	11	3.4	Local	Second-Order	Conditions	]4	3.5	Inequality	Constraints:	19	Nonlinear	Progrnmming	25	3.6	Sufiicient	Conditions	28	3.7	Comparative	Statics	35	3.8	Nonnegativity	Constraints	37	3.9	Concave	Programming	3.10	Precise	Comparative	Statics	Results	3.	Moreover,	S(x)	=	ax	is	linear,
and	hence	concave	in	x.	Hence	r	>	0.	For	example,	in	the	capital	accumulation	interpretation	in	the	previous	subsection,	increasing	the	initial	capital	stock	x	0	by	one	unit	increases	the	total	profit	by	approximately	p(to).	Consider	problem	(i)	with	t	1	free.	p(i	to	x*)	dt	332	CHAPTER	9	/	CONTROL	THEORY:	BASIC	TECHNIQUES	Because	His	concave	in
(x,	u),	Theorem	2.4.1	implies	that	_	H	-	H	Now,	jJ	*	DH*	_,	::S	--(x	-x·')	ax	+	-BH''	-(u	"-	-	u·')	au	=	-BH*	/Bx,	so(*)	and(**)	together	imply	that	1	11	Du	?:	1	au	11	[p(x	-	+p(i-i*)]dt+	.	Con-es	ponding	eigenvectors	are	(	-	~)	1	~AI	=	;.,	2	-	;.,	-	2	~	)	,	respectively.	Solving	equation(*)	for	r	yields	+	y(s)	Vj(s,	r)	r=----V(s,	r)	This	has	an	important	interpretation.
Depending	on	the	set	5,	several	different	types	of	optimization	problem	can	arise.	Thus,	(2)	The	vector	x	that	maximizes	f	(x,	r)	depends	on	rand	is	denoted	by	x*(n')_i	Then	f*(r)	=	f(x*(r),	r).	A6.9.3.	y	4	3	2	--f-----+---+---+----+-+	X	2	figure	A6.9.3	Figure	A6.9.	1	4.	According	to	case	(III),	=	J13	-	¼(-6)	2	=	2,	so	the	general	solution	is	6r	=	e31	(A	cos	2t	+	B
sin	2t)	The	Nonhomogeneous	Equation	Consider	next	the	nonhomogeneous	equation	x	+ai	+bx=	f(t)	(4)	where	f	(t)	is	an	arbitrary	continuous	function.	1	shows	one	possible	control	function,	whereas	Fig.	By	continuity	there	exist	an	&	>	0	and	a	K	>	1	such	that	lf'(x)I	>	K	for	all	x	in	(x*	-	&,	x"'	+	e).	,	fm)	is	not	O	at	x	0	.	NOTE	4	The	adjoint	variables	in
Theorem	l0.1.1	can	be	given	price	interpretations	cones,	ponding	to	those	in	Section	9.6	for	the	case	n	=	r	=	l.	Suppose	further	that	U	is	convex	and	the	Hamiltonian	H	(t,	x,	u,	p	1)	is	concave	in	(x,	u)	for	every	t.	In	this	case	the	functions	f	and	Nor,	therefore,	does	the	current	value	Hamiltonian	He.	Suppose	that	u	=	u(x,	A)	maximizes	He	=	f(x,	u)	+
.11,g(x,	u)	w.r.t	u	for	u	E	U.	,	.f;(x))	satisfies:	(a)	V	f	(x)	is	orthogonal	to	the	level	surface	through	x.	Since	5/12	>	1/3,	we	conclude	that	the	set	S	consists	of	all	(x,	y)	where	x	:::	5	/	12.	(a)	Find	the	directional	derivative	of	f	(x,	y,	z)	=	xy	ln(x	2	+	y2	+	2	2	)	at	(1,	l,	1)	in	the	direction	given	by	the	vector	from	the	point	(3,	2,	1)	to	the	point	(-1,	1,	2).
Notethatµ	E	[O,	l].	(a)	Consider	the	following	system	of	first-order	differential	equations:	.	'SM)	1.	1	(c)	and	(d).	(The	matrix	in	(7)	is	here	(	2\:	1	2Y	~),	which	has	rank	1	when	x	=	y.)	.	A	solution	(x	(t),	y(t))	of	(I)	describes	a	curve	or	path	in	the	x	y-planc.	Because	all	the	components	of	each	vector	P;(t)	are	unique,	it	follows	that	P(t,	to)·	P(to,	t)	=	I,	so
P(t,	to)	has	an	inverse.	,	x	11	(2)	are	found	by	substituting	t	=	I,	etc.	The	Euler	equation	is	2x	-	(d/dt)(2d)	=	0,	or	x-	(l/c)x	=0	The	general	solution	is	x	=	Aert	+	where	r	=	1/	Jc	292	CHAPTER	8	/	CALCULUS	OF	VARIATIONS	The	initial	condition	x	(0)	=	xo	and	the	terminal	condition	x	(T)	=	0	yield	the	two	equations	A	+	B	=	xo	and	Ae'	7	+	Be-,T	=	0.	2
For	example	N,	Nielsen:	Handbuch	der	Theorie	der	Gammafunktion,	Leipzig	(1906),	326	pages.	We	need	to	show	that	if	x	and	y	are	points	in	K	and	A	E	[O,	1l	then	f	('Ax+	(1	-	A)y)	2::	},f	(x)	+	(1	-	A)f	(y)	Ifx	=	0,	then	f	(x)	=	0,	and(*)	is	satisfied	with	equality	for	ally	since	f	is	homogeneous	of	degree	1.	,	um)	be	quasiconcave	and	increasing	in	each
variable.	0	ask	---,,.	Provided	that	Vg	1	and	Vgz	are	linearly	independent,	V	f	can	be	expressed	as	a	linear	combination	V	f	=	Jc1	V	g1	+	),z	V	g2	of	V	g1	and	V	g2,	for	appropriate	numbers	Jc	1	and	Jc	2.	a+	2,/cF	yielding	the	profit	level	n:(Q(P))	=	{	~p	-	a)2	/4c	-	F	if	P	!Rm	has	the	closed	graph	property	at	a	point	x	0	in	X	if,	whenever	{xk}	is	a	sequence
in	X	that	converges	to	x	0	,	and	{Ykl	is	a	sequence	in	!Rm	that	satisfies	Yk	E	F	(x,J,	k	=	I,	2,	...	Use	Theorem	2.5.1(5).	The	following	properties	are	sometimes	useful.	Obviously,	N	--+	0	implies	that	A	1xo	--+	0	for	every	x	0	in	IR;".	2	x2	with	Ai:::	O,Ji.2:::	Oand.A.1	+	=	1.	Let	f1,	...	,,	x~	th	11	)	=	f(x	0	+	th).	Because	b11	=	a,,(l	+	1/n),	the	two	sequences
have	the	same	limit.	"	,	,	g	111	(x)	of	the	m	resources	needed.	The	figure	suggests	that	if	the	function	f	(x,	y)	is	continuous,	then	V	(x)	is	also	likely	to	be	a	continuous	function	of	x.	Theorem	6.8.1,	on	locally	asymptotically	stable	equilibrium	points	for	systems	of	autonomous	equations	in	the	plane,	has	a	natural	extension	to	n	dimensions	(see	Hirsch	et
al.	(See	Section	8.2.)	Note	carefully	that	the	partial	derivatives	in	(3)	are	evaluated	at	different	triples.	Considering	each	column	separately,	this	matrix	evidently	satisfies	P(t,	t0	)	=	(d/dt)P(t,	to)=	A(t)P(t,	t0	)	and	P(to,	to)=	I,,,	where	111	is	the	unit	mat1ix	of	order	n.	The	last	theorem	in	this	section	gives	sufficient	conditions	for	a	function	f	:	1R;11	-+
IR"	to	be	one-to-one	on	an	arbitrarily	given	convex	set	Q	in	IR	11	•	We	need	the	following	definition:	E	Ann	x	n	matrix	A	(not	necessarily	syrmnetric)	is	called	positive	qm1sidefi.nite	in	S	s;	[R;n	if	x'	Ax	>	0	for	every	n-vector	x	:/	0	in	S.	Suppose	gJ	(x)	<	b1	.	(Express	the	objective	function	as	a	function	of	u	0	,	u	1	•...	(a)	Solve	the	differential	equation
system	x	=ax+	2y	+a	y	=	2x	+	ay	+	/3	where	a,	a	and	/3	are	constants,	a	f=	±2.	To	get	a	periodic	function	with	amplitude	A,	just	put	y	=	A	sin	ax,	which	varies	between	-A	and	A.	1	(4xt	-	i:	2	)	dt,	x(O)	1	X,	x)	=	=	2,	x(l)	=	2/3	2	3.	For	(a1a2	-	a3)a3	>	0	which	is	equivalent	to	(c)	in	(3).	tliOTE	Theorem	12.1.1	is	the	basic	tool	for	solving	dynamic
optimization	problems.	SECTION	5.7	/	QUALITATIVE	THEORY	AND	STABILITY	211	5.7	Qualitative	Theory	and	Stability	It	is	convenient	when	economic	models	involve	differential	equations	that	can	be	solved	explicitly	in	ternrn	of	elementary	functions	Usually	this	will	make	it	easy	to	study	the	nature	of	the	solution.	Here	x	is	the	population	of	prey
(say	rabbits)	and	y	is	the	population	of	predators	(say	foxes).	1	to	obtain	the	current	value	Hamiltonian	He	=	Hert	=	pof	(t,	x,	u)	+	e,-	1	pg(t,	x,	u).	Jt	follows	that	the	sequence	cannot	converge	toy.	For	an	example	of	an	equilibrium	state	that	is	stable,	but	not	asymptotically	stable,	see	the	Lotka--Voltena	model	in	Example	2	below.	They	are	also
candidates.	.E	Check	what	the	conditions	(2)	and	(3)	give	for	the	problem	max	f	(x,	y)	=	-(x	-	2)	2	(y	-	3)	2	-	x	::.=	1,	y	:'S	2	subject	to	The	solution	is	obviously	x*	=	1	and	y*	=	2,	because	f(l,	2)	=	-2	and,	ifwe	choose	any	other	point	(x,	y)	with	x	::.=	1	and	y	::.=	2,	then	f	(x,	y)	has	a	value	less	than	-	2.	,	xm)	>	0	for	r	=	m	+	l,	..	Hicks	defined	"income"	as	the
level	of	consumption	that	can	be	sustained	without	change.	Also,	a	constant	fraction	s	E	(0,	l)	of	output	Y	is	devoted	to	net	investment	i.	Putting	n	=	1,	a	=	0	in	formula	(2)	gives	f(x)	=	f(O)	+	J'(O)x	+	½f"(c)x	2	for	some	c	between	O	and	x	(3)	This	formula	tells	us	that½	f	11	(c)x	2	is	the	error	that	results	if	we	replace	.f	(x)	with	its	linear	approximation	at
x	=	0.	,	,l_,	11	c:::	0	:::	0	By	Theorem	1.6.2,	there	exists	an	orthogonal	matrix	P	such	that	P'	AP	Let	y	=	(y	1	,	.•.	Solve	the	problem	min	rt@)	.2.	,	Aj,,,(x)	+	(I	-	}l.)j,,,(x0	))	2:	F(fi(x	0	),	...	By	changing	notation,	denote	this	subsequence	by	{xd.	Find	an	expression	for	F'(x)	when	!	2	e-'1	(a)	F(x)	=	,	I	-t	(c)	F(x)	=	dt	(x	f	0)	1-.+-	·	1	e-	1	dt	(x	>	-1)	.rt	o	1
LEIBNIZ'S	FORMULA	f	1	e	8	3	ln(xt)	dt	163	(x	>	0)	t2	-	-	-2	dt	(x	>	(1	-	xt)	1)	(Do	not	try	to	evaluate	the	integrals	you	get	in	(c)	and	(d).)	2.	The	quadratic	form	Q(x1,	x2)	is	indefinite	if	there	exist	vectors	(xi,	and	(y;',	y2)	such	that	Q(x{,	x	2)	<	0	and	Q(y	1,	>	0.	Because	there	is	a	super1foous	equation,	the	counting	rule	fails.	But	the	graph	in	Fig.	It
points	up	if	j1	>	0,	down	if	y	<	0.	1	=	x.	Because	using	the	control	ls	costly,	the	objective	is	to	minimize	the	integral	J[[(y(t)	-	y)2	+	c(u(t))	2	]dt	with	y(T)	=	y,	where	c	is	a	positive	constant.	Suppose	nextthat	x	f-	0	and	y	f'	0.	Lk=I	Infinite	Horizon	We	consider	briefly	the	following	infinite	horizon	version	of	problem	(1	)-(2):	00	max	L	f	(t,	Xt,	Ur),	x	1	E
!Rn,	u1	E	U	s;	IR,.,	U	convex	(7)	t=O	where	we	maximize	over	all	sequence	pairs	({x1	},	{ui}),	satisfying	X1+l	=	g(t,	Xt,	U1),	t	=	l,	2,	...	(Suppose	that	llall	=	1.)	5.	,	bm.	Draw	phase	diagrams	associated	with	the	differential	equations	and	detemtine	the	nature	of	the	possible	equilibtium	states.	Because	of	the	Slater	conditioll,	bis	an	interior	point	in	the
domain	off*.	,	,	Un	(t)	are	not	linearly	dependent,	they	are	called	linearly	independent.	We	have	found	the	only	possible	pair	that	can	solve	the	problem.	Recent	years	may	have	seen	control	theory	lose	some	of	its	prominence	in	economics,	but	it	is	still	used	in	several	areas,	notably	resource	economics	and	industrial	organization.	Prove	that	the
proposed	solution	candidate	is	optimal.	The	result	is:	2	6	3	(TAYLOR'	Suppose	f	is	Lt)	FORMU	in	an	open	set	containing	the	line	segment	[x	0	,	x:	0	n	f(x	0	+	h)	n	+	b].	The	Hamiltonian	is	H	=	(I	-	s)ak	+	pask.	Which	function	gives	J(x)	the	lower	value?	0	for	r	mization	problem	in	(5).	Vve	require	that	K(t)	2:	0	for	all	t	c	1-v+Jc(aK	-bK	2	-C).	So	f*(b')	is
squeezed	between	two	equal	numbers,	implying	that	f*(b')	=	f*(b)	whenever	bj	E	(gj(X),	bj).	=	1±i,	and	the	general	solution	is	x	(t)	=	Ae1	cost+	B	e1	sin	t,	y(t)	=	½(A+	B)e	1	cost+	½(-A+	B)e	1	sin	t,	Both	x(t)	and	y(t)	exhibit	explosive	oscillations	unless	A	=	B	=	0.	Use	the	stochastic	Euler	equation	to	solve	the	problem	ma,".	It	follows	that	x	-	y	>	x	0	-
Yo	-	r	=	O,	and	so	(x,	y)	E	A	as	claimed.	(Hint:	Multiply	Ax	Ax	from	the	left	by	x'.)	=	SECTION	1.8	/	35	QUADRATIC	FORMS	WITH	LINEAR	CONSTRAINTS	1.8	Quadratic	Forms	with	Linear	Constraints	In	constrained	optimization	theory	the	second-order	conditions	involve	the	signs	of	quadratic	forms	subject	to	homogeneous	linear	constraints.	(a)	No
solutions.	Multiplying	these	equalities	from	the	left	by	x1	and	x;,	respectively.	34	C	H	A	PTE	R	1	/	PROB	T	O	PI	C	S	I	N	L	I	N	EA	R	A	L	G	EB	RA	1,	7	FOR	Sf	Cl!	1.	Notice	that	the	value	function	f*	(b)	must	be	nondecreasing	in	each	variable	b1,	...	Then	A1'+	1	=	AAk	=	PDP-	1(PD"P-	1)	PD(P-	1P)Dkp-	1	=	PDfDkp-l	=	PDDkp-	1	=	PDk+lp-	1	,	so	it	holds
form=	k	+	1	as	well.	(See	also	Example	2.5.6.)	0.Ml	9,	(a)	The	Cobb-Douglas	function	z	=	f	(x)	=	x~	1	x;	2	•	·	·	x,~"	(a	1	>	0,	...	=	{t	+	1	2	if	t	:S	1	if	t	>	l	'	y	*(t)	=	{t	1	if	t	S	1	if	t	>	l	'	(t)	Pl	.	Using	the	given	identity,(*)	implies	J	(1/y	+	ayQ-l	/(1	·-	aya)	dy	=	J	dx/x.	If	x(t)	starts	close	to	a	1,	but	not	at	a	1,	then	x	(t)	will	approach	a	1	as	t	increases.	This
implies	that	J'	(k)	:::;	f'	(0)	for	all	k	?:	0,	and	the	phase	diagram	is	as	in	Fig.	,	and	converges	to	y	0	,	one	has	y0	E	F(x0	).	'	==}	local	min.	By	TheoremA.3.4,	therefore,	the	sequence{,,}}	has	a	convergent	subsequence	{Xk;	}.	Thus	.	Therefore,	=lnxr-2+B+	max	A(u)	O:,'.u:,'.l	Once	again,	the	maximum	value	in	the	latter	maximization	problem	is	B,	with	u
Hence,	with	u}_	2	=	p	-	q	=	2p	-	1	fr-2(x)	=	In	x	+	2B,	Continuing	in	this	manner	fork	h-k(x)	=p	-	q.	Then	Yn	-+	y	0	,	with	y	0	E	F(x	0	).	Th	eorem	7.5	.	At	time	t,	let	D(p(t),	j,(t))	be	the	demand	for	the	commodity	per	unit	of	time	when	the	price	is	p(t),	If	production	at	any	time	is	adjusted	to	meet	demand,	the	monopolisl's	total	profit	in	the	time	interval	[0,
T]	is	given	by	j	,T	[pD(p,	p)	-	b(D(p,	p))]	dt	()	Suppose	that	p(O)	and	p(T)	are	given.	Then,	under	SECTION	9	.	2	We	shall	just	mention	a	few	simple	properties.	In	other	words,	AA	would	belong	to	h,	but	that	is	impossible.	Of	course,	this	is	the	closure	of	the	open	ball	B(a;	r)	=	{x:	d(x,	a)	<	r	}.	,	h	11	)	is	an	arbitrary	fixed	vector	in	~	11	with	length	1,	so
11h11	=	L	The	function	g	describes	the	behaviour	of	f	along	the	straight	line	through	x*	parallel	to	the	vector	h,	as	suggested	in	Fig,	1.	Such	maximization	is	sufficient,	but	by	no	means	necessary.	,	T,	H~(t.	It	follows	that	x(t)	also	tends	to	oo	as	t	-+	oo,	contrary	to	x(t)	being	in	the	interval	(a	-	8,	a+	8).	,	x	11	)	represent	a	commodity	vector	and	p	=	(p1,
...	:3	Use	Theorem	6.8.2	to	prove	that	(0,	0)	is	a	globally	asymptotically	stable	equilibrium	for	i	=	f(x,	y)	=	1	-	ex-y,	.V	=	g(x,	y)	=	-y	254	CHt\PTER	6	/	DIFFERENTIAL	EQUATIONS	II	SECOf\lD-ORDER	EQUATIOf\lS	g;	So	1uuon·	Here	f{	(x,	y)	=	-ex-y,	J;,(x,	y)	=	ex-y,	8	;	(x,	y)	=	O,	and	(x,	y)	=	-1.	More	generally,	if	a	and	b	are	any	two	scalars	in	IH,	define
the	linear	combination	aS	+	bT	of	the	two	sets	Sand	T	as	the	set	{ax+	:	x	E	S,	y	E	T	}.	So	there	could	be	a	Jot	to	gain	from	delaying	the	more	challenging	material	in	earlier	chapters	till	the	basic	concepts	in	later	chapters	have	been	mastered.	To	find	.lr-t	(x),	we	use	the	optimality	equation	lr-1	(x)	=	max	(,BT-tu	l-y	+	E	[,BT-I	A(Zr(x	u	u))	1-v])	(*)	The
expectation	must	be	calculated	by	using	the	probability	distribution	for	Zr.	In	fact,	the	right-hand	side	of(*)	is	of	the	same	fonn	as	(iv)	in	Example	12.1.4.	To	make	it	exactly	the	same,	define	the	new	constant	ar-1	so	that	aj,-:::,\	=	E[Z~Yl	With	this	new	notation,	the	optimal	control	ur-1	is	given	by	(v)	in	Example	12.1.4.	Furthennore,	equations	(vii),	(viii),
and	(ix)	of	that	example	still	hold	provided	we	define	each	a1	lo	satisfy	a/-y	=	E[z)_;{]	fort	=	0,	1,	...	55~56	.	Because	i	=	j,	=	0	at	an	equilibrium	point	E,	if	the	system	is	at	E,	then	it	always	will	be	(and	always	was)	at	E.	For	each	consumer	j	and	commodity	i,	let	wf	denote	j's	initial	endowment	of	i,	and	x/	(p)	the	same	consumer's	final	demand	when	the
price	vector	is	po	In	addition,	let	L~=l	m	w;=I:,w(	j=l	m	and	x;(p)=I>/(11),	i=l,	...	(1	-xo	.	The	determinant	in	(2)	is	D	0	2	-1	2	l	-4	.	x(O)	=	0,	x(I)	=	1.	Hence	x	>	xo	-	r/2	and	y	<	yo+	r/2.	Use	(l)	to	prove	that	if	A	and	Bare	both	invertible	n	x	n	mat!ices,	then	AB	cmd	BA	have	the	same	eigenvalues.	(3)	The	method	suggested	in	Example	1	allows	one,	in
general,	to	derive	a	linear	nth	order	difference	equation	in	one	of	the	unknowns,	say	x	1	.	Because	the	weak	inequality	is	preserved	when	passing	to	the	limit,	we	have	shown	inequality	(1	).	d.	A	third,	intermediate,	case	occurs	when	N	=	2{38	and	a	=	l.	The	outstanding	balance	or	principal	b1	on	the	loan	in	period	t	satisfies	the	difference	equation
h1+1	=	(l	+	r)b	1	-	a,	with	ho	=	Kand	=	0.	,	Am	and	an	admissible	:x*	which	together	satisfy	the	first-order	conditions	(4),	and	if	the	Lagrangian	£.(x)	defined	by	(3)	is	concave	(convex)	in	x,	and	if	Sis	convex,	then	x*	solves	the	maximization	(minimization)	problem	(1).	Cancelling	the	=	-?	A	first-order	difference	equation	(or	recurrence	relation)	in	x	1
can	usually	be	written	in	the	form	X1+l	=	f(t,	Xr),	t	=	o,	L	2,	...	What	is	the	equilibrium	point?	For	arranging	production	and	publication,	apart	from	our	very	helpful	editors,	with	Ellen	Morgan	and	Tim	Parker	at	Pearson	Education	in	England	in	charge,	we	should	particularly	like	to	thank	Arve	Michaelsen	at	Matematisk	Sats	in	Norway.	if	wealth	at
lime	t	-	1	is	Xi-1,	then	x	1	is	equal	to	x	1	_1	+	ux1	_1	with	probability	p,	and	to	Xr-1	-	ux	1	_1	with	probability	1	-·	p.	The	question	Ramsey	and	his	successors	have	addressed	is	how	much	investment	would	be	desirable.	1	p	S	=	N(p	-	a)/2/3	/	C/2	C/1	y	qo	Figure	1	The	cobweb	model	in	Example	1-the	stable	case	Here,	qo	is	the	supply	of	pigs	at	time	0.
Therefore,	u*(t)	=	p(t)/2c.	then	so	is	W	=	a	S	+	bT.	An	equilib1ium	point	(o,	b)	is	called	globally	asymptotically	stable	if	any	solution	of	(l)	(wherever	it	starts)	converges	to	(a,	b)	as	t	-+	oo.	If	{xk}	is	decreasing	and	bounded,	the	argument	is	analogous.	(b)	Write	down	the	Lagrangian,	where	,\j	denotes	the	Lagrange	multiplier	associated	with	the
constraint	for	good	j	_	Find	the	welfare	maximizing	distribution	of	the	goods.	The	dotted	curve	is	also	consistent	with	the	mTows,	but	there	is	no	way	the	curve	can	satisfy	)c(20)	=	0the	required	investment	is	too	high	to	lead	to	an	optimal	solution.	Then	=	0	at	c*,	i.e.	H;	e-a	1u'(c*(t))	::;c:	p(t)	(i)	Hence,	the	adjoint	variable	is	equal	to	the	discounted
value	of	marginal	utility.	4).	So	no	positive	number	can	be	an	eigenvalue.	(See	e.g.	EMEA,	(7.12.3).)	Because	lcosf3tl.::.:	1,	we	conclude	that	Uj	-	0	as	t	-+	oo.	We	construct	a	function	µ	which	is	C	2	in	(to,	t1)	and	satisfies	µ(to)=	µ.(t1)	=	0,	as	well	as	J1~1	f(t)µ(t)dt	>	0.	Theorems	of	this	type	impose	certain	concavity/convexity	requirements	on	the
functions	involved.	One	may	call	each	a1	the	"certainty	equivalenf'	return	because	the	solution	is	exactly	the	same	as	if	it	replaced	the	uncertain	return	described	by	the	random	variable	Z1+t·	Of	course,	each	a	1	depends	on	the	taste	parameter	y	as	weH	as	on	the	distribution	Z	1	•	)·	Suppose	a	skillful	gambler	repeatedly	chooses	to	bet	a	certain
fraction	u	of	her	wealth	at	even	odds,	expecting	to	win	back	this	fraction	with	probability	p	2:	1/2.	If	we	assume	that	g(x)	is	differentiable,	differentiating	using	the	chain	rule	gives	[cosg(x)]	·	g'(x)	=	1.	Use	sufficient	conditions	to	solve	the	problem.	These	1l,	minors	of	order	1,	whose	values	satisfy	Li\	Li\	(-1)	1	Ll\	1l	=	1)(-1)=1,	(-1)	1	Li\	,6.;2)=(-l)(-9)=9,
(-1)	1.6.\	3)=(-·l)(-2)=2	There	are	also	three	second-order	principal	minors,	which	satisfy	=	L'i.~1)	~	1-13	-931	=	0	'	ti.	The	dimensions	of	the	partitioned	matrices	allow	us	to	multiply	them	as	if	the	submatrices	were	ordinfily	matrix	elements	to	obtain	Ai	1B12	+	A12B22)	A21B12	+	A22B22	=	((~	(0	~)+(~	~)	0)	+	(0	0)	(~	1))	(~	4)	0	5	2	6	0	0	3
SECTION	1,9	/	PARTITIONED	MATRICES	AND	THEIR	IMVERSES	39	The	method	suggested	by	Example	2	is	valid	in	general.	This	is	sufficient	for	optimality.	@l	2.	On	the	other	hand,	for	each	value	of	C,	any	solution	of	(4)	that	is	not	constant	on	any	interval	is	a	solution	of	the	Euler	equation.	The	solution	candidate	in	(a)	is	therefore	optimaL	3	(	)	.
After	this,	at	the	next	step	we	solve	for	xr-1	(XT-2,	vr-2).	SE	CT	ION	9,	2	/	A	SIMPLE	CASE	309	If	the	requirement	H	(t,	x,	u,	p(t))	is	concave	in	(x,	u)	for	each	t	in	Uo,	ti]	(6)	is	added	to	the	requirements	in	TI1eorem	9.2.1,	then	we	obtain	sufficient	conditions.	,T-1	t=O	Here	x	1	is	wealth	at	time	t,	with	xo	fixed.	Moreover,	the	optimality	equation	has	a
unique	bounded	solution	(At	least	this	is	so	when	"max"	is	replaced	by	"sup"	in	the	Bellman	equation,	as	it	was	in	(12.3.11)	for	the	cmTesponding	deterministic	problem.)	Fmthermore,	J(x,	v)	is	automatically	the	optimal	value	function	in	the	problem,	and	given	this	function,	any	control	function	u(x,	v)	that	maximizes	the	right-hand	side	of	(6)	is	a
stationary	optimum.	For	the	analysis	presented	in	this	chapter,	it	suffices	to	assume	that	f,	g,	and	their	first-order	partial	derivatives	w.r.t.	x	and	u	are	continuous	in	(t,	x,	u	).	In	problems	where	it	is	impossible	to	find	explicit	solutions	for	x*(t)	and	u*(t),	this	means	that	we	must	prove	that	there	exist	admissible	solutions	of	the	differential	equations
which	are	valid	for	the	whole	interval	[to,	ti].	The	set	N(t,	x)	is	therefore	as	illustrated	in	Fig.	By	substituting	Yr	=	x,	-	b/(1	-	a)	transform	equation	(4)	into	a	homogeneous	difference	equation	in	Yr·	Solve	it	and	find	a	new	confirmation	of	(5).	(a)	Letf	bedelineclforall(x.	,	Xn)	denote	a	consumer's	utility	function.	2.
Comingbacktothephasediagram,ifwestartatthepoint(x,	>c)	=	(1,	2),	thenl(t)	=	2,	while	x(t)	converges	to	the	value	½,	which	is	the	x-coordinate	of	the	point	of	intersection	between	the	curves	i	=	0	and	x	=	0.	5,	but	it	may	"implode",	as	happens	at	x	in	Fig,	6.	(A	life	cyde	model)	Solve	the	problem	T-1	maxLflU(u	1	)	subjectto	X1+1	=ct(xt+y1	-u	1),	t=O,l,
...	,l}	(2)	that	varies	with	x.	Next	we	define	the	upper	and	lower	limits	off	at	x	0	as	liminf	j(x)	x-+xO	lim	sup	f(x)	=	r--P-0	lim(inf{	.f(x):	x	E	=	lim(sup{	f(x).	(It	suffices	to	check	what	happens	if	x	=	y.)	We	see	from	the	definition	that	a	strictly	increasing	(or	decreasing)	function	of	one	vmiable	is	always	strictly	quasiconcave.	In	it,	a	consumer	faces	a
random	income	stream	V1	over	the	life	cycle,	which	extends	from	period	t	=	0	to	T.	By	TI1eorem	2.4.5,	the	concave	function	f*(c)	has	a	supergradient	A	at	c	=	b	for	which	f*(c)	-	f*(b)	:s	1	(c	-	b)	SE	CT	ION	3.	The	controls	u'"	obtained	will	depend	on	the	starting	point	(s,	y),	u*(t)	=	u;_y(t).	>	0.	oo	as	y	-+	oo,	by	hypothesis,	a	number	y''	can	be	so	chosen
that	C(w0	/2,	y)	>	2p	0	y	for	ally>	y*.	,Xn)	(1)	dx	11	-	=	f11	(t,x1,	dt	...	For	instance,	for	the	equation	+	tx	=	0,	equation	(9)	reduces	to	r	2	+	1	=	0,	so	r	1	=	-i,	r	2	=	i,	where	i	is	the	imaginary	unit,	but	it	is	not	at	all	clear	how	to	interpret	ti.	=	f(x)	has	a	unique	solution	x	=	x(y),	In	the	two-dimensional	case	discussed	above	we	postulated	that	when	lx2	I	is
large,	so	is	lfz(x1,	x2)I,	and	hence	also	llf(x1,	x2)II-	Furthermore,	we	also	postulated	that	when	lx1I	is	large,	so	is	IJi	(x	1,	.x2	(x	J	,	Y2)	I,	and	hence	llf	(x	1,	.x2	(x1,	Y2))	11-	Provided	If'	(x)	I	I	0,	we	do	get	solutions	of	the	equation	f(x)	=	y	if	we	require	that	llf(x)	II	is	large	when	llxll	is	large.	l	A.2	A.3	A.4	Sets	and	Functions	Least	Upper	Bound	Principle
Sequences	of	Real	Numbers	Infimurn	and	Supremum	of	Functions	525	530	533	541	5	BJ	Basic	Definitions	and	Results	B.2	Differentiating	Trigonometric	Functions	B.3	Complex	Numbers	545	551	555	Supporting	resources	Vif,it	www.pear~oned.eo.uk/sydsaeter	to	find	valuable	online	resources	For	students	II)	Downloadable	Student's	Manual	with
more	extensive	;}nswers	to	selected	problems	For	in5tructors	•	Dowuloadable	Instructor's	M,111ual,	including	additional	exam	style	problems	(with	answers)	For	more	information	please	contw;t	YOi.lf	local	Pearson	Education	,mles	representative	or	visit	www.pearsoned.eo.uk/sydsaeter	Custom	Publishing	Custom	publishing	rulowR	academics	to
pick	and	choose	content	frorn	one	or	more	tex:tbo,*&	for	their	course	and	combine	it	inio	a	detinitivt	course	text	Here	are	some	common	examples	of	custom	solutions	which	have	helped	over	500	courst;s	across	Eurqpe:	@	•	,.	Note	how	this	behaviour	of	the	integral	curves	is	confirmed	by	Fig.	Finally,	h	is	a	convex	function	(u	H-	u	2	)	of	a	linear
function,	and	thus	convex	according	to	(8).	Sometimes	we	can	see	the	sign	of	a	quadratic	form	immediately,	as	in	the	next	example.	+L	Equilibrium	States	and	Stability	Consider	the	solution	of	x	1+1	=	ax1+b	given	in	(5).	Because	x*(t)	must	satisfy	the	linear	differential	equation	x*	=	-0.4x*	+	u*	=	-0.4x*	+	½(a	-	2)e-O.S(T-t)	+	1,	with	x*(O)	=	l,	one	has



x*(t)	=;+~(a	-	2)e-0.5(T-t)	-	G+	~(a	-	2)e-o.sr)e-0.4t	All	the	conditions	in	Theorem	9	.10.3	are	satisfied,	so	this	is	the	solution.	In	order	to	prove	(1)	we	have	to	rely	on	the	definition	of	the	derivative.	g'(h)	=	Lf((x+ha)a;	(7)	i=I	so	that	g'	(0)	=	:E;	=1	Jj	(x)	a;.	Figure	A4.5.7	shows	the	set	A.	OE	EN'S	lNEQUAUTY,	CONTlNU	s	Let	x(t)	and	J..(t)	be	continuous
functions	in	the	interval	[a,	b],	with	,\(t)	>	0	and	J}	J..(t)	dt	=	1.	Hence,	p(0)	>	1.	The	best	we	can	do	in	the	remaining	periods	is	to	choose	Us,	Us+	1,	...	It	turns	out	that	the	adjoint	variable	can	be	given	interesting	economic	intet"pretations,	somewhat	similar	to	those	for	Lagrange	multipliers.	In	case	(III),	when	r1,2	=	a	±	bi,	global	asymptotic	stability
holds	iff	a	<	0,	which	is	also	true	iff	a	>	0	and	b	>	0.	Fortunately	the	equation	simplifies	because	any	solution	of	x	=	f	(x)	is	also	a	solution	of	x	=	f	(f(x)),	so	x	-	f	(x)	is	a	factor	of	the	polynomial	x	-	f(f	(x)).	More	generally,	given	xr	and	XT-1	=	2f3xr,	we	can	show	by	backward	induction	thatx	1	=	(T	+	1-t),BT-txr.	t	(2)	where	a	is	a	constant.	The
corresponding	functions	x*,	u*,	and	p	(1	+	e	2	.J2rr	rr	satisfy	the	conditions	in	the	maximum	principle,	and	His	concave	w.r.t.	(x,	u),	so	it	follows	from	Theorem	9.2.2	that	this	is	the	optimal	solution.	Let	f	be	defined	for	all	x	in	IR	11	by	f	(x)	f	strictly	convex?	(We	justify	this	assumption	later.)	Hence,	x	=	-OAx	+	0.5A.	X	0	sinx	0	COSX	tanx	%=	30°	1	2	¾=
45°	i	0	=	60°	~	=	90°	½v!z	{-/3	1	I	l	{./3	½v'Z	0	i	,fi	l	2	f	3	=	135°	:n:	=	180°	¥-	=	270°	2JT	=	360°	0	-1	0	0	½·/2	-½viz	-1	0	1	*	-1	0	*	0	*	Not	d~fined.	X4)	=	20x2	+	48x3	+	6x4	+	8x1x2	-	-	xJ	--	4x?	If	we	disregard	the	cost	of	switching,	there	is	no	limit	to	the	number	of	times	we	should	tum	the	burner	on	and	off.	Define	the	bordered	Hessian
determinants	Br(x),	by	(11).	Another	way	of	formulating	the	problem	is:	Find	the	path	of	capital	K	=	K	(t),	with	K	(0)	=	Ko,	that	maximizes	for	U(C(t))e-r	1	dt	=	for	U(f(K(t))	-	[((t))e-rt	dt	(1)	Usually,	some	"terminal	condition"	on	K(T)	is	imposed-for	example,	that	K(T)	=	Kr,	where	Kr	is	given.	On	the	other	hand,	in	many	models	the	terminal	value	of	the
unknown	function	can	be	free,	or	subject	to	more	general	restrictions.	then	the	Cartesian	product	Ax	Bis	a	compact	subset	of	1R1	111	+11	(when	we	identify	1R111	x	IR"	'Nith	13.3	Continua	[Rm+n	in	the	obvious	way).	Here	the	functions	g;	and	the	numbers	a;	are	given.	1111	p(to)(x(to)	-	x*(to))	Most	of	the	control	problems	presented	so	far	can	be
solved	by	usingMangasarian's	sufficient	conditions.	It	is	easy	to	verify	that	any	strictly	concave	(convex)	function	is	strictly	quasiconcave	(quasiconvex).	We	call	this	limit	the	upper	limit	(or	lim	sup)	of	the	sequence	{xk},	and	we	introduce	the	following	notation:	lim	supxk	k->-oo	=	lim	(sup{xk	:	k	:::=	n})	(3)	n~oo	If	{x,c}	is	not	bounded	above,	we
write	lim	supk-+oo	Xk	=	oo.	Using	the	answer	to	Problem	2,	it	follows	that	x	=	x'	E	S.	Except	in	this	case,	there	is	no	general	method	for	finding	the	general	solution	to	(3	).	Once	I	is	known,	for	each	possible	state	pair	(x,	v)	an	optirnal	Markov	control	u(x,	v)	is	obtained	from	the	maximization	in	(6).	Because	qr=	0,	the	backward	induction	can	be
stmied.	But	if	r	<	a	and	soy	<	0,	then	optimal	consumption	shrinks	over	time.	s	1ii\1!1	1,	Solve	the	problem	5	minfcu+x)dt,	X=U-t,	x(O)=l,	x(5)free,	x2:0,	0	(Hint:	It	seems	a	good	idea	to	keep	x(t)	as	low	as	possible	all	the	time.)	u2:0	-,	386	CHAPTER	10	(~@	/	1	CONTROL	THEORY	WITH	MANY	VARIABLES	2.	Thus,	the	value	function	V	(x)	for	the
problem	is	V(x)	=	{4x	O	if	X	<	0	if	X	C:::	0	Hence,	V	is	continuous	for	all	x,	and	differentiable	for	x	f:;	0.	It	is	therefore	concave	in	the	set	A	=	{(x	1	,	x	2	)	:	x	1	c::	0,	x	2	c::	O}.	Prove	that	g(x)	=	F	(!1	(x),	...	Assume	that	E[ztv]	<	oo	for	all	t.	See	Problem	8.2,6.)	In	1696,	the	Swiss	mathematician	John	Bernoulli	proved	that	the	solution	is	a	part	of	a	curve
called	a	cycloid,	This	starts	out	steeply	so	that	the	particle	can	accelerate	rapidly,	acquiring	momentum	in	both	the	vertical	and	horizontal	directions,	before	the	curve	flattens	out	as	it	approaches	B.	Using	(3)(c),	a	1	=	2.	I	SE	CT	ION	1	3	.	Determine	if	the	following	functions	are	quasiconcave:	=	3x	+4	f	(x.	Then	F(x)=	f	v(x)	.	_,	T	-	1	(6)	(7)	Wflf	l	If	we
minimize	rather	than	maximize	the	sum	in	(5),	then	Theorem	12J	J	holds	with	"max"	replaced	by	"min"	in	(3),	(6)	and	(7).	(Hint:	Prove	by	induction	that	Xk	<	2	for	all	le	Then	prove	that	the	sequence	is	(strictly)	increasing.)	Note	that	x1	=	"Fi	<	2,	and	if	x1c	<	2,	then	x1c+1	=	Jx1c	so	by	induction,	x1c	<	2	for	all	k.	Hence,	Du	?:	f	1	1	lo	~[p(x	-	x*)]	dt	dt
=	[11	p(t)[x(t)	-	x*(t)]	=	p(t1)(x(t1)	-	x*(t1))	(***)	to	where	the	last	equality	holds	because	the	contribution	from	the	lower	limit	of	integration	is	=	p(to)(xo	-	xo)	=	0.	From	the	first	constraint,	e1	=	c/	+cf=	a1fiJ/)q	+	0t1/32/Jq	=	0t1	(,81	+	fh)/'A1	=	oti/)q,	because	/31	/32	=	l.	The	set	U	[-1,	2]	is	compact	Since	lx(t)I	=	11	-	u	2	(t)I	S	3	for	all	admissible	u(t),
any	admissible	x(t)	satisfies	l	:::;	x(t)	:s	7	for	all	tin	[0,	l],	which	takes	care	of	(c).	,	Xn(t))	If	xi	(0),	...	Therefore,	the	Euler	equation	reduces	to	1/xr	-	fJ/(xr-1	-	J3xr)	=	0,	so	Xr-1	=	2J3xr.	(ff	i:	1	=	bx	1	,	where	r	<	b	<	a,	the	objective	+	1.	,	m	are	all	continuous	and	b	1	,	...	Clearly	x	>	0	for	all	t,	so	x	=	x(t)	is	convex.	Since	Q	=	LL	a;JX;Xj	is	negative
(semi)definite	if	and	only	if	-Q	=	L	"'E,(-a;J	)x;Xj	is	positive	(semi)definite,	we	see	that	(c)	and	(d)	in	Theorem	1.7.1	follow	from	(a)	and	(b)o	For	11	=	2	we	proved	(a)	and	(b)	in	(5)	and	(4)	above.	It	implies	that	f(2)	=	f(l	+	1)	=	1	·	r(l)	2	·	f(2)	=	2	-·	1,	and	that	f(4)	=	3	·	r(3)	=	3	·	2	·	l.	,	x,,,	r1,	...	At	(xi,	YJ	),	the	gradient	is	clearly	parallel	to	the	x-axis,	and
thus	its	y-component	f~	is	equal	to	0.)	This	example	illustrates	how	the	crucial	condition	for	f	(x,	y)	=	0	to	define	y	as	a	function	of	x	around	(xo,	Yo)	is	that	f~(xo,	yo):/=	0.	The	pair	(x*(t),	u*(t))	is	then	a	candidate	for	optimality.	But	f	(x,	w)	=	(x	w)	l-y	2:	0	for	all	x	2:	0	and	w	2:	0,	so	we	invoke	boundedness	condition	A	in	Note	3	above.	Xj,	(b)	=ii	xi	>	ii
(c)	Xj,	(a)	T-	free	fori=l,	...	26	C	HAP	TE	R	1	/	TOP	IC	S	I	1\1	LINE	AR	ALGEBRA	It	follows	from	(3)	that	A=	P	diag()q,	...	Then,	as	t	increases,	K	(t)	steadily	increases.	If	(x	(t),	y(t))	is	a	solution	of	(1),	then	so	is	(x(t	+a),	y(t	+	a))	for	any	constant	a	(but	with	a	different	interval	I'	of	definition).	Find	the	optimal	solution.	We	use	the	notation	x	E	S	to	indicate
that	x	is	an	element	of	S	(or	"belongs	to	S"	or	"is	a	member	of	S").	Note	that	i	=	0	when	K	=	(a	-	r)/2b,	which	gives	a	straight	line	parallel	to	the	A-axis.	If	S	is	unbounded.	If	n	=	2,	linear	independence	is	equivalent	to	the	condition	that	the	two	functions	are	not	proportional.	the	required	inequality	follows.	Their	solution	depends	on	a	double	initial
condition.	1,	while	also	obtaining	a	subsequence	{xk1}	of	{xk}	with	Xk1	in	Ki	for	j	=	1,	2,	...	,	J,11	(x))	2:	F(f1(x0	),	...	which	describes	growth	at	the	constant	proportional	rate	g	each	period.	In	addition,	V/(t,	x)	+	max	H(t,	x,	u,	v;(t,	x))	=	0	(vi)	UEU	This	is	called	the	Hamilton-Jacobi-Bellman	equation.	let	J"(x,	v)	denote	the	value	of	the	objective	derived
from	using	the	stationary	policy	u(x,	v)	all	the	time.	How	does	the	value	of	the	integral	change	if	the	parameters	change?	Then	l	(n	+	p)2	+	···	+	1	1	1	<	-	-	-	+	-	-	-	-	-	-	+	...	,	f,,	in	(l)	are	linear,	we	obtain	the	system	+	I)	=	a11	(t)x1	(t)	+	·	·	·	+	a1n	(t)x	11	(t)	+	bi	(t)	t=O,l,	...	According	to	(2),	x	=	b/a	is	locally	asymptotically	stable	if	a	>	0,	but	unstable	if	a
<	0.	If	Q(x1,	x2)	=	0,	then	xi	+	a12x2/a11	=	0	and	x	2	=	0,	so	x	1	=	x2	=	To	prove	the	reverse	implication,	suppose	Q(x	1	,	x	2	)	>	0	for	all	(x	1	,	x	2	)	f	Q(l,	0)	=	a11	>	0,	so(*)	is	valid.	Of	course,	this	solution	will	not	necessarily	be	unique,	However,	suppose	the	following	condition	is	satisfied:	There	exists	a	positive	number	y	such	that	f'	(x)	>	y	for	all	x
(2)	Then	f	(x)-,.	a.u	Since	Q	is	positive	definite,	so	is	R,	and	then	IBI	>	0,	by	Theorem	1.7.1	(a).	Thus	a11	>	0	and	=	5	-	l	=	4	>	0,	so	according	to	(5),	Q(x1'	is	positive	definite.	Also	let	J	(x,	v)	denote	the	optimal	value	function.	Regardless	of	the	size	of	the	chosen	rectangle	around	(x	l,	YI)	(with	(x	1,	)'1)	as	an	interior	point),	for	those	x	close	to	x1	on	the
left	there	will	be	two	values	of	y	satisfying	the	equation.	It	is	therefore	reasonable	to	expect	that	in	a	neighbourhood	of	(a,	b),	system	(I)	'"behaves"	approximately	like	the	linear	system	-g;	,i;	_)J	=	J{(a,	b)x	+	fz(a,	b)y	+	bi	=	g~	(a,	b)x	+	g~(a,	b)y	+	b2	Note	that	(a,	b)	is	also	an	equilibrium	point	of	system	(*),	because	the	definitions	of	b1	and	b2	imply
that	f[(a,	b)a	+	fz(a,	b)b	+	bi	=	0	and	g\	(a,	b)a	+	g;(a,	b)b	+	b2	=	0.	Suppose	f	is	C	1	in	an	open	set	A,	and	let	x	be	a	point	in	A.	5,	The	intersection	of	Sand	B(y:	r)	is	closed	and	bounded,	hence	compact	Then	h(x)	attains	a	minimum	at	some	point	x	11	in	Sn	B(y;	r),	and	x	11	is	the	required	point.	A	simple	but	tedious	computation	shows	that	x	-	f	(f	(x))	=
(x	-	f	(x))g(x),	where	g(x)	=	a	2x	2	+	a(b	+	+ac+b	+	1	TI1e	cycle	points	are	the	roots	of	the	equation	g(x)	~	/;1,2	=	-(b	+	1)	±	)(b	-	=	0,	which	are	1)	2	-	4ac	-	4	2a	These	roots	exist	and	are	distinct	if	and	only	if	(b	-	1)2	>	4ac	+	4.	Let	us	see	what	Theorem	6.9.1	says	aboutthis	equilibrium	point	Defining	f	(x,	>c)	=	-0.4x+0.5Jc	andg(x,	A)	=	0.5>c-1,	we
find	that	the	determinant	of	the	Jacobian	matiix	in	Theorem	6.9	.1	is	J,	-0.4	0	1	so	(	~,	2)	is	a	saddle	point	0.51	=	-0.2	<	0.5	0	I	PHASE	DIAGRAMS	SECTION	9.12	355	Consider	an	economy	with	capital	stock	K	=	K	(t)	and	production	per	unit	of	time	Y(t),	where	Y	=	aK	-	bK	2	,	with	a	and	b	as	positive	constants.	(7)	SECTION	2.5	/	QUASICONCAVE	AND
QUASICONVEX	FUNCTIONS	73	Quasiconcave	C1	Functions	Theorem	2.4.1	implies	that	the	graph	of	a	concave	C	1	function	lies	below	ns	tangent	hyperplane.	(	=	diag(-2,	3).	/	r'	(9)	Remember	that	cos	cp	s	l	for	all	cp	and	cos	O	=	1.	ill	1	x;x	xi	SECTIOI\J	1.6	/	27	DIAGOI\JALIU,TIOI\I	A	famous	and	striking	result	is	Cayley-Hanulton's	theorem	which	says
that	any	square	matrix	satisfies	its	own	characteristic	equation.	'	In	Example	l	we	showed	that	,	y)	=	e-x--r	is	quasiconcave.	This	is	obtained	by	putting	y	=	i	and	drawing	the	curve	y	=	F(x)	in	the	xy-plane	(or	xx-plane).	NOT::'.	The	sequence	{yj};	=	{xk)i	is	called	a	subsequence	of	{xk	}.	7,	which	indicates	some	paths	consistent	with	the	anows.	Because
h	1	is	concave	and	h'1(u)	=	2	-	2u	=	0	for	u	=	],	the	maximum	value	of	h	1	(u)	is	13/4	+	3x	+	2	-	1	=	17	/4	+	3x,	so	Fors	l1(x)	=	1}	+	3x,	with	u!(x)	==	l	=	0,	the	function	to	be	maximized	is	h0	(u)	=	1	+	x	-	u2	+	1	1(x	+	u)	=	1+	x	+	17/4	+	3(x	+	u)	=	21/4	+	4x	+	3u	-	u2	.	The	process	that	causes	x(t)	to	change	can	be	controlled,	at	least	paiiially,	by	a
control	function	u(t).	This	is	because,	if	all	consumers	do	face	such	prices,	then	all	their	demands	for	every	good	can	be	satisfied	simultaneously.	Substituting	a12y	=	x	-	a	11	x	-	b1	(t)	from	the	first	equation	in	(3),	then	simplifying,	we	have	This	is	a	second-order	differential	equation	with	constant	coefficients.	Itiseasytoseethatx(t)	>	Oforallt	2::
O,so'Jc(t)e-	0	·11	x(t)is>	Oforall	t	2'.:	0.	»	»	»	»	(Cost	minimization)	Consider	the	same	firm	as	in	the	previous	example.	132	fH	CHAPTER	3	/	EM	2L5	1	STATIC	OPTIIVIIZATION	H	KER	NECESSARY	CONDlTION5}	Suppose	that	x*	=	(x{,	.	Hence	a	=	-ri	-	r2	and	b	=	r1r2,	In	cases	(I)	and	(II)	of	Theorem	6.3.	l,	global	asymptotic	stability	holds	iff	r1	<	0
and	r2	<	0,	which	is	true	iff	a	>	0	and	b	>	0.	(Asymptotically	stable	equilibrium	states)	Consider	the	differential	equation	x+ax+	bx	=	c	where	b	i	0.	,	,	,	n	j=l	Then	all	the	eigenvalues	of	A	have	moduli	less	than	L	t	PROBLEMS	11	(fM>	1.	According	to	Theorem	1.7.2,	the	matrix	f"(x*)	cannot	then	be	either	positive	or	negative	semidefinite,	so	(10)	shows
that	x*	is	neither	a	local	maximum	nor	a	local	minimum	point.	oo	and	llx(tk)	-	all	:::	s	for	all	k.	(a)	Theorem	13.4.1	implies	that	Vi	is	continuous.	The	boundedness	property	in	the	theorem	implies	that	{yk}	has	a	convergent	subsequence	{Yk,},	which	converges	to	some	point	y	0	in	F	(x	0	)	as	r	->	oo,	by	the	closed	graph	property.	,T.	Define	the
continuous	functions	f	and	g	from	IRl	2	into~	by	f	(x,	y)	=	2x	-	y	and	g(x,	y)	=	x	-	3y.	is	to	be	controlled	in	the	best	possible	manner	by	appropriate	choices	of	the	successive	variables	u,.	Let	f(x,	y,	z)	=	ln(4	+	y	+	z)	+	x	2	+	ezx	2	+	e·'hz	V(x)	(a)	If	S	=	{(y.	According	to	Theorem	L7.2,	this	means	that	it	cannot	have	only	positive	or	only	negative
eigenvalues.	Hence	(x(t),	and	+	a),	y(t	+	a))	describe	the	same	path.	E	for	all	m	>	n.	,	T	-	1,	and	H	=	H(T,	x,	u,	p)	=	0	fort	=	T.	Once	again,	because	f*	is	nondecreasing,	we	have	f*(g(x))	:s:	f*(b')	:s:	f*(b).	Then	fork	>	l(xk	+	Yk)	-	(x	+	y)I	=	I	+	(Yk	-	Y)I	:'.':	lxk	-	xi+	IYk	-	YI	<	e/2	+	s/2	=	s	But	this	means	that	limk(Xk	+	=	x	+	y	=	lim1c	Xk	+	limk	Yk·	The
statement	in	(b)	is	proved	in	the	same	way.	JT	1	rr	1	r;.;	tan!!_=	~)3	cos	-	=	-v	3	sm	6	=	2'	6	2	'	6	3	Similar	geometric	considerations	establish	the	other	entries	in	Table	1.	1	(See	Fig.	(a)	For	what	values	of	c	is	the	quadratic	form	Q(x,	y)	(i)	positive	defirrite,	=	3x	2	-	(5	+	c)xy	+	2cy2	(ii)	positive	semidefinite,	(iii)	indefinite?	,	Xni	·	It	is	a	linear
combination	where	the	scalar	weights	),;	are	rest1icted	to	be	nonnegative	and	sum	to	l.	According	to	the	maximum	condition	(9.4.5),	for	each	tin	[O,	2],	an	optimal	control	u*(t)	must	rnaidmize	H	subject	to	u	E	[O,	l	l	Hence,	u*(t)	must	maximize	g(u)	=	u	2	+	(t	-	2)u,	with	t	fixed,	subject	to	u	E	[O,	l].	With	x(0)	=land	x(l)	=	2	we	get	A+	B	=land	Ae	+	B	so
that	A=	5/(2e	-	2)	and	B	=	l	-	A.	It	gives	an	indication	of	the	type	of	results	that	can	be	proved,	but	we	refer	to	the	control	theory	literature	for	proofs,	examples.,	and	generalizations.	The	development	of	the	economy	is	described	by	the	system	6.	In	fact,	A-o	=	(7	2)	3	6	,	so	we	find	S	FOR	SECTION	1	J$.	But	then	forall	tin	(-r,	r	),	we	have	x*	+th	E	Sand
so	f	(x*	+th)	:=::	f	(x*),	or	g(t)	s	g(O).	,	a	111	?:	0	(b)	.fi,	...	Two	sets	A	and	B	are	equal	(A	=	B)	if	and	only	if	they	have	the	same	elements.	(See	Fig.	y	/	f(x)	-	----------	y	-	------	=	sinx	------------/-	-	~	.	If	S	and	T	are	two	sets	in	!RI"	and	a	and	b	are	scalars,	let	W	=	aS	+	bT	denote	the	set	of	all	points	of	the	form	ax+	by,	where	x	E	Sandy	E	T.	Then	a	maximum
point	and	a	minimum	point	in	S.	Geometrically,	(*)represents	a	curve	in	the	xy	plane,	which	could	be	the	curve	illustrated	in	Fig.	The	following	result	is	less	obvious	but	very	useful:	TH€	A.3.4	If	the	sequence	{xk}	is	bounded,	then	it	contains	a	convergent	subsequence.	max	UE(-00,00)	0	-4x(t)-2u(t)	2	]dt,	.x(t)	x(O)	=	u(t),	=	0,	x(O)	x(2)	free	l,	x(l)	free
x(l)	free	=	0,	x(lO)	free	31:2	CH,11,PTER	9	ZS~l\l	)	5.	The	general	solution	turns	out	to	be	x(t)	=	Ae-	21	+	Bte-	21	+	3,	y(t)	=	Be-	21	+	4.	Finally.	Most	control	models	in	the	economics	literature	assume	an	infinite	time	horizon.	10,	See	SM.	y	I	y=/1	I	x=.jy	·JI/Y	=x2	~I	'	--.--~---------x	X	Figure	A4.5.1(a)	Figure	A4,5.1(b)	3.	For	suppose	that	at	some	timer,
there	is	an	unexpected	disturbance	to	the	state	obtained	from	the	difference	equation,	which	has	the	effect	of	changing	the	state	to	Then	(.xr)	still	gives	the	optimal	control	to	be	used	at	that	time,	provided	we	assume	that	no	fmther	disturbances	will	occur.	Then	r	::S	O	and	Jc;	+	ra;	:::	0	for	all	i	=	l,	2,	...	(a)	The	solution	is:	Fore	:::	./6/12;	fore	>	0,	x*	=
eJ6/J3e	2	+	1,	y*	=	,,/6j3J3c2	+	1,	with	Jc	=	,,/6J3e2	+	1/12,	(b)	Fore	:::	0,	f*(e)	=	ex*+	y*	=	J6/3.	h	X1(0)	=	0,	x	1	(T)	is	free	x2(0)	=	0,	x2	(T)	is	free	with	Os	u	1(t)	S	1,	0	S	u2	(t)	S	1,	and	with	T	as	a	fixed	number	greater	than	5.	The	constants	a	and	g	are	positive.	x(t))	+	v:(t,	x)x".	Next,	in	Section	14.4,	we	study	the	fixed	point	theorems	of	Brouwer	and
Kakutani.	E	[O,	l],	put	01	=	f(x)//(y),	f3	=a).+	(1	µ	=	aJc/fJ,	and	let	x'	=	(/3/01.)x,y'	=	f3y.	We	consider	first	a	simple	case.	Obviously,	Yx	>	0	and	Zx	>	0,	so	(Yx,	Zx)	ES.	But	then	sup(.f	(x)	+	g(x))	Sp+	q	=	sup	f	(x)	+	sup	g(x),	which	proves	(4).	The	desired	conclusion	follows	from	Theorem	5.8.2,	with	M	=	5/4	and	r	=	min{l/2,	1/(5/4)}	=	1/2.	~M'.1	7.
Many	dynamic	economic	models,	especially	in	macroeconomics,	involve	several	unknown	functions	that	satisfy	a	number	of	simultaneous	differential	equations.	1	Consider	the	problem	max	fo\u	2	-	x)	dt,	x	=	u,	x(O)	=	0,	x(2)	(a)	Find	the	only	possible	solution	candidate	by	using	the	maximum	principle.	According	to	standard	terminology	we	have	shown
that	the	function	f	(x)	=	sin	x.	The	definiteness	of	a	quadratic	form	can	often	be	determined	more	easily	from	the	signs	of	the	eigenvalues	of	the	associated	matrix.	This	line	passes	through	y	and	has	the	direction	detennined	by	x	-	y.	Fmiher,	let	c1	be	the	amount	withdrawn	for	consumption	and	y1	the	amount	deposited	as	income	during	period	t.	+	at-I
=	1)	(5)	=	1,	2,	....	In	fact,	Az+(l-A)w	=	A(m,1	+by!)+(]	-A)(ax2+by2)	=	a(AXt	+(l-A)x2)+b(AY1	+(l-A)y2),	111is	belongs	to	Q	=	aS	+	bT	because	h1	+	(1	-	A)x2	E	Sand	AYI	+	(I	-	A)Y2	E	T	due	Ill	to	the	convexity	of	S	and	T.	X	=	y	2	-x	Y	=	25/4	-	l	-	(x	-	1/4)	2	Find	all	the	equilibrium	points	of	the	system	and	classify	them,	if	possible	(i.e.	for	each	of	them
determine	if	it	is	locally	asymptotically	stable,	a	saddle	point,	or	neither).	It	also	considers	problems	with	104	CH/>,PTER	3	/	STATIC	OPTIMIZATION	equality	as	well	as	inequality	constraints	(mixed	constraints).	In	general	we	have	x	1	=	a	1xo	+(at-I+	a	1-	2	+···+a-+	l)b	According	to	the	summation	formula	for	a	geometric	series,	1	+	a	-+	a	2	(1	-	a
1)/(l	-	a),	for	a	f=	1.	=	t~li,inoo	F(t)	=	1~00	Hm	(inf	{	f(-r):	=	r	::':	t	})	(5)	oo.	Depending	on	the	price	vector	p,	the	quantity	of	resource	j	used	at	the	optimum	will	be	less	than,	equal	to,	or	larger	than	the	stock	b1	available	of	that	resource.	For	a	contradiction,	assume	that	x(t)	does	not	converge	to	a.	When	b	<	0,	the	characteristic	equation	has	two
distinct	roots	r1.2	/~¼-a-	2	---b,	so	the	homogeneous	equation	has	the	f	(x)	=	Aerix	+	Berzx	=	-½a±	solution	(A	and	Bare	constants)	To	find	a	particular	solution	u(x)	of(*),	we	try	u(x)	=	Px	+	Q.	,	Xn)	=	g(x;	),	so	that	f	depends	on	Xi	alone,	then	continuity	of	the	function	g	with	respect	to	x	1	implies	continuity	off	with	respect	to	,	...	Find	lr(x),	Jr_	1(x),
and	Jr_	2	(x).	Similar	rectangles	and	corresponding	solutions	of	the	equation	can	be	constructed	for	all	other	points	on	the	curve,	except	the	extreme	right	point	(x	1	,	y	1	).	8.5	c	More	General	Terminal	Conditions	So	far	in	our	variational	problems,	the	initial	and	terminal	values	of	the	unknown	function	have	all	been	fixed.	,	T	t=O	where	x	0	=	x	0	and
y0	=	y	0	are	given	numbers	and	lit	E	!Ft	3,	Solve	the	problem	00	max	L	/3	ln(xr	1	u,)	subject	to	t=O	where	,8	E	(0,	1).	That	is,	the	joint	probability	equals	P1(v2	lv1)	times	Po(V1	I	vo).	i	/	,_____~	'	to	Figure	1	x	(t	1)	free	!i	xo	----	'	t1	to	t1	Figure	2	x(t1)	:::	xi	Under	terminal	condition	(b	),	any	C	1	function	is	admissible	if	its	graph	joins	the	fixed	point	(to,
xo)	to	any	point	on	or	above	the	level	x1	on	the	vertical	line	t	=	t1,	as	illustrated	in	Fig.	hm	h~,Q	id	id	c	f(x+h,t)-f(x,t)	--------dt	h	11·m	f(x	+	h,	t)	-	f(x,	t)	di·=	h	h-+0	,	C	1d	(x,t)dt	C	The	only	non-obvious	step	here	is	moving	the	limit	inside	the	integral	sign.	IAI	=	w	2	>	0,	and	J;g;	and	IAI	=	2,	so	(0,	0)	is	locally	asymptotically	stable.	3	and	(L	1.42).)	~	A=O
A=	I	y	,'	1	I	,'	X	_____	_...	Evidently,	Q2	=	-Q1	is	negative	definite	and	Q4	=	-Q3	is	negative	semidefinite.	Therefore,	in	studying	systems	of	differential	equations,	not	much	is	lost	if	we	restrict	attention	to	normal	systems.	A	model	for	studying	the	export	of	gas	from	Russia	to	the	rest	of	Europe	involves	the	following	optimization	problem:	max	[x	+	y	-
½(x	+	y)2	-	¾x	-	½Y]	subjectto	x	s	5,	y::::	3,	-x	+	2y	:S::	2,	x	?:	0,	y	:::_	0	Sketch	the	admissible	set	S	in	the	xy-plane.	(See	also	Example	l	.)	However,	in	economic	models	with	x(oo)	free,	it	is	in	most	cases	a	sensible	working	hypothesis	that	p(t)	does	tend	to	Oas	t	tends	to	oo.	The	most	important	observations	about	the	gradient	are	gathered	in	this
theorem:	F.M	21,	l	(RROPE	S	O.F	THE	lE	Suppose	that	f	(x)	=	.f(x1,,	..	To	establish	this	claim,	define	the	constant	ii	=	f0T	e-,r	dt.	If	in	addition	x*	satisfies	them	equality	constraints,	then	x*	obviously	solves	problem	(5).	Note	that	q	1-+	F(q)	is	a	strictly	convex	function	and,	by	the	assumptions	on	the	parameters,	we	have	O	<	F(q)	:=::	max{F(O),	F(w)}
rnax{;'3w	2	/4,	,Bw}	<	w	for	all	q	in	[O,	w].	Here	x	=	(x1	,	and	f	(x	0)	=	a.	Last,	examine	the	case	in	which	none	of	the	constraints	is	active.	Inserting	these	expressions	into(*)	gives:	If	f	is	C	2	inside	a	circular	disk	around	(xo,	yo)	that	contains	(xo	+	h,	Yo+	k	),	then	=	f(xo,	Yo)+	f{(xo,	Yo)h	+	fz(xo,	Yo)k	+	½[J{;	ex,	y)h	2	+	2	t	;;uc,	y)hk	+	12;ex,	y)k	2	]	=
xo	+	ch,	y	=	Yo+	ck	for	some	number	c	in	(0,	1).	For	each	x	in	X	the	function	has	a	maximum	value	V(x)	w.r.t.	y.	The	quantity	q	>	0	maximizes	profits	only	if	rr'(q)	=	p	-	a	-	2f,q	=	0	and	so	q	=	(p	-	a)/2/3	We	see	that	n'(q)	>	0	for	q	<	(p	-	a)/2/3,	and	n'(q)	<	0	for	q	>	(p	-	a)/2{3,	Thus,	q	=	(p	-	a)	/2{3	maximizes	profits	provided	p	>	a.	PR	SECTION	1.	The
maximization	of	He	w.r.t.	u	gives	u	=	O.S>c,	assuming	that	A	is	>	0.	In	Example	9.2.1	the	objective	function	was	J[[l	-	tx(t)	-	u(t)2]	dt,	and	the	solution	was	u*(t)	=	-¾(T	2	value	function	is	-	t	2	),	x*(t)	=	xo	-	¾T	2	t	+	At3,	with	p(t)	=	-½(T	2	-	t	2	).	,	xm),	viewed	as	a	point	of	[l1<	117	+l)n.	11	_	1111	-	1	+	...	Obviously,	for	all	x	we	have	f(x)	:S	f*(g(x)),
Hence,	cp(x)	f(x)	-	f*(g(x))	has	a	maximum	at	x	=	x,	so	=	O	=	3rp(i)	=	3f(i)	ax,	_	ax,	t[Bf*(b)]	·	3g1(x)	Bb1	Bx1	j=l	b=g(x)	Suppose	we	define	.	Proof	oflower	hemicontinuity:	Let	y	0	E	9-'	(x0	)	and	let	x1c	---+	x	0	E	X.	4.	<	0	ask	-+	oo,	and	G"(k)	=	sf"(k)	<	0	for	all	k	>	0,	So	G	has	a	unique	stationary	point,;	>	0	at	which	G'(k)	=	0,	Obviously,	G(k)	>	0.	X1)	2]
+	(1	+	V3	+	X3)	l	Xo	=	0,	Xi,	X2,	X3	E	IR	=	0,	1,	2)	are	identically	and	independently	distributed,	with	458	CH	APTER	1	2	I	DISC	RE	TE	TIME	OPT	IM	I	Z	AT	ION	12.7	Infinite	Horizon	Stationary	Problen1s	We	consider	an	infinite	horizon	version	of	the	problem	given	by	(12.6.1)	in	the	previous	section.	z	V(x)	:~--~i~	V(x)	''	a	X	Figure	1	X	Figure	2	Let	X
=	IRl	and	Y	=	[-1,	2].	Define	H(t,	x,	p)	=	max	H(t,	x,	u,	p)	uEU	assuming	that	the	maximum	value	is	attained.	A	stationary	point	off	is	a	point	where	all	the	:first-order	partial	derivatives	are	0.	(b)	Derive	from	these	conditions	that	c	r	-	f{(K,	u)	w	C	where	r,!fry/)	oJ	is	the	elast.icity	of	the	marginal	utility.	(b)	Solve	the	system	with	x	(0)	t-->oo	5.	For	some
differential	equations	in	the	theory	of	option	pricing,	the	independent	variable	is	the	current	stock	price	rather	than	time.	Look	at	Figo	2	again.	According	to	(B.3.9),	(Ax)'	(Ax)	is	a	real	number	2::	0.	In	economics,	some	of	its	first	applications	were	by	Ramsey	(1928)	to	an	optimal	savings	problem	(see	Example	8,	1,	1),	and	by	Hotelling	(1931)	to	a
problem	of	finding	the	optimal	extraction	of	a	natural	resou1-ce	(see	Examples	9,	1,2	and	9.8,	1).	Heal	has	studied	the	system	q	=	a(p	-	c(q)),	p	=	b(D(p)	-	q)	where	q	is	the	amount	sold	of	a	commodity,	p	is	its	price	per	unit,	c(q)	is	the	average	cost	function,	and	D	(p)	is	the	demand	function_	Here	a	and	b	are	positive	constants	and	D'	(p)	<	0.	,	Xn	are
those	that	maximize	production	subject	to	the	resource	constraints.	We	call	f	cm:J.thmous	if	it	is	continuous	at	every	point	in	its	domain.	See	SM.	This	corresponds	to	the	ancient	Babylonian	calendar	that	divided	the	year	into	360	From	a	mathematical	point	of	view,	the	radian	scale	is	the	most	natural	one	for	measuring	angles.	By	using	rule	(1.1.20)
repeatedly,	we	obtain	the	fommla	for	Dk,	(b)	Use	the	hint.	Then	x*	=	c/b	is	an	equilibrium	state,	since	x	=	c	/bis	a	constant	solution	of	the	equation.	A	finite	set	can	be	described	by	listing	the	objects:	{a,	b,	c,	..	Then:	)c	1,	(a)	Q	is	positive	definite	¢=:}	Al	>	0,	...	By	Theorem	1.8.1,	if	11h11	is	sufficiently	small,	then	with	r	=	(r1,	...	p/	P7	=	Brouwer's
fixed	point	theorem	can	only	be	used	to	prove	existence.	2t	x=--	x-!-	t	2	into	a	separable	differential	equation	for	z,	and	use	this	to	find	the	general	solution.	Let	{xd	be	a	sequence	such	that	lxk+	1	-	xkl	<	1/2"	for	all	k	=	l,	2,	....	6.5.1),	x(t)	is	a	tangent	vector	to	the	curve.	The	maximization	problem	becomes	maximize	f	(x,	y)	subject	to	y	E	F(x)	Define	the
conesponding	value	function,	V(x)	=	yEF(x)	max	f(x,	y)	(3)	Then	the	following	theorem	holds:	tN£.RA1	C	Suppose	that	f(x,	y)	and	g;(x,	y),	i	=	1,	..	Then	the	problem	is	to	find	maximum	or	minimum	points	off	in	5:	max	(min)	f	(x)	subject	to	x	E	5	where	max(min)	indicates	that	we	want	to	maximize	or	minimize	f.	In	this	section,	we	discuss,	in	particular,
the	stability	of	any	solution.	Jf	x,	y	E	!Rn	and	Jc	E	[O,	1],	then	f	(),x	+	(1	->-.)y	=	llh	Aj(x)	+	(1	-	>-.)f(y).	Then	(0,	0)	is	a	boundary	point	of	D.,	but	not	of	its	closure	D*	=	D.	The	Hamiltonian	with	po=	1	is	H(t,	x,	u,	p)	=	[q(t)u	-	C(t,	u)]e-'	1	+	p(-u),	and	the	maximum	principle	states	that	there	exists	a	continuous	function	p(t)	such	that	u*(t)	maximizes
[q(t)u	-	C(t,	u)	p(t)	8H	=	-~	ax	=	0,	p(T*)	:::	0,	Je-'	1	-	p(t)u	subject	to	u	::::	O	with	p(T*)	[	q	(T*)u*	(T*)	-	C(T*,	u*(T*))	]e-,T"	=0	if	x*(T*)	>	0	=	p(T*)u*	(T*)	(i)	(ii)	(iii)	Because	p(t)	is	continuous,	(ii)	implies	that	p(t)	=	p	~	0,	where	j3	is	a	constant	Put	g(u)	=	[q(t)u	-	C(t,	u)]e-rt	-	pu.	=	1/(1	+	p	+	p	2	+	·	·	·	+	pr-s)_	and	find	12.2	The	Euler	Equation	The
economics	literature	sometimes	considers	the	following	formulation	of	the	basic	dynamic	programming	problem	without	an	explicit	control	variable	(e.g.	Stokey	et	al.	TI1en	the	Kuhn-Tucker	conditions	will	automatically	be	satisfied	by	x*	together	with	all	the	Lagrange	multipliers	Aj	=	0.	2	=	1.	Note,	however,	that	the	term	-4ii	gives	us	a	sin	2t	term	on
the	left-hand	side,	and	no	matching	term	occurs	on	the	right-hand	side	of	the	equation.	It	can	be	shown	that	it	has	a	minimum?:!	0.8856	at	the	point	x	?:!	l	.46	l6.	f/2(:'.>Tt	3	If	the	inequality	sign	in	(1	)(b)	is	reversed,	so	is	the	inequality	sign	~	in	(3).	After	litXr	has	been	withdrawn	for	consumption,	the	remaining	stock	of	wealth	is	(	l	-	u	1	)x1	,	Because
of	interest,	this	grows	to	the	amount	x	1+1	=	p	(	1	-	u1)x	1	at	the	beginning	of	period	t	+	l.	whose	inverse	1s	p-	1	=	3ljs	/s	-ljs)	215	.	The	Hamiltonian	function	with	Po	=	l	is	H(t,	x,	u,	p)	=	x	+	px	+	pu,	which	is	linear	and	hence	concave	in	(x,	u),	so	Theorem	9.4.2	applies.	I	Figure	4	A,	B,	and	C	are	extreme	points.	(To	understand	how	to	anive	at	this
function,	see	Problem	4).	Solve	problem	9.4.7	with	T	free.	Solve	the	problem	T	max	u	E[O,u	0	I	r	Jo	(x1	-	CX2	+	UO	-	x1(0)	U)	dt,	x2(0)	=	xf,	=	x~,	x	1	(t)	is	free	x	1	(t)	is	free	where	T,	b,	c,	and	u	0	are	positive	constants	with	bcT	>	2	and	2bc	<	L	(Economic	interpret,	ation:	Oil	is	produced	at	the	rate	of	u	0	per	unit	of	time,	The	proceeds	can	be	used	to
increase	the	capacity	xi	in	the	sector	producing	consumption	goods.	Moreover,	F'(u)	==	1/u	and	F"(u)	=	-I/u	2	,	so	Fis	increasing	and	concave.	and	solving	the	equation	for	lY,	we	obtain	c/	1	c)IY	=	A	t/y	wr-1	+	-	cv	1-	T-t	t	CV	=	=	A,	T,	T	-	1,	...	is	another	solution	(see	Problem	7).	x	2	dx	If	x	=	v~	1)	dt,	so	2.	.,n	fj~(x)	CONOn	IONS)	Suppose	that	f	(x)	=	f
(xi,	...	The	following	result	gives	a	:stability	condition	based	directly	on	the	coefficients	of	the	characteristic	equation.	Find	all	functions	z	=	z(x,	y)	that	satisfy	Elx	z	-	Ely	z	=	x.	Multiplying	(10)	on	the	right	by	(I-A)-	1	yields	I+	A+A	2	+	·	..	z	figure	2	figure	1	Lett	be	an	arbitrary	point	in	the	interval	[a,	b].	J,	which	concerns	the	case	n	=	l	y	~Y=f(x)	~	/	I	-
+-----~a~-----____..,x	figure	1	f	is	concave.	C1fON	9	9	1.	Hence,	all	admissible	x	satisfy	1	'A1g;(x)	=	L]~	1	l;g;(x*),	so	(1)	implies	that	f(x*)	?.:	f(x).	The	derivative	of	g(x)	=	arcsinx	is	most	easily	found	by	implicit	differentiation.	This	is	a	standard	dynamic	optimization	problem	of	the	type	described	above.	'	n.	Ifb(t)	=	0	for	all	t,	then	x(t	+	1)	=	Ax(t)	{=}
x(t)	=	A	1x(O),	t=0,1,	...	,	b111	are	given	numbers,	then	the	set	S	=	{x:	g;(x)	::::	b1	,	j	=	1,.,.,	m}	is	closed.	111en	(10)	yields	f*(l	-0.02,	1.75	+0.05)f*(l,	1.75)	~	,\1(1,	1.75)db1	+>.,2(1,	L75)db	2	=	l	·	(-0.02)	+	1	·	(0.05)	=	0.03.	Again,	ufl	-+	O	as	t	-+	oo	jf	and	only	if	modulus	of	the	COJTesponcling	solution	of	the	characteristic	equation	is	<	l.	,	n	This	is
the	profit	maximizing	choice	of	input	quantity	for	each	factor	of	production.	U(x1,.	As	described	in	Example	4,	the	3	x	3	matrix	A	has	three	principal	2l,	and	3l	are	the	diagonal	elements.	au.	(Hint:	5.	Now	one	can	use	the	terminal	condition	(9.4.3)	and	the	transversality	condition	(9.4.7)	to	show	that	the	last	term	in(***)	is	always?:	0,	Indeed,	if	(9.4.3)(a)
holds,	then	x(t1)	x*(t1)	=	x1	-	xi	=	0,	But	if	(9.4.3)(b)	holds,	then	p(t1)	?:	0	and	so	if	x*(t1)	=	x	1,	then	p(t1)(x(t1)	-	x*(ti))	=	p(t1)[x(ti)	-	xi]	?:	0	because	x(t1)	?:	x1.	Use	Lagrange's	method	(see	Section	3.3)	to	show	that	the	first-order	condition	for	x	to	solve	either	problem	is	that	xis	an	eigenvector	for	A.	(xo,	y0	)	is	locally	asymptotically	stable.	~	a11	~	0,
a22	S	0,	and	a11a22	-	a?2	::::	0	(4)	SECT	IO	1\1	1	.	=	e'	does	not	A	Useful	Characterization	of	Stability	Recall	that	in	the	complex	number	r	=	a	+if3,	ot	is	the	real	part,	and	that	the	real	part	of	a	real	number	is	the	number	itself	With	these	concepts,	we	have	the	following	characterization	of	global	asymptotic	stability:	The	equation	x	+ax+	bx	=	f	(t)	is
globally	asymptotically	stable	iffboth	roots	of	the	characteristic	equation	r	2	+	ar	+	b	=	0	have	negative	real	parts.	THEOlUM	Suppose	that	A=	(a;;hxn	~	0,	and	define	,\A	=	inf	{	/.l	:	µ,	>	0	and	/J-	1A	is	productive}	Then	:::	0	is	the	largest	real	eigenvalue	of	A	and	has	an	associated	nonnegative	eigenvector,	The	eigenvalue	AA	is	called	the	Permn-
F'robenius	mot	of	A.	Note	the	following	result:	(a)	A	is	relatively	open	in	S	{==',-	(b)	A	is	relatively	closed	in	S	~	=	U	n	S	for	some	open	set	U	in	IR".	However,	computational	effors	can	easily	occur,	and	if	we	work	with	approximate	numbers	(as	we	are	usually	forced	to	do	in	serious	applications),	the	approximation	error	might	well	explode	and	in	the
end	give	an	entirely	misleading	answer.	In	fact,	because	of	the	continuity	assumption,	h(t	x(t),	i(t))	must	be	positive	for	all	x(t)	sufficiently	close	to	x*(t),	and	the	result	follows	because	the	Euler	equation	was	derived	by	comparing	the	value	of	the	objective	functional	only	with	the	values	for	functions	close	to	x*(t).	Let	!Fi£+	denote	the	set	of	all	x	for
which	x1	2::	0,	....	In	addition,	x	(ii)	x	=	BeAt	11	=	11	1	7~	(a)	u'X	=	ae	1"	2	eCYx	~	u'XX	=	a	2	e	1"'	2	e	0	and	2a	>	0,	i.e,	iff	0	<	a	<	1.	We	now	know	thaqf	the	derivative	off	If	f	is	a	C	1	transformation	from	an	open	set	A	·	oo	and	f	(x)	-+	-oo	as	x	->	-co,	or	f	(x)-+	-oo	as	x	->	oo	and	f	(x)-+	co	as+-+	-oo.	Suppose	instead	that	vf	=	1.	Examples	are
alternating	electric	currents	in	physics,	heartbeat	and	respiration	in	physiology,	and	seasonal	variations	in	economics	such	as	increased	demand	for	heating	fuel	and	warm	clothing	in	winter,	as	opposed	to	air-conditioning	and	cool	clothing	in	summer.	The	above	concepts	make	it	possible	to	formulate	the	following	theorem:	TH	EM1.	For	the
nonhomogeneous	equation	(4),	one	can	then	de1ive	the	following:	=	x	=	A(t)x	+	b(t),	x(to)	=	x0	~	x(t)	=	P(t,	t0	)x0	+	f	I	P(t,	s)b(s)	ds	(11)	ro	To	show	that	this	x(t)	is	a	solution,	we	observe	from	Leibniz's	formula	that	x(t)	=	P(t,	t0	)x0	+	P(t,	t)b(t)	+	=	A(t)P(t,	t0	)x0	+	1'	f	I	P(t,	s)b(s)	ds	,	to	A(t)P(t,	s)b(s)ds	+	b(t)	=	A(t)x(t)	+	b(t)	ro	The	matrix	P(t,	s)
denotes	the	resolvent	at	time	t	when	the	initial	point	of	time	is	s.	Suppose,	on	the	other	hand,	that	each	component	/j	is	continuous	at	x	0	.	An	important	question	is	this:	will	small	changes	in	the	initial	conditions	have	any	effect	on	the	long-run	behaviour	of	the	solution,	or	will	the	effect	"die	out"	as	t	--+	oo?	D	is	not.	J.	1.	Let	)q,	...	,	an)	be	an
equilibrium	point	for	system	(1)	and	let	A	be	the	Jacobian	matrix	of1	(a)	ofi	(a)	OX]	(	A	=	OXn	.	Define	I('	(x1	,	v1)	=	r	E	[	~	f	(s,	X,,	u,(X,,	V,))	I	x1	,	v,]	Given	the	starting	time	t	and	state	(x1	,	v,	),	this	is	the	conditionally	expected	value	of	following	the	process	(	1)	using	the	control	sequence	n	from	time	t	on.	Let	x11	-+	x0	,	h,,	->-	h,	h11	E	l-l(xn).	x*,	then
x*	is	a	strict	maximum	point	for	fin	S.	Finally,	for	x	=	0,	all	values	of	y	in	[-1,	2]	maximize	xy	2	,	and	the	maximum	value	is	0.	But	then	Theorem	3.1.2	shows	that	the	stationary	point	x''	is	a	minimum	point	for	fin	B(x*;	r),	and	therefore	a	local	minimum	point	for	fin	S.	We	state	a	theorem	that,	in	conjunction	with	Theorem	7.3.1,	provides	necessary	and
sufficient	conditions	for	equation	(1)	to	be	globally	asymptotically	stable:	1	M	3	;z	{HUR.WITZ-ftoUTH}	Let	be	a	polynomial	of	degree	n	with	real	coefficients.	Continuing	in	this	way,	we	construct	each	control	uk(x,	v)	recursively	so	that	T(Juk)	=	yt'Hl	(J"k)	for	le=	0,	l,	2,,.,.	Because	x,,,-J	~	x,,,	form	=	l,	2,	...	(2)	k=l	Let	us	multiply	each	term	in	(2)	by	(l
+	r	)-	1	,	which	is	a	factor	of	sufficient	economic	importance	to	have	earned	a	standard	name,	namely	the	discount	factor.	For	example,	if	x(t)	denotes	the	total	stock	of	a	pollutant	in	a	lake,	then	x	(t1)	:s	x	I	means	that	at	the	end	of	the	planning	period	pollution	should	not	exceed	a	prescribed	level	x1.	1	r	(r	2	-	pr	+	q)	=	0,	and	r	2	-	pr	=	3	>	0,	a3	=	l	>
0,	and	a	1a	2	-	a3	=	8	>	0.	Likewise,	a	convex	function	has	convex	lower	level	sets.	Some	useful	properties	of	quasiconcave	functions,	illustrated	in	Fig.	Perform	a	phase	plane	anaJysis	of	the	following	systems	and	then	find	their	explicit	solutions.	An	equilib1ium	point	(a,	b)	of	the	system	g(a,	b)	=	0)	is	called	locally	asymptotically	stable	if	any	path
starting	near	b)	tends	to	(a,	b)	as	t	-+	oo.	Note,	however,	thatin(4)(a)onecannotdroptheconditiona22:::	0.	Many	economic	optimization	problems	have	nonnegativity	constraints	on	the	variables.	Thus	the	conditions	in	(	*)	are	equivalent	to	the	conditions	in	(**).	The	average	rate	of	change	off	from	x	to	x	+	ha	is	then	(f	(x	+	ha)	-	f	(x))	/	h.	Let	(to,	xo)	be	an
arbitrary	point	in	A	Then	there	exists	exactly	one	"local"	solution	of	the	equation	that	passes	through	the	point	(t0	,	x	0	).	The	union	of	convex	sets	is	usually	not	convex.	'~M'.	The	objective	(1)	then	becomes	J[	U(C(t))dt	=	.f[	U(f(K(t))	-	K(t))dt-	In	this	case	the	integrand	is	F	=	U(C)	=	U(f(K)	-	K),	so	Fi=	-U'(C).	Indeed,	if	it	did	not,	then	the	sequence
{1ix1c	I	h	would	have	a	bounded	subsequence.	Y2)	is	maximized	subject	to	the	total	outlay	for	the	input	factors	not	exceeding	budget	allowance	m	>	0.	The	equality	in	(7)	is	also	valid	if	sup	is	replaced	by	max,	provided	that	the	relevant	suprema	are	attained,	so	that	the	maximum	values	exist.	(a)	J	=r	(b)	T(r,	0)	=	0.	The	fundamental	problem	that	we
study	is:	Among	all	pairs	(x(t),	u(t))	that	obey	the	differential	equation	in(])	with	x	(to)	=	xo	and	that	satisfy	the	constraints	imposed	on	x	(t	1),	find	one	that	maximizes	(2	).	The	first	known	application	of	the	calculus	of	variations	was	to	the	"brachistochrone	problem",	1	Given	two	points	A	and	B	in	a	vertical	plane,	the	time	required	for	a	particle	to	slide
along	a	curve	from	A	to	B	under	the	sole	influence	of	gravity	will	depend	on	the	shape	of	the	curve.	If	we	define	p	=	-p	0	/	r,	and	divide	(**)	by	r,	we	get	inequality	(4).	Find	an	expression	for	R(t)	by	differentiating(*)	w.r.t.	t.	the	controls	that	yield	the	maximum	value	-~,	(x)	in	(3)	evidently	do	depend	on	x.	If	we	move	a	distance	hllall	>	0	from	x	in	the
direction	given	by	a,	we	arrive	at	x	+	ha..	In	turn,	(iii)	is	used	to	find	y1	•	The	result	is	X1=A+B(tf,	3	Yr=	~AB	(	6l	)I	Matrix	Formulation	of	linear	Systems	If	the	functions	XJ	(t	f1,	...	Find	the	two	equilibrium	states.	Next,	divide	K	1	into	four	equal	squares,	each	of	which	has	sides	oflength	L	/	4.	These	continuity	properties	will	be	implicitly	assumed
from	now	mi.	Thus,	the	marginal	product	of	capital	aF	/fJK	must	equal	the	proportional	rate	of	growth	of	the	labour	force.	Moreover,	z~	:f	0.	What	can	be	said	generally	about	ihls	when	t	increases?	,	n	is	homogeneous	of	degree	µ,,	and:	1	2	(a)	quasiconvex	for	p	S	-1,	quasiconcave	for	p	2':,	-1;	(b)	concave	for	O	<	µ,	S	1,	p	2':,	-1;	(c)	strictly	concave	for
O	<	/..t	<	1,	p	>	-	l.	SECTIOI\I	5,8	5	/	EXISTEf\lCE	AND	UNIQUENESS	217	Existence	and	Uniqueness	For	an	economic	model	to	be	consistent,	the	equations	in	that	model	must	have	a	solution.	It	is	easy	to	see	that	z	is	homogeneous	of	degree	/,l.	("What	every	young	economist	should	know	about	optimal	control	theory.")	After	the	introductory	Section
9.1,	Section	9.2	deals	with	the	simple	case	in	which	there	are	no	restrictions	on	the	control	variable	or	on	the	terminal	state.	(an/	qn)'111	/(l-a),	so	we	conclude	that	_	(a;)	(.Ap)	V;	-	-	J/(1-a)	q;	(a1-	)a1/(J-a)	q1	(a2-	)az/(1-a)	q2	(an	)an/0-a)	'	.	(See	e.g.	EivlEA.)	Make	use	of	the	method	described	above	to	confirm	the	"only	if"	part	of	this	result.	This	gives
the	typical	problem	1	11	max	{	u(t)EU	f(t,	x(t),	u(t))	dt	+	S(x(t1))},	i(t)	=	g(t,	x(t),	u(t)),	10	x(to)	=	xo	(1)	The	function	S	(x)	is	called	a	scrap	value	function,	and	we	shall	assume	that	it	is	C	1	.	The	conditions	in	Theorem	9	.2.1	are	necessary,	but	not	sufficient	for	optimality.	Given	e	>	0.	(Actually,	the	straight	line	between	A	and	B	solves	another
vaiiational	problem:	Find	the	shortest	curve	joining	A	and	B.	1	and	Note	3.	As	for	the	second,	it	is	like	the	first,	except	that	requhing	the	state	x	1	to	be	larger	at	time	t	1	has	an	effect	that	is	the	opposite	of	allowing	x0	to	be	larger	at	time	to.	4,	Solve	the	problem	max	:i:1	(t)	=	au1	(t),	.lr	(x2	+	c(l	-	+	3x1	(T)	+	2x2(T)	and	u1	-	u2))	dt	X1	(0)	=	Xj	(T)	free
where	T,	a,	b,	and	care	positive	constants	and	T	-	c/a	>	T	-	2/b	>	0.	0	for	all	t	2"..	62	At	(	-	2,	-	2,	-	2)	the	leading	principal	minors	are	6(-2)	I,,	I	=	-12,	1	12	3	3	-12	I	=	135,	-12	3	3	3	-12	3	3	3	-12	=	-1350	According	to	Theorem	3.2.	l(b),	(-2,	-2,	-2)	is	a	local	maximum	point.	If	S	=	Q,	the	set	of	rational	numbers,	then	S	=	Q	=	IR,	the	whole	real	line,	and	"Ii
is	certainly	not	a	boundary	point	of	IR.	For	any	admissible	pair	(x(t),	u(t))	and	for	all	t?:	t0	,	define	D	11	(t)	=	1'	f(r,	x*(r),	u*(r))e-rr	dr	~	-1	1	f(r,	x(r),	u(r))e-n	dr	=	~	in	simplified	notation.	Then	({:x;'},	{u7})	is	optimal	provided	that	the	following	transvcrsality	condition	is	satisfied:	for	all	admissible	sequence	pairs	({xr),	{ui}),	lim_	Pt	.	Jl	f,X!,	...	TI1ey
are	circles	centred	at	(2,	3).	Let	lxm	-	Xn	n	m	and	be	natural	numbers	with	m	n,	>	1	1	I	=	lxn+p	-	Xn	I	=	(n	+	l)2	+	(n	+	2	)2	=	1	1	1	I	21	+	22	+	23	+	·	·	·	+	0k-	is	a	and	define	p	=	m-n.	By	induction,	Jv1(	17	)(1)	=	.e	00	x	4	)	dt	x"e	1xf(x)dx	and	8x(t)	fm	ft2	'	(c)	F	(x)	o/	0,	F'(0)	=	1/4.	Given	&	>	0,	choose	a	natural	number	N	such	that	lxk	-	x	I	<	s	/2	for	all
k	>	N.	Finally,	in	case	(IV),	the	CQ	holds	trivially.	:~]i:	5.	Note	that	when	f	0,	the	elasticity	of	marginal	utility	is	Elcu'(c)	=	cu"(c)/u'(c)	=	-e.	,	n,	then	x'''	solves	the	local	maxi-	Check	to	see	that	if	m	=	1,	the	conditions	in	(a)	and	(b)	reduce	to	those	in	(3)	and	(4).	(This	problem	illustrates	that	a	solution	may	not	exist	if	the	domain	of	the	function	fin	(1)	is
restricted	in	any	way.)	11,2	Econornic	Applications	In	this	section	we	consider	several	interesting	applications	of	the	theory	studied	in	the	previous	section.	There	is	no	method	for	finding	exact	numerical	values	of	the	trigonometric	functions	in	the	general	case.	=	ffc(K,	u)J,;(K,	u)	See	Section	8.4.	7.	Explain	why	f	is	quasiconcave	as	well	as
quasiconvex.	Then	s*(t)	=	l	in	[O,	t*)	and	s*(t)	=	0	in	(t*,	T].	This	is	a	linec1r	differential	equation	of	the	second	order	with	constant	coefficients	(see	Section	6.3).	UEfll,[J	lof	00	x,e-rt	dt	-	,	{	i:1	=	aux1,	Xt	i:2	=	a(l	x2(0)	-	u)xi,	(Q)	=	X~	>	Q	=	xg	=	0	(b)	Show	that	the	problem	has	no	solution	when	r	<	a.	Suppose,	in	particular,	that	for	every	choice	of	x	1
and	x	1+1	the	equation	x	1+1	=	g(t,	X;,	u	1	)	has	a	unique	solution	u.r	in	U,	which	we	denote	by	u1	=	cp(t,	x	1	,	x	1+d-	Now	define	the	function	F	by	F(t,	X1,	x	1+1)	=	f	(t,	Xt,	cp(l,	x	1	,	x	1+1))	fort	<	T,	and	F(T,	xr,	xr+1)	=	maxuEU	f(T,	XT,	u).	Clearly	His	concave	in	(x,	u),	so	we	use	sufficient	conditions	with	qo	=	1.	,n	where	u(x)	=	u(.:i:	1.••.•	,	x	11	)	is
C	1	in	an	open	set	Q	about	O	=	(0,	...	Use	Theorem	3.3.1	to	solve	the	problem	max	f(x,	y,	z)	=	x	+	2z	subject	to	!	g1(x,y,z)=x	g2(x,	y,	z)	=	+y	+z=l	y2	+	z	=	7	/4	x2	+	(Hint:	Eliminate	the	Lagrange	multipliers	from	the	first-order	conditions	to	show	that	one	gets	y	=	2x	-	1/2.)	SECTION	3.3	I	EQUALITY	CONSTRAINTS:	THE	LAGRANGE	PROBLEM	Here
£	(x,	y,	z)	first-order	conditions	are	(i)	£1	=	l	-	AJ	-	2A2x	=	x	+	2z	-	=0	+	y	+z	-	I)	-	A2	(x	2	(ii)£;=	-,\1	-	2,\2y	=0	(iii)	)q	(	x	+	+z-	£'o	=	2	-	119	7	/	4),	so	the	AJ	--	=0	=	From	equation	(iii)	we	get	>c	2	2->c	1	,	which	inserted	into	(ii)	gives	-.~	1	-4y	+2.Jqy	=	0,	or	A1(2y	-	1)	4y.	,m	(10b)	Either	there	e;dsts	a	number	t'	;::::	to	such	that	p;(t)	?:	0	for	all	t	?:	t',	or
there	exists	a	number	P	such	that	Ix;	(t)	I	::s	P	for	all	t	?:	to	and	Jim	p;	(t)	?::	0	i=l+1,	...	(a)	K	=	[-	0-	(	1	-	av+	s	=	b	+	c)e(01u+e)t	+C	]1/(l-b+c)	+	(sA/Jc)(1-e-">.t)]1f"--+	(b)	lax	-	J'll(/J/r,)lx	-	al-a=	Ce(aa-/Jlt	=	A(K/L)	1-"--+	A(sA/A)(l-")/0'	as	t	--+	oo.	If	f	and	g	are	C	2	functions	of	one	variable,	t_hey	are	concave	if	and	only	if	f	11	(x)	:::	0	and	g"(x)	:::	0.	7	/
PROD	U	CT	IVE	EC	ON	OM	I	ES	AND	FRO	B	EN	I	U	S'	S	TH	EO	RF.	satisfies	SDIL;tior·	i-	0.25A	=	-3(HC)*	/3K	=	-4	+	025A,	),(20)	=0	It	follows	that	=	Notethatu*(t)	>	Oin[0,20).	Define	the	Hamiltonian	by	H(t,	x,	u,	p)	=	{	f(t,	x,	u)	+	pg(t,	x,	u)	for	t	<	T	for	t	f(t,	x,	u)	=	(2)	T	where	pis	called	an	adjoint	variable	(or	co-state	variable).	Section	14.2	deals
with	such	generalizations	and	also	includes	some	economic	applications.	=	(~	-~	~),	aR	promised	by	Theorem	L6.2.	0	0	3	3.	If,	once	you	have	had	time	to	review	this	title,	you	feel	Custom	publishing	might	bertefit	you	and	your	However	minor,	or	major,	the	change	-	we	,:i:m	help	you	out,	course,	please	do	get	in	contacL	For	more	details	on	how	to
make	your	chapter	selection	for	your	course	please	go	rn	www.pearsoned.eo.uk/syd~aeter	You	can	contact	us	at'.	Inserting	these	expressions	for	u*,	u*,	and	ii*	into	the	equation	yields	2A	--	4(2At	+	B)	+	4(At	2	+	Bt	+	C)	t	2	+	2.	,a11	)=0,	=	Note	that	x1	=	xi	(t)	=	a1,	...	g(x)	for	x	E	IR	11	•	Also,	for	x	=	x*,	when	f(x)	=	f*(b),	the	last	pair	of	inequalities	in
(*)	become	equalities,	so	A·	(g(x*)	-	b)	=	0,	which	shows	complementary	slackness.	(a)	x=y	y=x	x=x+y	y=x-y	(b)	;r	(c)	.	Write	down	the	conditions	in	the	maximum	principle	in	this	case.	(Hint:	Try	the	substitution	x	=	w/t.)	(sJ111	3.	=	{f(x)	:	x	E	Kl	is	Let	{yd	be	any	sequence	in	f(K).	Figure	4	A	cycle	of	period	2.	If	the	inequality	in	(	*)	is	strict	for	all	x	f=.
Let	Wt	denote	the	value	of	the	assets	held	in	the	account	at	the	end	of	period	t.	To	obtain	(4)	as	a	necessary	condition	for	optimality,	we	need	a	"constraint	qualification"	given	in	the	following	theorem,	which	also	gives	sufficient	conditions	for	optimality.	Use	(2)	to	verify	the	definiteness	of	the	quadratic	fonn	2x1	-	Xz	-	8x1x2	+	l6x?	1,	f'(x*)	is	positive
and	the	sequence	xo,	x	1	,	.••	converges	monotonically	to	x*,	whereas	in	Fig.	(No	rows	or	columns	are	deleted.)	A	principal	minor	is	called	a	leading	principal	minor	of	order	r	(]	:::	r	:::	n),	if	it	consists	of	the	first	("leading")	r	rows	and	columns	of	IAJ.	Suppose	that	a	is	an	equilibrium	state	for	x	=	F(x),	so	that	F(a)	=	00	If	F'(a)	<	0,	then	F(x)	is	positive	to
the	left	of	x	=	a,	and	SECTION	5.7	/	QLJ,I\LITATIVE	THEORY	AND	STABILITY	=	213	=	negative	to	the	right	Around	x	a	the	graph	of	i	F	(x)	and	the	directional	diagram	both	look	similar	to	Figs.	Suppose	that	there	exists	an	admissible	pair,	and	suppose	further	that:	I	(a)	N(t,	x)	in	(1)	is	convex	for	every	(t,	x).	FORS	nONl0.3	1,	Given	r	E	(0,	1),	solve	the
problem	max	1	00	(x	-	u)e-rt	dt,	x	=	ue-t,	x(0)	=	xo	2::	0,	u	E	[0,	J]	2.	The	h01izontal	tangent	plane	at	the	corresponding	point	P	lies	on	top	of	the	graph.	(a)	V(x,	y)	=	x	2	+y2	is	positive	definite	and	V	=	2xx+	=	2x(-y-x	3	)+2y(x-y3)	=	-2x	4	-2y	4	<	Ofor	all	(x,	y)	cjc	(0,	0).	3	Consider	the	capital	accumulation	model	of	Example	9.6.3(b).	What	are	the
eigenvalues	if	k	=	3?	resu	lt:	A	THEbR€M	1.8	1	Assume	that	the	first	m	columns	in	the	matrix	(bij)mxn	in	(4)	are	linearly	independent.	,	xo	given	(8)	and	the	terminal	conditions	4	(a)	lim	Xi(T)	T-+oo	(b)	=	,Yi,	lim	x;(T)	2::	Xi,	i	=	1,	...	Then	the	vector	equation	p	=	c(w),	if	it	has	a	unique	solution,	will	determine	the	factor	price	vector	w	as	a	function	of	p.
Then	F(p)	might	be	the	set	of	the	agent's	optimal	decisions	given	these	parameters-for	example,	the	set	of	a	consumer's	utility	maximizing	demands,	or	of	a	firm's	profit	maximizing	production	plans.	Suppose	that	the	person	can	bmrnw	and	save	at	the	same	constant	rate	of	interest	r.	TI1e	equation	is	therefore	globally	asymptotically	stable.	The	1.
There	is	no	convergence	to	a	steady	state	in	this	case.	If	v	~	u,	then	v	-	u	~	0	and	A(v	-	u)	~	0,	or	Av	~	Au.	This	shows	that	the	function	f	is	increasing,	as	well	as	obviously	continuous,	so	Theorem	13.7.1	applies.	al	4	>	general	solution	is	x	=	c	1e-1	+	C\te-	1	+	Cv::-·	21	,	which	approaches	Oas	t-+	oo.	In	a	growth	model	studied	by	N.	Hint:	Show	that	if
the	sequence	{x1r}	does	not	converge	to	x	0	,	then	it	has	a	subsequence	converging	to	a	point	different	from	x0	.	Systems	of	this	type	may	exhibit	very	complicated	behaviour.	When	even	this	weaker	sufficient	condition	fails,	we	can	still	be	sure	that,	if	there	is	a	unique	solution	candidate	and	a	solution	really	does	exist,	then	that	candidate	must	be	it
For	static	optimization	problems	we	relied	on	the	extreme	value	theorem	to	demonstTate	that,	under	certain	conditions,	there	does	exist	an	optimal	solution.	Solve	the	problem	max	fT(-x	2	-½u	2)e-	21	dt,	i=x+u,	x(O)=l,	x(T)free	u(l)E(-00,00)	}	0	111eHamiltonianis	H(t,	x,	u,	p)	=	(-x	2	-½u	2	)e-	21	+	p(x+u),	The	maximum	principle	states	that	if	an
admissible	pair	(x*(t),	u''	(t))	solves	the	problem,	then	there	exists	a	function	p	defined	on	[O,	T]	such	that:	=	u*(t)	maximizes	H(t,	x*(t),	u,	p(t))	for	u	in	(-oo,	oo).	Both	these	functions	are	continuous,	and	so	the	sets	1-	1	(-oo,	2)	and	g-	1	(-oo,	5)	are	both	open,	Sis	open	as	the	intersection	of	these	open	sets.	Some	of	the	more	challenging	chapters	start
with	a	simple	treatment	where	some	technical	aspects	are	played	down,	while	the	more	complete	theory	is	discussed	later.	Use	Theorem	A.3.1	to	prove	that	the	sequence	is	convergent	and	find	its	limit.	"	,	m	for	i	=	m	+	1,	...	Hence,	h(x)	=	~	+	2x,	with	(x)	=c	½	=	1,	the	function	to	be	maximized	in	(6)	is	given	by	h1	(u)	=	l	+x	-	+	h(x	+	u)	=	1	+	x	-	u2
+	9/4	+	2(x	+	u)	=	13/4	+	3x	+	2u	-	u	2	.	We	easily	see	that	!Al	/=	0	and	that	(x*,	y*)	=	(3,	4)	is	the	equilibrium	point.	This	proves	The	infinite	series	L~J	x	11	is	said	to	converge	if	the	sequence	{sk}	of	partial	sums	x2	+	·	·	·	+	Xk	is	convergent	It	follows	from	the	previous	example	and	Theorem	A.3.5	that	the	infinite	se1ies	sk	=	x1	+	co	l	Ln2	11=1	is
convergent	In	fact,	one	can	prove	that	this	infinite	series	converges	to	:rr:	2	/6.	(Hint:	Use	the	second	inequality	in	(c¥)	to	show	that	g.i	(x*)	::5	bi	for	j	=	1,	...	Thereafter	(6)	is	used	repeatedly	in	a	backward	recursion	to	find	first	u}_l	(XY-1,	VY-1),	then	t1f	_2(XY-2,	VY-2),	and	SO	on	all	the	way	back	to	Uo(Xo,	Vo).	A	necessary	condition	for	u	=	u''(t)	to
maximize	the	Hamiltonian	is	that	H	1'.	Then:	(a)	D,(x)	>	0	for	all	x	in	Sand	all	r	on	S,	=	1,	...	A.1	Sets	and	Functions	A	set	is	a	"collection	of	objects".	Since	V(x,	y)	=	x	2	+	y	2	->	oo	as	ll(x,	y)	-	(0,	0)11	=	ll(x,	y)II	=	Jx	2	+	y	2	-+	oo,	the	equilibrium	point	is	globally	asymptotically	stable	according	to	Theorem	7.5.3.	(b)	V(x,	y)	=	12x	2	+	12xy	+	ir,	easily
seen	to	be	positive	definite	and	V	=	24xx	+	12iy	+	12xj•	+	40yj,	=	24x(-;x	+	¾YH	12(-ix	+	¾Y)Y	+	12x(¾x	-	¾Y)	+40y(¾x	-	¾.v)	=	-33x	2	-47y	2	<	0	for	all	(x,	y)	=f	(0.	Actually,	'A	*(O)	is	precisely	that	value	of	>c(O)	which	makes	this	minimum	occur	at	the	point	(K.,	5:),	This	initial	value	A*(0)	leads	to	a	special	path	(K*(t),	A*(t)).	Moreover,	f*(g(x*))	=	f*
(b),	by	definition.	If	A	is	negative	definite,	then	by	Theorem	1.7.2(c)	all	the	eigenvalues	>..	The	formula	is	particularly	useful	for	the	case	n	=	1,	when	(,ta)	reduces	to	g(l)	=	g(O)	+	g\0)	+	½g"(c)	Using	the	chain	rnle	we	find	that	g'	(t)	=	f{(xo	+	th,	Yo+	tk)h	+	f	2(xo	+	th,	Yo+	tk)k	and	g"(t)	=	f{i(xo+th,	Yo+tk)h	2	+2J{;(xo+th,	Yo+tk)hk+J2;(xo+th,
Yo+tk)k	2	.	Conditions	(2)	and	(3)	are	often	called	the	Kuhn-Tucker	conditions.	Suppose	that	x	and	y	are	points	in	[R;	11	•	Then	define	the	dosed	and	open	line	segments	between	x	and	y	as	the	sets	[x,	y]	=	+	(1	-	l)y:	A	E	[0,	l]}	and	(x,	y)	=	{AX+	(1	-	l)y	:	"Jc	E	(0,	l)}	respectively.	(Using	(1):	Given	e	>	0,	we	must	find	a	number	N	such	that	fork	>	N	we
have	I(1	-	1/	k)	-	11	<	£,	i.e.	1/	k	<	£,	or	k	>	1/e.	A	pair	(x(t),	u(t))	that	satisfies	(2)	and	(3)	with	u(t)	E	U	is	called	an	admissible	pair.	Among	the	many	papers	in	the	economics	literature	that	use	control	theory,	the	majority	assume	implicitly	or	explicitly	that	the	control	functions	are	continuous.	,	A11	).	This	is	not	surprising.	g;	=	-3,	f~(0,	0)	=	-2,	(0,	0)
=	3,	and	g;(o,	0)	=	1,	so	tr	(A)	=	-3	+	1	=	-2	<	0	and	IAI	=	-3	-	(-6)	=	3	>	0.	Plt	4	Solve	the	problem	T-1	max	E[L-(X1+1	-	½Xi+	Vt)2	-	(XT+1	-	XT)2	-	½Xf]	1=0	where½,	t	5	=	l,	...	Consider	first	the	homogeneous	system	x	=	A(t)x	(*)	=	For	any	fixed	to	and	for	each	j	1,	...	(a)	We	easily	find	that	(I	-	A)-	1	=	~	(	122	;	2	),	and	from	Theorem	13.7.2	it	follows
that	A	is	productive.	,	m}	(m	<	n)	(5)	=	(b1,	...	Solving	for	Pt+!	in	terms	of	Pt	and	the	parameters	gives	the	difference	equation	t=l,2,	...	So	far	the	integral	in	(2)	has	been	maxirnized.	1111	SECTION	13.3	I	CONTINUOUS	FUNCTIONS	475	1	1	.	What	is	the	symmetric	matrix	A	associated	with	each	of	the	following	quadratic	forms?	(In	fact,	even	if	f	is
only	a	C	1	function,	f'(x)	i=	0	implies	that	either	f	is	(st1ictly)	increasing	or	(strictly)	decreasing,	and	so	is	quasiconcave	according	to	Example	2.	If	xo	=	b	/	(l	-a),	then	x	1	=	b	/	(1-a)	for	all	t.	Let	a	-	b	:/	0,	and	define	w(t)	=	h'	·	f(g(t))	=	h1.fi(g(t))	h	11Jn(g(t)).	According	to	part	(c),	(0,	0,	0)	is	a	saddle	point	SECTION	3,2	/	LOCAL	EXTREME	POINTS
Necessary	Second-Order	Conditions	for	113	I	Extrema	Suppose	x*	=	(xf,	...	,	m,	it	follows	from	(3)	that	for	every	s	>	0,	there	exists	a	8	>	0	such	that	lfj(x)	-	fj(x	0	)1	<	e	for	every	x	in	S	with	d(x,	x0	)	<	8.	,	x	11	)	is	a	C	2	function	defined	on	an	open,	convex	set	Sin	!Rn,	Let	D,.	Then	(viii)	reduces	to	rI/y	1	~1/y	l	(x)	-1+1	-	-Ci	-	--,	CV	W	This	is	a	first-order
linear	difference	equation	with	constant	coefficients.	It	will	now	be	shown	how	Brouwer's	fixed	point	theorem	can	be	used	to	prove	existence	of	an	equilibrium	p1ice	vector,	provided	suitable	continuity	conditions	are	imposed.	The	determinants	B1,	...	If	t	is	kept	fixed	and	/:;.t	tends	to	0,	the	point	Q	will	tend	to	P,	and	the	vector	[z(t	+	M)	-	z(t)]/	L'-.t	will
tend	to	the	tangent	vectoir	to	the	curve	K	at	P.	Suppose	that	it	has	a	unique	optimal	solution	(x''(t),	u*(t))	with	a	unique	conesponding	adjoint	function	p(t).	Suppose	that	x2	(x	1	,	y2	)	is	uniquely	determined	as	a	C	1	function	of	x	1	and	yz.	Frorn	(1)	it	follows	that	the	rates	of	change	of	x	and	y(t)	are	given	by	f	(x(t),	y(t))	and	g(x(t),	y(t)),	respectively.	x~;,,
(with	A	and	a1,	...	=	Ct	2	,	then	x	=	2Ct,	and	so	ti	=	2Ct	2	=	2x.	The	production	of	consumption	goods	increases	the	stock	of	pollution,	x	2	,	at	a	constant	rate	per	unit	This	subtracts	cx	2	from	utility	per	unit	of	time.)	6.	t	(b)	U	is	compact.	If	t	E	(-r,	then	x*	+	th	E	B(x*;	r)	because	II	(x*	+	th)	-	x*	I	=	llthll	=	ltl	<	r.	According	to	(5)	+	·	·	+A+	I)b	(9)
Suppose	in	particular	that	the	vector	b(t)	is	independent	oft,	b(t)	the	solution	of	the	system	is	x(t)	=	A	1x(O)	+	(A1-	1	+	A	1-	2	Suppose	that	the	system	is	globally	asymptotically	stable	so	that	all	the	eigenvalues	of	A	have	moduli	less	than	L	Now,	expanding	the	left-hand	side,	(10)	Since	A	=	1	cannot	be	an	eigenvalue	of	A	(it	has	modulus	equal	to	1),	we
have	II-Al	i=	0,	so	(l-A)-	1	exists.	2.6	Taylor's	Formula	When	studying	the	behaviour	of	a	complicated	function	f	near	a	particular	point	of	its	domain,	it	is	often	useful	to	approximate	f	by	a	much	simpler	function.	Suppose	u(x)	has	a	global	maximum	at	O	and	that	Vu	(x)	=f	O	when	x	#	0.	The	coordinates	of	Pare	therefore	u	=	½v-13	and	v	=	½Hence,	.
Here	we	have	chosen	x	=	n	/6.	,n	0	(b)	laa1;',:	iJl>0,	i,j=l,	..	,	a	11	)	be	an	equilibrium	point	for	system	(l)	and	let	V	(x)	be	a	C	1	function	defined	in	an	open	neighbourhood	Q	of	a,	We	call	V	(x)	positive	definite	in	Q	if	V(a)	=0	and	V(x)	>	0	for	all	x	in	Q	with	x	=fa	a	Thus	V	(x)	is	positive	definite	in	Q	if	it	has	a	unique	minimum	at	a,	with	minimum	value	0.
=	{u1	(x1	•	v	1));=	0	solves	the	problem	of	maximizing	(2)	subject	to	(1)	if,	together	with	a	sequence	of	functions	{](t,	x	1	,	v,)};=O•	it	satisfies	the	optimality	equations	(6)	and	(7).	By(*),	if	x	1	E	(x*	-	e,	x*	+	.s),	then	Thus	if	x	1	is	close	to	but	not	equal	to	x*,	the	distance	between	the	solution	x	and	the	equilibrium	x*	is	magnified	by	a	factor	K	or	more	at
each	step	as	long	as	x	1	remains	in	(x*-c:,x*+c:)_	ill	420	CHAPTER	11	/	DIFFEREI\ICE	EQUATIONS	N()TE	If	lf'(x)I	<	l	for	all	x	in	J,	then	x*	is	actually	globally	asymptotically	stable	in	the	obvious	sense.	The	maximum	value	off	(x,	.r)	usually	depends	on	r.	Then	the	aggregate	supply	at	time	t	+	1	will	be	S(p	1	)	=	N(P!	-	ot)/2/3.	(In	particular,	it	follows
that	a	quasiconcave	function	is	not	necessarily	"bell-shaped".)	The	k:vel	sets	are	either	intervals	or	empty.	3f*(b)	3b·]	}c--1	-	(6)	Then	equation	(*)	reduces	to	(4	).	x	5.	Psx	for	'.~M)	4.	=	2x/t	is	not	continuous	at	t	=	0,	so	the	conditions	in	Theorem	5.8J	are	not	satisfied	at	(0,	0).	Find	the	only	possible	solution	to	the	problem	max	[°o	-	u)e-	1	dt,	lo	i	=	uxe-1
,	x(O)	=	1,	x(oo)	is	free,	u	E	[O,	l]	3.	(For	a	brief	survey,	see	Lee	and	Markus	(1967),	pp.	L	(5)	SECT	I	O	N	9	.	For	all	admissible	x(t):	lim	[pi(t)(x/	f-rOO	(t))]	:=:::	0	i	=	1,	..	,	xm	in	some	open	ball	around	x"',	,rnd	J:.	(b)	Closed	graph	property,	but	not	lower	hemicontinuous.	(A	consumer	who	deposits	x	1	+	y	1	-	u	1	in	an	interest-bearing	account	at	time	t
receives	x	1+1	at	time	t	+	L)	The	Hamiltonian	is	H	=	H(t,	x,	u,	p)	=	flU(u)	+	pa(x	+	y	-	u)	fort:::::	0,	1,	...	lf	all	=	0,	then	=	0,	and	so	Q(x1,	x2)	=	a22xi	c:	0	for	all	(x1,	x2),	If	au	>	0,	then	by	completing	the	square,	we	can	wiite	aJ1a22	-	af2	::::	0	implies	a	12	Because	all	>	0	and	alla	22	-	af2	::::	0,	we	see	that	Q(x1,	x2)	2':	0	for	all	(x1,	x2),	To	prove	the
reverse	implication,	suppose	Q	(x1,	x2)	?:	0	for	all	(x	1	,	x2).	In	economics,	they	are	mainly	used	Jn	connection	with	periodic	phenomena.	For	x	f(l)	=	ro	Jo	=	/	THE	GAMMA	FUNCTION	l	it	is	easy:	e-	1	dt	=1	Further,	integration	parts	gives	r	(x	+	l)	=	.f'(;	e-	1	tx	dt	xf(x).	Thus,	an	open	ball	Br(a)	i;:	IR	11	has	no	extreme	points.	Find	an	expression	for	I=
dp	1g(p)	e-pt	f	(t)	dt.	Characterize	the	only	possible	solution.	The	condition	w*(T)	detemunes	the	optimal	level	of	which	is	2	80	=o	c,	Special	case	2	(lsoelastic	utility):	Suppose	that	the	utility	function	u	takes	the	special	form	u(c)	=	(c	-	c)I-s	1~e	(e	>	O;	£	f	1)	or	u(c)	=	ln(c	-	f)	(v)	Then	u'(c)	=	(c	-	f)-e	in	both	cases,	withe=	1	when	u(c)	=	ln(c	-	f).	We	must
show	that	Du=	111	(x(t),	u(t))	is	an	arbitrary	alternative	ad-	f(t,x*(t),u*(t))dt-	0	[/1	f(t,x(t),u(t))dt:::O	·0	First,	simplify	notation	by	writing	H*	instead	of	H(t,	x*(t),	u*(t),	p(t))	and	H	instead	of	H(t,	x(t),	u(t),	p(t)),	etc.	Can	the	constants	be	chosen	to	make	the	equation	globally	asymptotically	stable?	Hence	any	solution	starting	in	C	never	leaves	B.	Consider
an	autonomous	first-order	difference	equation	in	one	variable	X1+I	=	/(Xr)	where	f	:	I	-,,	I	is	defined	on	an	interval	/	in	R	An	equilibrium	or	stationary	state	for	(1)	is	a	number	x*	such	that	x*	=	f	(x*),	i.e.	the	constant	function	x	1	=	x*	is	a	solution	of	(	l	).	0,	we	can	divide	by	po	to	get	a	new	Hamiltonian	in	which	po	=	l,	in	effect.	lo	paiticular	the	first
control	u;	does	so,	i.e.	=	So,	determining	the	functions	J,,(x)	defined	in	(3)	requires	finding	optimal	closed-loop	controls	u;(x),	u;,	...	Take	any	v	E	K	0	,	i.e.	A=	llvll	>	K	0	•	Let	u	=	v/A,	so	that	!lull	=	L	Then	pf(v)	=	pf(Au)	<	p)ca,	by	definition	of	Ka,	Hence,pf(v)	<	pAa	<	kJ\.a	::5	Ji.q·u	=	q·v,	so	pf	(v)	-	q,	v	<	0	=	n(O).	(b)	V	f	(x)	points	in	the	direction	of
maximal	increase	off.	l(a)	and	(b).	(a)	The	Hamiltonian	with	po	=	1	is	H(t,	x,	u,	p)	=	u	2	-	x	+	pu.	-	2xl	It	makes	sense	to	check	the	leading	p1incipal	minors	first,	in	case	the	matrix	turns	out	to	be	definite	rather	than	merely	sernidefinite.	According	to	(i),	u*(t)	maximizes	g(u)	subjecttou	~	0,	Ifu*(t)	=	0,	then	g'(u*(t))	=	g'(O):::	0.	Because	H(t,	x,	u,	p)	=	1	-
tx	-	u	2	+	pu	is	concave	in	(x,	u)	for	each	fixed	t	(it	is	a	sum	of	concave	functions),	(x*(t),	u*(t))	is	indeed	optimal.	Since	lul	S	2,	one	has	x	:::=	-3,	and	therefore	x(t)	::::	x(O)	-	3t	=	4	-	3t::::	J	fort	in	[O,	l	].	The	Lagrangian	in	vector	notation	is	£(x)	=	(2)	f	(x)	-	l	·	(g(x)	-	b)	In	the	following	results	no	differentiability	requirements	are	imposed	at	alL	Instead,
however,	we	make	use	of	the	following	constraint	qualification:	T	rn	There	exists	a	vector	z	in	~n	such	that	g(z)	«	b,	i.e.	gj	(z)	<	bj	for	all	j.	,f111	For	.:Jc	convexanda	1	2:_0,.,,,am	?:0	=}	a1	.fi	+···+am	fm	concave.	The	eigenvalues	of	A	are	Jc	1	=	-1/2	and	J-.	=	C	e-	12	+	½.	,	x,;)	solves	problem	(1)	where	f	and	g1,	...	But	{xk1}	also	converges	also	to	x.	At
any	time	t	where	u*(t)	>	0,	equation	(iv)	implies	that	q(t)	-	c:,(t,	u*(t))	=	pert	(v)	The	lef1-hand	side	is	the	marginal	profit	from	extraction,	arr/	au.	Find	the	quadratic	approximations	at	(0,	0)	for	(a)	f	(x,	y)	=	e'Y	(c)	f	(x,	y)	2..	A	necessary	and	sufficient	condition	for	to	be	globally	asymptotically	stable	is	that	every	root	of	the	characteristic	equation	+
a1rn-l	+···+an	=	0	has	a	negative	real	part.	By	(2),	we	see	that	the	equilibrium	price	pe	is	stable	if	D'	(P')	-	S'	(Pe)	<	0.	Let	f	be	a	C	1-function	defined	on	a	set	A	in	IR",	and	let	S	be	a	convex	set	in	the	interior	of	A.	The	solution	is	A=	1	and	B	=	e	2./2T	(1	+	e	2	v12	1	.	For	a	counterexample	see	Note	1	above.	On	the	other	hand,	the	condition	that	u1	(t)
and	u2(t)	both	tend	0	as	t	tends	to	infinity	is	obviously	sufficient	for	Au1	(t)	+	Bu	2	(t)	to	tend	to	Oas	t	-+·	oo.	Then	from	the	first	the	equation	we	get	y	=	.:i:.)	(b)	;,c	=	Ae.J2	1	+	Be-./2.t,	y	=	A(,/2-	l)e./2.	This	allows	US	to	construct	the	solution	of	the	original	optimization	problem:	Since	the	state	at	t	=	0	is	Xo,	the	best	choice	of	uo	is	ua(xo).	Sinceall
ispositive,soisa22.	Show	that	the	matrix	A	=	B'B	is	positive	semidefinite.	It	follows	immediately	that	U"(x)	::,	0.	We	want	to	find	F'	(x).	(This	was	the	case	studied	in	Section	9.6.)	If	the	set	in	(3)	is	not	bounded	above,	then	V	=	oo.	Define	the	bordered	Hessian	determinant	B2(x,y)=	0	f{(x,	y)	f~(x,	y)	f{(x,y)	f{~(x,y)	J{;(x,	f~(x,y)	f~~(x,y)	f~;(x,	y)	y)	(10)
Then:	(a)	A	necessary	condition	for	f	to	be	quasiconcave	in	Sis	that	B2	(x,	y)	2':	0	for	all	(x,	y)	in	S.	Of	course,	there	are	no	general	methods	that	lead	to	explicit	solutions	of	(	l)	in	"Closed"	form.	More	precisely,	z	is	an	extreme	point	of	S	if	z	E	S	and	there	are	no	x	and	yin	Sand	A	in	(0,	1)	such	that	x	I-	y	and	z	=	AX+	(1	-	Jc)y.	We	want	to	prove	that	'A.1	=
0.	IE[O,!J	A	minimum	point	t'	must	exist,	and	it	can	be	assumed	to	belong	to	[O,	1)	because	f	(x")	Fort'	>	0	and	t	close	tot',	we	have	f	(h(t))	2::	f	(b(t')),	and	so	from(**),	V	f	(h(t'))	·	(h(t)	-	h(t'))	=	(t	=	(t'	-	::c	f	(x').	13t	2	-	2	2	Dependence	of	Solutions	on	Parameters	Assume	that	the	conditions	of	Theorem	5.8.	l	or	5.8.2	are	met	The	unique	solution	will
obviously	depend	on	the	initial	values	to	and	xo.	(a)	x	=	(C1	+	C2t	+	C3t	2)e-t	+	3	(b)	x	=	C1e	21	+	C2te	21	+	e-	112	(C3	cos	2.	(b)	Solve	the	equation	3tx	2	x	=	x	3	+	t	3,	t	>	0,	x	>	0.	Ll	6)	is	if	Pl	>	P2	if	p	1	:'S	P2	For	each	tin	[O,	T],	the	function	fl	is	linear	in	(x1,	x2).	(S,M;	6.	(b)	f'	(x)	has	only	negative	principal	minors.	Moreover,	because	)c	*(t)e-rt	K
(t)	;:::	0,	e-rt	-+	0,	and	(K*	(t),	'A*	(t))	-+	(.K,	I)	as	t	---+	oo,	it	follows	that	Jim	1->oo	(t)e-r	1	[K(t)	-	K*(t)]	2::	0	for	all	admissible	K	(t)	This	verifies	all	the	sufficient	conditions	in	Theorem	9.11.1,	so	(	K*	(t),	C*	(t))	is	optimal.	(c)	Not	closed	graph	property,	but	lower	hemicontinuous.	SECTION	9.7	/	335	SUFFICIENT	COl\lDITIOf\lS	To	give	a	complete
solution	of	an	optimal	control	problem	using	the	Mangasarian	(or	AJTow)	sufficiency	results,	it	is	necessary	to	prove	that	there	is	a	pair	(.t),	u*(t))	satisfying	all	the	requirements.	Define	H*(t)	=	H(t,	u*(t),	p(t))	(4)	Then	:1	V	IJ	(5)	The	first	of	these	equations	was	discussed	above.	But	this	would	violate	the	inequality	A	2.:	(2e	-	l)/(e	2	-	1).	(b)	If	f	is
concave,	then	f	()..x)	/'A	is	decreasing	as	a	function	of	'A.	foh1	1	H	H	_	_	_	_	_	_,___	_	_	__,.k	/	Figure	2	For	Example	2.	We	see	that	k	=	0	for	A=	(aK	-	bK	2	with	v	>	0.	Suppose	further	that	ii	(t,	x,	p(t))	is	concave	in	x	for	every	t	E	[to,	ti]	Then	(x'1	(t),	u*(t))	solves	the	problem.	For	a	precise	formulation	in	a	more	general	setting,	see	Section	7	.6.	An
arbitrary	paincipal	nlinor	of	order	r	of	an	n	x	n	matrix	A	=	(aij	),	is	the	determinant	of	a	matrix	obtained	by	deleting	n	-	r	rows	and	n	-	r	columns	such	that	if	the	ith	row	(column)	is	selected,	then	so	is	the	ith	colum.n	(row).	Suppose	x	E	A	11	-	1.	2	{EXJSJE	E	AND	UNI	Suppose	that	a	1(t),	...	,	by	letting	xo(t)	;;:	xo,	and	n	Xn(t)=xo+f;	F(s,Xn-1(s))ds,	to	=	l,
2,	...	The	unique	solution	u',	v;	=	1,	=	1/2.	Also	(see	Problem	5),	+	rr)	=	tanx	tan(x	(6)	so	the	tangent	function	is	periodic	with	period	rr.	Given	any)..	The	price	at	which	all	these	can	be	sold	is	po.	,	0)	that	satisfy	them	linearly	independent	equations	(7)	Then	x*	is	a	solution	to	problem	(5).	Suppose	on	the	other	hand	that	x*	is	a	stationary	point	for	a
concave	function	f,	Apply	Theorem	2.4.l	with	x	0	=	x*.	a(F,	G)/o(u,	v)	=	--2u	2	4uv	2v	2	,	so	around	points	where	this	expression	is	different	from	0,	one	can	express	u	and	v	as	C	1	functions	of	x	and	y:	u	=	f(x,	y)	and	v	=	g(x,	y).	Both	U'(C)	and	e-rt	depend	on	t,	so	by	the	product	rule	for	differentiation,	(U'(C)e-r	1	)	=	U"(C)Ce-r	1	-	rU'(C)e-r	1	•
Multiplying	by	err	and	rearranging,	it	follows	that	ft	ft	U'(C)(f'(K)	-	r)	+	U"(C)C	=	0	and	so	we	obtain	C	C	where	w=	Elc	U'	(	C)	=	CU"	(	C)	/	U'	(C)	is	the	elasticity	of	marginal	utility	with	respect	to	consumption.	Then,	because	of	(C),	Jc(t	)e-rr	(x	(t)	-	x	1	)	tends	to	a	number	::::	0.	(The	notation	lx1	,	v1	is	just	a	reminder	that	inserting	this	value	of	X	1+1
makes	the	conditional	expectation	depend	on	x	1	as	well	as	on	v	1	).	Equilibiium	of	supply	and	demand	in	all	periods	requires	that	S(p	1)	=	D(p	1+1),	which	implies	that	N	(p	1	-	a)	/2fJ	=	y	-	8p	1+1,	t	=	0,	1,	,	...	=	0	at	u	=	u*(t),	or	that	-2cu*(l)	+	p(!)	=	0.	1.(a)x-x	3	+C	+	x	4	)	dx	=	x	-	(c)j(l-x	2	)2dx=f(l-	(b)-½x-	3	+C	+	+c	1~	2.	For	the	last	example	in
particular,	it	does	not	by	itself	indicate	any	practical	method	for	equilib1iurn	prices.	Choose	e	>	0	so	small	that	B	=	{x	:	l!x-	all	:=::	s)	s;:;	n.	Let	S	be	the	set	of	all	points	(x	1	,	..	Taking	limits	in	the	last	equality,	we	get	11	(x*)	=	V*	-	V''	=	0.	This	implies	thatxo	=	(T	+	l)f3T	xr,	so	xr	=	xof3-T	/(T	+	1).	Both	E	and	Bare	compact.	If	r	=	0,	the	equation	is
linear,	and	if	r	=	l,	it	is	separable,	since	x	=	(b	(t)	-	a	(	t)	)x,	Suppose	that	r	f	l,	and	let	us	look	for	a	solution	with	x(t)	>	0	for	all	t,	so	that	the	power	x,.	For	example,	the	line	segment	joining	points	P	and	Q	on	the	graph	lies	above	the	graph	of	f,	not	below.	How	does	f*	(:r)	vary	as	the	jth	parameter	11	changes?	There	are	several	special	cases	of	some
note	that	can	be	solved	explicitly	for	Cr-I	as	the	conditionally	expected	value	of	some	function	of	C1	:	Case	1,	Quadratic	Utility:	Hereu(c)	=	-½(c-c)	2	wherecisa	"bliss"levelofconsumption	at	which	satiation	occurs.	(a)	With£=	I:,;'=I	a;	ln(x;	-	a,)	-	icr,;'=l	p;x;	-	m),	the	first-order	conditions	are	(*)	£	1	=	a;/(x/	-	a;)	-	>-pi	=	0,	or	P1x;'	=	P1a1	+	aj/A,	j	=	I,	...
Then	g	is	quasiconcave	and	homogeneous	of	degree	l,	and	g(x)	>	0	for	x	f	0.	t,HYl'f	·1	The	solution	of	the	scalar	initial	value	problem	x	=	ax,	x(to)	=	x	0	,	is	x	eaU-tol	x	0	.	It	follows	that	A=	-3/(e	3	-·	e-	1)	and	B	=	-A,	so	=	x	=	x(t)	=	-	]	3	1	,	-	e-'!	1	+	--e2	e3-e-l	e3-e-l	1	-	8	3	-	This	is	the	only	solution	of	the	Euler	equation	that	satisfies	the	given	boundary
conditions.	aF(x,i)]	dt	F(x,	x)-x	ax	.	No	changes	are	then	needed	in	Theorem	12.	If	a	:S	0,	Pa	is	the	whole	xy-plane,	which	again	is	convex,	Suppose	a	E	(0,	1).	When	x	=	y	=	1,	(i)	and	(ii)	yield	)q	=	3/2	and	Jc2	=	I	/2.	Suppose	that	the	level	of	output	is	determined	by	the	production	function	f	(x),	where	x	=	(xJ,	...	Section	A.1	introduces	terminology	used
in	almost	all	of	mathematics,	like	the	basic	concepts	of	set	theory	and	general	functions.	LEMS	1	.	0,	we	can	view	y	as	a	function	of	x	with	dy/dx	=	y/i	=	g(x,	y)/f(x,	y).	Then	for	all	(Y1,	y2)	equation	(4)	has	a	solution	x1	=	x1(Y1,	)'2).	(b)	(i)	Solutions	are	given	implicitly	by	x	3	+	Ax	+	B	=	6t.	(a)	The	current	value	Hamiltonian	is	Hc(t,	x,	u,	1)	=	-cxu	+	J-
,xg(t,	u),	and	the	scrap	value	function	is	S(x)	=	xP(t,	x).	We	must	show	that	Du	=	1	f(t,	x(t),	u(t))	dt	:::	0.	NOTE	·1	If	F	:	X	-	IR1	111	is	upper	hemicontinuous	at	a	point	x	0	in	X	and	F(x0	)	is	a	closed	set,	then	F(x)	has	the	closed	graph	property	at	x	0	.	Use	this	result	to	prove	part	(c)	of	the	properties	of	the	generalized	CES	function	in	display	(7)	above.	,
p;)	denote	such	an	equilibrium	price	vector.	ax	=0	.	The	conditions	in	Theorem	lOJ	.1	are	therefore	still	valid,	except	the	transversality	conditions,	which	must	be	modified.	An	eigenvector	associated	with	Jc	1	=	-1/2	is	(	b).	to,	with	Ao	=	l:	(a)	u')(t)	maximizes	1-JC(t,x*(t),	u,	>-.(t))	w.r.t	u	EU	=	-aH"(t,	x*(t),	u*(t),	A(t))/ax	(b)	Jc(t)	-	rA	(c)	Hc(t,	x,	u,	A(t))	is
concave	w.r.t.	(x,	u)	(d)	lim	.\(t)e-rt[x(t)	-	x*(t)]	t-+oo	2':_	0	for	all	admissible	x(t)	Then	(x*(t),	u*(t))	is	optimal.	(Using	Theorem	6.8.	l	we	can	use	the	fact	that	the	trace	of	A	is	negative(=	-3)	and	the	detemiinant	is	positive(=	2.)	2.	Then	by	Theorem	3.1.2,	,n	£(x*)	=	f(x*)	n,	-	I)-,;(g;(x*)	-	b;)?.:	f(x)	-	I>-;(g;(x)	-	b;)	)=1	=	£.(x)	for	all	x	in	S	(i)	)=I	But	for	all
admissible	x,	we	have	g;	(x)	=	b;	and,	in	particular,	g1(x*)	=	b1	for	all	j.	Solve	the	problem	in	Example	3	when	U	(C)	=	a	-	e-bc,	with	a	>	0	and	b	>	0.	Expanding	this	product	obviously	produces	a	polynomial	with	positive	coefficients	only.	Py,	so	+	·	·	·	+	A11Y~	(12)	It	follows	that	x'	Ax	:::	0	(resp.	t	3•	x	=	A	sm	1·	cos-t	dt	-	cost	·	t	j	-½t	sin.t	dt.	Thus	aHe
/Bx=	-cu+	>,,g(t,	u),	aHe	/Bu=	x(-c	+	)cg;,	(t,	u)),	and	S'	(x)	=	P(t,	x)	+	xP"~(t,	x).	Find	the	unique	solution	candidate	in	Example	1	using	the	maximum	principle.	l,	one	has	Px+2Jr	sin(x	+	2rr)	=	sinx,	Px	for	all	x,	and	therefore	+	2n)	=	cos	x	cos(x	(5)	We	say	that	the	functions	sin	and	cos	are	periodic	with	period	2n.	If	S	is	convex,	then	it	is	trne	that	a
boundary	point	of	S	is	also	a	boundary	point	of	,S'-see	Problem	3.)	5,	Some	books	in	economics	hnve	suggested	the	following	generalization	ofTimorcm	13.6.3:	Two	convex	sets	in	IRl"	with	only	one	point	in	common	can	be	separated	by	a	hyperplane.	Define	D	0	(l)	=	1	1	f(r,	x*(r),	u.*(r))dr	~	-1	1	fo(-r,	x(r),	u(r))	dr	(2)	~	There	are	several	optimality
criteria	in	economics	literature	which	differ	in	how	Du	(t)	behaves	for	large	values	oft.	T	hen	we	have	the	following	.	NOTE	The	argument	for	(4)	assumes	that	f*	(b)	is	differentiable,	which	is	not	always	the	case.	7	/	29	QUAD	RAT	I	C	FO	RMS	To	prove	(a),	suppose	first	that	a	11	2':	0,	a22	2':	0,	and	a11a22	-	af2	::::	0.	Then	h.	,	T	in	(2)	is	the	solution	of
(1)	when	V1,	...	Hint:	If	xis	interior	in	S,	there	exists	an	n-cube	contained	in	S,	with	x	as	its	centre	point.	So,	under	the	hypothesis	that	(-	1Y"	B,.	On	the	other	hand,	increasing	the	capital	which	must	be	left	at	the	end	of	the	planning	period	t1	decreases	the	total	profit	earned	by	approximately	p(t1).	By	Theorem	2.5	.2(	a),	z	is	quasiconcave.	In	this	case
the	infirnum	y	is	called	the	minimum	off	over	B,	and	we	often	write	min	instead	of	inf.	,	x;/	(p)	result	from	utility	maximization	subject	to	j's	own	budget	constraint.	If	we	want	to	get	positive	final	supply	of	every	good,	as	in	Note	1,	we	are	led	to	the	concept	of	productive	matrices:	MATRft	A	nonnegative	n	><	n	matrix	A	is	called	productive	if	there
exists	a	vector	a	such	that	a	»	Aa.	»	0	(1)	For	productive	matrices,	Theorem	13.7.l	can	be	significantly	sharpened:	(2)	Existence,	but	not	uniqueness,	of	x	follows	from	the	argument	in	Note	1	above.	,	(6)	an;	(b)	concave	for	a	S	1;	(c)	strictly	concave	for	a	<	1.	Suppose	that	f	:	Xx	Y	->	IRl	is	defined	by	f	(x,	y)	Consider	the	problem	max	f	(x,	y)	subject	to	=
xy	2	.	Letting	h	tend	to	0,	equation	(6)	implies	that	g'(O)	=	.f~(x).	According	to	(5.4.4)	this	has	the	solution	Z	=	Ae½(r-a)t	+	5c	e1(r-a)t	where	A	is	a	constant.	,,	l	(lla)	and	q1c(t)	8£*	=	---	Pi(t)	=0	(6)	OXi	At	ti,	p;(t)	can	have	a	jump	discontinuity,	in	which	case	.-	p;(r	1	)	-	P1(t1)	f31c:::	0,	with	/31c	s	=	I:	fJk	Bhk(t1,	x*(t1))	a	k=1	=0	X;	i	No	conditions	on
PiCt1),	p;(t1)?.:	0,	Pi(t1)	and	p;(t1)	=0	if	xt(t1)	>	=	0,	H(t,	x,	p(t))	i=l+l,	...	For	this	reason,	the	equation	in	(1)	is	called	autonomous.	f(T,	x,	u)	uEU	s	=	0,	l,	..	(f_@	2.	1	Condition	secures	that	f	(x)	=	y	has	a	solution	for	any	choice	of	y.	If	we	put	r1	=	hi,	j	=	l,	...	On	the	other	hand,	suppose	that	every	sequence	of	points	in	S	has	a	subsequence	converging
to	a	point	of	S.	Solve	the	problem.	The	(ix)	ko	Case	II.·	p(T)	>	0.	Define	F(lc)	for	all	k	by	~(k)	J,	-	=	{	sf	(k)	-	Jck,	sf'(0)k-H,	k?:	0	k	0	denotes	wealth,	and	u(y)	is	a	C	2	utility	function	with	u'(y)	>	0	and	u"(y)	<	0	for	ally	>	0.	Find	the	limits	of	the	following	sequences	in	!R	2	if	the	limits	exisL	2.	A5.2.1	(The	solutions	are	x	=	Ct,	fort	+	(1	+	x	2	)	=	¥	0,	with
Can	arbitrary	constant.)	'2,	The	desired	integral	curve	is	the	upper	semicircle	in	Fig.	An	associated	eigenvector	is	(3,	.J2	)'.	Because	K	is	compact,	the	sequence	{xd	has	a	subsequence	{x1c;}	converging	to	a	point	xo	in	K	(by	the	Balzano-Weierstrass	theorem,	Theorem	13,2.5).	Since	1	+	a1	+	a2	>	0	and	l	-	a1	+	a2	>	0	are	equivalent	to	la1	I	<	1	+	a2,
we	see	that	Theorem	11	.4.2	is	the	particular	case	of	Theorem	11.5.4	that	holds	when	n	=	2.	If	there	is	more	than	one	value	of	u	in	U	such	that	g	(t,	x	1	,	u)	=	x	1+1,	let	u	I	be	a	value	of	u	that	maximizes	f	(t,	x1	,	u	),	i.e.	choose	the	best	u	that	leads	from	x	1	to	x	1+	1.	The	characteristic	equation	of	x	a1x	=	is	r	a	1	=	0,	so	the	characteristic	root	is	1	=	-a
1	.	So	the	last	expression	in	(5)	is	equal	to	0,	It	follows	that	1	=	x(to)	(=	xo)	1[	[F(t,x*,x*)-	F(t,x,x)]dt	2:	0	to	for	every	admissible	function	x	=	x(t).	To	study	the	of	quadra.tic	forms	we	need	some	particular	1ninors.	If	(a	-	1)	2	>	4b	(which	is	often	the	case	in	option	models),	the	homogeneous	equation	has	the	solution	f	(x)	where	n.2	=	-½(a	-	l)	as	a
particular	solution.	(c)	V	(5/2)	=	4/15	The	solution	is	(.x,	y,	Al,	Jc	2	)	=	(V°i,	2	-	./2,	4	-	2.,/2,	0).	The	differential	equation	(6),	together	with	the	appropriate	version	(c')	of	the	transversality	condition	(7),	gives	p=-I-p,	p(l)	=0	This	differential	equation	is	especially	simple	because	it	is	linear	with	constant	coefficients.	0,	a3	=	2	>	0,	and	a	1a2	-	a	3	=	18	>
0.	Note	that	p(t)	is	strictly	decreasing	and	x*(t)	is	increasing.)	0,	x*(t)	=	t	+	4	and	p(t)	=	-	t	2	-	8t	+	105/16	fort	in	[o,	¾);	u''(t)	=	2,	x*(t)	=	-3t	+	7	and	14t	+	141	/16	fort	in(¾,	1].	x	4n	+	1	211	+	2m	+	l	4m	+	1	u	=	e'	+	l,	dx	=	du/e"	=	du/(u	-	1).)	(c)	272/15.	In	this	book	we	shall	see	many	examples	of	its	importance.	So	the	discount	factors	have	an
entirely	appropriate	form.	(a)	Introducing	polar	coordinates,	k	=	3/2n.	Notice	that	(ii)	is	a	separable	differential	equation	whose	solution	is	(see	Example	5.3.5)	p(t)	=	p(O)	exp	[-	fo	1	r(s)	ds]	(iii)	=	Special	case	I	(Constant	consumption):	Suppose	that	r(t)	r,	independent	of	time,	and	a	r.	In	general,	as	x	increases,	P,.	and	so	the	general	solution	is:	½(1	-	x
=	(A+	B	In	t)t(l-a)/l	(12)	If	(a	-	1)	2	<	4b,	the	roots	of	(9)	are	complex.	A	proof	and	fmther	discussion	of	this	result	are	postponed	to	Section	10.	All	other	solution	curves	move	away	from	the	equilibrium	point	as	t	-.,.	Thus,	fort=	0,	l,	2,	..	1	,	0)	in	The	inequality	in	(2)	is	also	satisfied	because	111is	is	the	set	of	points	(ax	=	[0,	1)	is	compact.	In	Fig.	=	1:	1,
Consider	Problem	12.	Equations	that	relate	such	quantities	at	different	discrete	moments	of	time	are	called	difference	equations.	):	xo	,	=	Yo	=	1	=	-Xr	Zt+	1	=	-	Xr	2.	The	condition	g"(O)	:SO	yields	11	n	'\'	v	r"(·	*)htilj:'.:	J	O	L..,L.,.JiJX	fora11	h	=(h	1	,	l	)	..	Because	optimal	decisions	may	not	always	be	unique,	economists	need	to	generalize	the	concept
of	a	function	in	this	way.	Define	z(t)	=	[	21	x(r)	exp(-	j'T	r(s)	ds)	dr,	't	t	where	the	functions	x(T)	and	r(s)	are	both	differentiable.	Section	8,	1	presents	a	ve1·sion	of	the	Ramsey	model,	whose	pu1-pose	was	to	give	a	simpli-fied	answer	to	a	problem	of	crucial	importance:	how	much	should	a	nation	save?	Section	3.7	deals	with	comparative	statics	fm
nonlinear	programming	problems.	The	double	integral	gives	the	area	of	A.	,k	(4)	(x=x*(r),	r=f)	111	,,	',l!i'I	Define	the	function	cp(r)	=	f(x*(r),	r)	-	f*(r).	Thus,	with	reference	to	the	characteristic	polynomial	(1.5JO)	of	A,	(-A)'1	+	b11	-1(-A)	11	-	1	+	·	·	·	+	b1(-A)	+	bol	=	0	{Cayfoy-Hamilton)	(6)	For	a	proof,	see	Faddeeva	(1959)	or	Lewis	(	1991).	&(He)*	ax	*
-	u)	"	=(;..,-r'A,)(x-x	)	+	-	-	(	u	'	-	u	)	au	so	D,,(t)2:	1	1	-	•	,.	Note	that	the	Jacobian	matrix	f'	(x)	is	not,	in	general,	symmetric.	,	g	111	)	and	let	b	=	constraints	can	be	expressed	more	simply	as	the	vector	equality	g(x)	(2)	(b1,	b2	.	We	then	obtain	(c)	and	(d)	from	(a)	and	(b)	by	replacing	F	with	-	F.	If	we	use	x	as	the	free	variable,	g(x)	=	arcsin	x,	xE(-1,l]	(6)
By	definition,	arcsin	x	is	that	number	in	[-JT	/2,	rr	/2]	whose	sine	is	equal	to	x	(arcsin	x	is	"the	angle	(arc)	whose	sine	is	x").	Prove	that	an	equilibtium	point	(q*,	p*)	(where	p''	=	c(q*)	and	D(p'')	=	q*)	is	locally	asymptotically	stable	provided	c'(q*)	>	0.	Now,	instead	of	starting	with	an	arbitrary	function	lo,	the	second	method	begins	with	an	arbitrary
initial	stationary	policy	u0	whose	value	is	JU0	•	Also,	let	u1	(x,	v)	be	a	control	that	yields	the	maximum	when	calculating	T(Jl10	)(x,	v)	=	T	111	(J	110	)(x,	v)	for	each	(x,	v).	f{~	=	-2,	f{z	=	N1	=	2,	and	f22	=	-2.	(i)	We	prove	by	induction	on	m	that	Xm-1	~	X111	and	Xm-1	~	a	form=	I,	2,.,.	This	is	not	correct.	=	f~co	F(x,	z)	dx,	where	F(x,	z)	f(x,z-x)dx.	9.9
Current	Value	Formulations	Many	control	problems	in	economics	have	the	following	structure:	1	max	uEUs;u;£	I	(a)	x(ti)	/1	f	(t,	x,	u)e-	dt,	11	x	=	g(t,	x,	u),	10	x(to)	=	xo,	=	xi	(b)	X(t1)	C::	XJ	(1)	(c)	x(t1)	free	(Either	(a),	or	(b),	or	(c)	is	imposed.)	The	new	feature	is	the	explicit	appearance	of	the	discount	factor	e-rt.	Next	solve	the	difference	equation	Yt+l
(2	+	3y1	)	==	4y1	,	assuming	that	Yo=	1/2.	If	Pa	contains	more	than	one	point,	take	two	arbitrary	points	x	and	y	in	Pa.	Then	f	(x)	~	a	and	f(y)	~	a.	Prove	that	the	sequence	{xk}	defined	by	Xt	=	1,	Xk+l	=	2.,,_/:ic;,	k	=	1,	2,	..	So	economists	are	more	concerned	with	the	level	sets	of	the	utility	function	than	with	the	numerical	values	taken	by	the	function.
+	+	=	Ct-	C	2	,	then	;ii:=	C,	so	=	C	2	and	tx	-x	=	tC	-	Ct+	C	2	=	C	2	.	(The	function	U	is	then	called	quasiconcave.)	Figure	5	shows	a	typical	upper	level	set	for	the	case	of	two	goods.	Suppose	f	is	continuous	at	x	0	.	n}	shrinks	as	n	increases.	(b)	U*(p,	m)	=	U(x*)	=	I:,]=	1	Olj	ln(a;(m	-	r:_;'=	1	p,a;)/p;)	=	I:,}=	1	a;	lnai	+	I:,'J=	1	a;	ln(m	-	L~=l	p;a1)	-	Lt=l
a;	In	Pi·	Roy's	identity	follows	by	differentiating	w.r.t.	p;.	If	we	choose	Us	u,	then	at	time	t	=	s	we	obtain	the	immediate	reward	f	(s,	x,	u	),	and,	according	to	(4	),	the	state	at	times+	1	will	be	Xs+l	=	g(s,	x,	u).	TI1us,	Px	=	Px+2nn	for	n	=	±1,	±2,	....	Suppose	f	(x,	y)	has	only	one	stationary	point	(x*,	y*)	which	is	a	local	minimum	point.	A	sufficient
condition	for	P	to	have	a	maximum	point	with	>	0,	...	An	alternative	solution	technique	is	based	on	the	so	called	maximum	principle.	The	first	is	when	r	>	a	and	so	y	>	0.	FA	A	quadratic	fonn	Q(x)	=	x'	Ax,	as	well	as	its	associated	symmetric	matrix	A,	are	said	to	be	positive	definite,	positive	semidefinite,	negative	definite,	or	negative	semidefinite
according	as	Q(x)	>	0,	Q(x)	::::	0,	Q(x)	<	0,	Q(x)	:::	0	for	all	x	:/=	0.	,	T	-	1,	and	ur(xr,	Yr)	satisfies	(7).	So,	referring	to	Fig.	(b)	Draw	a	phase	diagram	in	which	the	two	paths	converging	to	the	equilibrium	point	are	indicated.	B2	=	-4,	B,	=	0	1	2	l	0	0	1	0	2	0	-12,	so	the	second-order	condition	for	local	mjnimum	is	satisfied.	Let	f	=	f	2x	t	3	dt	Jo	(b)	F(x)	=	f'
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Mappings	Brouwer's	and	Kakutani's	Fixed	Point	Theorems	14.5	Equilibrium	in	a	Pure	Exchange	Economy	vii	448	458	486	491	495	500	509	513	S16	521	A.	,	n	Note	that	f	and	g	=	(g	1	,	...	It	is	standard	to	abbreviate	tangent	to	tan,	so	that	tanx	sinx	=	-cosx	(provided	that	cos	x	i=	0)	(3)	The	cotangent	function,	abbreviated	cot,	is	defined	by	cot	x	=	cos	x
/	sin	x,	for	all	x	with	sin	x	i=	0.	A6.9.l.	The	solution	curves	that	converge	to	the	equilibrium	point	are	given	by	x(t)	=	(x(O)	-	4)e-	112	+	4,	y	=	2.	6	Throughout	the	rest	of	this	note,	let	(i(x,	v),	ii.(x,	v))	be	a	pair	satisfying	the	Bellman	equation	(6)	(so	(1(x,	v)	yields	the	maximum	in	the	equation,	given	]).	So	in	cases	(I)	and	(III)	of	Theorem	6.3.1,	the	result
is	proved,	In	case	(II),	we	note	that	teott	-+	0	as	t	-+	oo	iff	a	<	0,	so	the	result	follows	in	this	case	as	well.	This	confirms	that	x*(t)	solves	the	maximization	problem.	::,	0)	for	all	x	if	and	only	if	y'P'	APy	:::	0	(resp.	If	we	kt	x	=	x*(I)	and	=	z1(t;	t,	x),	then	p	=	p;	+	f,',x	=	p(I)	=	13;	+	p~g(t,	x,	u*(t)),	so	(t,	x*(l),	u*(t),	p(t))	By	definition	of	V,	if	x(t	1)	is	free,
then	V(ti,	x)	the	transversality	condition	=	0	for	all	x.	You	need	to	show	that	A	x	B	is	closed	and	bounded.	If	the	rectangle	R	is	as	in	Fig.	Also,	the	right-hand	side	of	(iii),	a	K	-	b	K	2	-	A-	1/v,	increases	as	A	increases	for	each	fixed	K.,	so	that	K	>	0	above	the	curve	K	=	0,	and	K	<	0	below	this	curve.	11,	Use	Problem	13.5.7.	See	SM.	So	a	more	complicated
test	is	needed,	Suppose	we	are	able	to	prove	that	the	Bellman	equation	has	a	unique	solution	J	satisfying	I(x,	v)	:S	i1(J	-f3)	for	all	state	pairs	(x,	v),	Then	this	is	the	optimal	value	function	J(x,	v),	(Recall	that	J	(x,	v)	is	known	to	satisfy	the	Bellman	equation,	in	both	cases	A	and	R)	Another	sufficient	condition	for	optimality	is	the	following:	Suppose	we
have	solved	the	modified	problem	where	the	upper	limit	of	the	sum	in	(1)	is	the	finite	horizon	T	instead	of	oo,	Assume	that	U	is	compact,	that	the	functions	f	(x,	u),	g(x,	u,	v)	are	continuous	in	(x,	u)	for	each	v,	and	that	Vis	finite,	Denote	the	optimal	value	function	in	this	problem	by	J	(0,	x,	v,	T),	Then	the	limit	lim	J	(0,	x,	v,	T)	exists	and	equals	the	optimal
value	function,	T-+oo	This	is	true	not	only	in	case	B,	but	also	in	the	cases	A	and	(3),	To	sum	up,	what	should	we	do	after	finding	a	pair	(I	(x,	v),	u(x,	v))	that	satisfies	the	Bellman	equation	(6)?	476	CHAPTER	13	/	TOPOLOGY	AND	SEPARATION	Consider	next	the	case	of	transformations	from	~n	to	[Rm	introduced	in	Section	2.	1	the	vector	z(t)	=	(x(t),
y(t))	points	from	the	origin	to	the	point	P	=	(x(t),	y(t))	and	z(t	+	M)	=	(x(t	+	f':..t),	y(t	+	f':..t))	points	from	the	origin	to	the	point	Q.	In	the	latter	case	the	system	is	called	asymptotically	stable.	MPl.E	4	Find	the	largest	domain	S	on	which	f	(x,	=	x2	-	y	2	-	xy	-	x	3	is	concave.	Because	H;	-t,	the	conditions	in	(5)	reduce	to	p(t)	=	t	and	p(T)	=	0.	The	resulting
quantities	x1,	...	3.)	+	xy)dy	=	l~:;2	(x	2	y	+	½x.v2)	=	!x	3	½xs)	dx	=	l~Gx4	-	¾x5	-	12x6)	=	1~~-)	1.	Observe	that	the	graph	of	x(t)	is	connected,	but	has	kinks	at	t'	and	t	11	•	u	X	K	L___:=	u(t)	\	II]	~	'!	11	Figure	1	111	\	X	=	x(t)	>-1	T	11	111	T	.t	Figure	2	So	far	no	restrictions	have	been	placed	on	the	functions	g(t,	x,	u)	and	f	(t,	x,	u).	AX+	(1	-	A)y	=	Li=l
U1u;	+	Li=l	(1	-	11.)µ,JVJ,	and	Li=l	AA;+	I:,J=	1(1	-	),,)µ,	1	=Jc+	(1	-	,\.)	=	l.	We	generalize	Example	1.	The	relevant	curve	is	the	intersection	between	the	graph	of	z	=	f	(x,	y)	and	the	planex	=	t,	so	its	equation	is	z	=	O,	x	>	0,	5.6	Transformation	of	Variables	Only	very	special	types	of	differential	equation	have	solutions	given	by	explicit	formulas.	u;	u;
EMS	x;	R	SECTION	12	1	(f;0:	1	.	These	features	are	unrealistic	in	many	economic	models,	as	has	already	been	pointed	out.	(flint:	See	Thm.	Each	constraint	represents	(in	general)	a	surface	in	3-space,	and	the	admissible	set	is,	therefore,	typically,	a	curve	K	in	3-space,	the	intersection	of	the	two	surfaces.	A	firm	produces	two	output	goods,	denoted	by
A	and	B,	Tbe	cost	per	day	is	C(x,	y)	=	0.04x	2	-	omxy	+	0.0Jy	2	+	4x	+	2y	+	500	when	x	units	of	A	and	y	units	of	B	are	produced	(x	>	0,	y	>	0).	If	v;	>	u	1	for	all/,	we	write	v	»	u.	166	C	H	A	PTE	R	4	/	TO	PI	C	S	I	N	I	N	TE	G	RAT	I	O	N	PROBLEMS	FOR	S	3	1.	The	Euler	equation	is	E[-/3(c	-	C1)	I	v1	]	=	-(c	-	c1_1)/a	and	so	c	1_1	=	a18E[C1	I	v1	_i]	-	(a/3	-	l)c,
an	affine	function	of	the	conditional	mean.	The	following	conditions	are	sufficient	for	(9)	to	hold	(see	Seierstad	and	Syds;:eter	(1987),	Section	3.7,	Note	16).	YD	x:D	Determine	the	definiteness	of	the	following	quadratic	forms:	Q1=x?+x?,	Q4	=	-(x1	Q2=-xr-x?,	-	x2)2	=	-xf	+	2x1x2	-	Q3=(x1-x2/=xr-2x1x2+x?	4	Theorems	about	global	uniqueness
(univalence)	are	useful	in	several	economic	applications.	We	go	on	to	consider	the	general	case,	Define	B,(x)	=	0	f{(x)	.t;(x)	f{(x)	f{~	(x)	f[~(x)	f,'	(x)	f,:~	(x)	,	r=l,,,.,n	(11)	f,	1;.(x)	Let	f	be	a	C	2	function	defined	in	an	open,	convex	set	Sin	IR1".	1,	where	x	N	1.1,	we	have	u	N	0.45	and	v	N	0.9,	If	xis	negative,	we	go	a	distance	-x	clockwise	around	the
circle.	It	must	be	an	interval	of	the	form	[0,	y),	where	.Y	may	be	+oo.	We	are	usually	convinced	more	easily	by	reasons	we	have	found	ourselves	than	by	those	which	have	occurred	to	others.	Olech's	Theorem	We	end	this	section	with	a	brief	look	at	a	special	result	on	global	stability	of	an	autonomous	system	of	differential	equations	in	the	plane.	x	2.	,	m
(4)	If	you	have	not	studied	nonlinear	programming	before,	it	might	be	a	good	idea	to	study	a	somewhat	more	elementary	treatment	first,	starting	with	the	case	n	=	2,	m	=	1	as	in,	say,	E~1IEA	Section	14.8.	130	CHAPTER	3	/	STATIC	OPTIMIZATION	The	two	inequalities	Aj	::::	0	and	gj(x)	:S	bj	are	complementarily	slack	in	the	sense	that	at	most	one	can
be	"slack"-that	is,	at	most	one	can	hold	with	strict	inequality.	What	happens	to	the	solution	as	t	---+	co	for	different	initial	points	x	0	?	,	x	11	all	have	length	1	and	are	mutually	orthogonal.	Also,	observe	that	because	p*	:::	0	and	x;(p*)	:::	w;,	each	product	p7(x;(p*)	-	w;)	is	:S	0.	Indeed,	in	the	proof	of	(a),	the	first	inequality	used	the	concavity	off	and	the
fact	that	F	is	increasing.	For	example,	suppose	that	p	denotes	a	vector	of	parameters-for	example,	the	list	of	prices	at	which	an	economic	agent	can	buy	or	sell	different	commodities.	In	the	new	optimization	problem	with	the	right-hand	sides	adjusted,	equation	(iv)	in	Example	I	can	be	derived	exactly	as	before.	1	+	(xo	-	A)e_,.,	where	r	l	/	~.	_	oH(L	x*
(t),	u*(t),	p(t))	()	t,u	t,pt	-	-	-	-	-	-	-	-	-	-	at	(Jl)	at	all	points	of	continuity	of	u*(t),	(See	Problem	2.)	(c)	Moreover,	U	convex	and	H	stiictly	concave	in	u	=}	1.l"'(t)	continuous	for	all	t	(12)	362	CHAPTER	1	0	/	CONTROL	THEO	RY	WITH	MANY	VARIABLES	r,J(JTE	.:':	Suppose	that	the	terminal	condition	is	that	all	state	variables	x;	(t1)	are	free,	for	i	=	l,.,.,	n.
482	CHAPTER	13	/	1	TOPOLOGY	AND	SEPARATION	(b)	Suppose	that	y(x)	is	not	continuous	at	x	0	in	X.	Find	Vf	(0,	0).	(Substituteu	=	1	+x	113	.)	4.	Since	{xd	is	convergent,	there	exists	a	number	N1	such	that	lx1c	-	x	I	<	s	/2	for	all	k	>	Ni.	In	the	same	way	there	exists	a	number	N2	such	that	IYk	-	YI	<	s/2	for	all	k	>	N2.	,	X11	(0).	Such	a	transformation
makes	it	possible	to	apply	Theorem	3	.1.2.	Show	that	the	function	g	defined	for	all	x,	y,	and	z	by	g(x,	y,	z)	=	(x	2	+	2y	2	+	3z	2	+	2xy	+	2xz	-	5)	3	has	a	minimum	at	(0,	0,	0).	SECTION	3,3	/	EQUALITY	CONSTRAII\JTS:	THE	LAGRANGE	PROBLEM	117	E	(a)	Suppose	that	the	functions	f	and	g1,	,	,	.	Thus	an	indefinite	quadratic	form	assumes	both	negative
and	positive	values.	(When	f	(v)	is	a	production	function,	El"	f	(v)	is	called	the	scale	elasticity.)	HARDER	PROBLEMS	~j&	9.	where	a	>	0,	c	>	0,	T	>	I/a,	ax	0	>	c,	and	x	0	:S	xT	<	(x	0	-	c/a)e	4	T	can	be	interpreted	as	a	simple	growth	model	with	a	subsistence	level	c.)	4.	which	is	positive	e,rept	whoo	!	j	-;	I~	I	-89	-.x	+	(1	-	A)Y)	=	II[>--+	(I	-	A)a]xll	=	7.	If
a=	0,	Pa	=	(0}.	0	for	all	t.	f'	(	,1	+	-I)	=	1·3-5·	...	,	Xn)	n	=LL	aijXiXj	=	a11Xf	+	a12x1x2	+	··	·	+	a;jXiXJ	+	·	··	+	annx,7	(6)	i=l	J=l	where	the	a	11	are	constants.	x	(0)	=	1	gives	B	=	1,	x(0)	=	2	gives	3.	A	standard	counterexample	is	f(x,	y)	=	-x	4	-	y4,	which	has	a	(global)	maximum	at	(0,	0).	That	is,	if	we	find	a	triple	(x*	(t).	Clearly,	a	and	bare	boundary
points	of	.f(S).	Hence,	Bis	compact.	To	prove	the	"if'.,	part,	suppose	{x1c}	is	a	Cauchy	sequence.	Since	u''	(t)	u*(t)	=	J	e½(s-r+a)i	dt	=	Aei(r-a)t	+	2$c	e½st	s-r+a	l	=	~	e	2	st	z,	we	get	A/bic	e½	0,	cp"	<	0.	-ar	2	Q(x	1,	x2)	2':	0	for	all	0.	Note	that	.f~(x1,	yi)	=	0.	It	remains	only	to	check	the	constraint	qualification.	The	equations	in	(	*)	are	known	as
Hotelling's	lemma.	4	as	t	--+	oo.	Then	f	is	continuous	(see	Problem	4),	(-oo,	r)	is	open,	and	B'	=	1-	1	((-oo,	r)).	The	Hessian	matrix	is	f	11	(x,	y,	z)	=	(~	!	~)	2	0	6	The	leading	principal	minors	are	D	1	=	2,	Dz	=	4,	and	D	3	=	8.	x	=	Aet	-	½t	2	-	t	+	B	from	Example	2.	The	equilibrium	points	of	(1)	are	the	points	of	intersection	of	the	two	curves	f	(x,	y)	=	0	and
g(x,	y)	=	0,	which	are	called	the	nulldines	of	the	system.	1l	Lik	(x*_)	::::.	Hence,	the	required	solution	is	y	=	x	+	l	/	(x	2	-	2)	(defined	for	-./2	<	x	<	~).	In	this	section	we	formulate	and	prove	a	precise	result	in	which	the	regularity	conditions	on	F	and	x	are	specified.	The	only	possible	solution	is	therefore	Because	F	(t,	x,	i)	=1-	x2	-	(b)	x(l)::::	2	or	-	(l	-	A)e-
1	i	2	is	concave	in	(x,	i),	the	solution	has	been	found.	fr-1	(x),	tions,	u}(x),	Ur-1	(x),	and	uL2(X),	(b)	Find	an	expression	for	lr-n	(x)	for	n	=	0,	Jr_	2	(x),	and	the	corresponding	control	func-	1,	...	To	prove	that	the	Euler	equation	is	necessary,	we	need	only	compare	the	optimal	solution	with	members	of	a	special	class	of	functions.	For	each	admissible
control	sequence	n	(uo(xo,	vo),	U1	(x1,	V1),	...	If	U	(t,	x)	is	empty,	then	the	maximum	over	U(t,	x)	is	set	equal	to	-co.	(The	elasticity	of	marginal	utility,	which	is	cu"	(c)	/u'	(c),	is	equal	to	the	constant	-p.)	Here	the	Euler	equation	is	E[f3Cr-p	I	V1-il	=	c;!ifa,	implying	that	c1-t	=	(a,6E[C1-p	I	v1-1])-J/p_	1	.	=	...	,	0)	and	h	the	fonnula	11	f(x)	=	f(O)	+	L	f/(O)x;
=	(h	1	,	l	n	F'R(JBLEM	h11	)	=	(x1,	...	However,	the	maximum	principle	by	itself	cannot	tell	us	whether	a	given	candidate	is	optimal	or	not,	nor	does	it	tell	us	whether	or	not	an	optimal	solution	exists.	The	nonhornogeneous	equation(*)	has	a	particular	solution	-8/3,	so	the	general	solution	is	x	=	x(t)	=	Ae-½	1	+	Be~	1	-	8/3	where	A	and	B	are	arbitrary
constants.	In	fact,	Theorem	7.5.3	implies	that	(0,	0)	is	globally	asymptotically	stable.	What	can	you	conclude?	The	more	degrees	of	freedom	(i.e.	the	smaller	mis),	the	more	detenninants	must	be	checked.	We	conclude	from	Theorem	l	0.4.	l	that	the	problem	bas	an	optimal	solution.	Introducing	,\	=	e'	1	p	as	the	current	value	shadow	price	for	the
problem,	one	can	write	He	in	the	form	(where	we	put	Po	=	Ao)	Hc(t,	x,	u,	J..)	=	A.of	(t,	x,	u)	+	Ag(t,	x,	u)	(2)	SECT	IO	N	9	.	Determine	(if	possible)	the	local	asymptotic	stability	of	the	following	systems	at	the	given	slationary	points	by	using	Theorem	6.8.1:	(a)	(c)	x	=	-x	+	1Y	2	y	=	2x	-	2y	x	=	-x	3	-	y	)'=x-y3	(b)	at	(0,	0)	at	(0,	0)	(d)	i	j,	=	x	-	3y	+	2x	2	+	l
=	2x	-	y	-	ex-y	xy	i	=	2x	+	8siny	y=	2-	ex	-	3	y	-	cos	y	at	(1,	1)	at	(0,	0)	3.	=	-	-	-	-	-	-	-	-	+	-	-	-	+	C	(b)½-ln(e	113	+1)+ln2.	(Here,	i/0	l	=	u,	the	"0th	derivative"	of	u.)	We	shall	prove	that	u	l	(t),	...	3	Economists	have	realized	for	a	long	time	that	the	adjoint	can	be	interpreted	as	a	shadow	price.	Then,	because	x	=	x*(:r)	maximizes	f	(x,	r)	w.Lt	x,	all	the	partial
derivatives	cJf(x'(r),	r)/ax;	must	be	0.	(b)	a	11	=	4,	a	12	=	1,	and	a22	=	25.	(b)	Put	G(x,	y)	=	f(y/x).	,	Yr)	is	determined	by	the	corresponding	formula	with	each	Ps	in	(3)	replaced	by	Ps;	again,	this	is	independent	of	the	policy	choices.	Clearly,	.i(0)	=	0.	No	pait	of	this	publication	may	be	reproduced,	stored	in	a	retrieval	system,	or	u·ansmitted	in	any	fmm
or	by	any	means,	electronic,	mechanical,	photocopying,	recording	or	otherwise,	without	either	the	ptior	w1itten	permission	of	the	publisher	or	a	licence	permitting	restiicted	copying	in	the	United	Kingdom	issued	by	the	Copyright	Licensing	Agency	Ltd,	Saffron	House,	6-J	0	Kirby	Su·eet,	London	EClN	8TS.	Corresponding	to	the	Lagrangian	function	in
the	present	problem	is	the	Hamiltonian	H	.1	For	each	time	tin	[to,	ti]	and	each	possible	triple	(x,	u,	p	),	of	the	state,	control,	and	adjoint	variables,	the	Hamiltonian	is	defined	by	H(t,	X,	u,	p)	=	f(t,	X,	u)	+	pg(t,	X,	u)	(3)	A	set	of	necessary	conditions	for	optimality	is	given	in	the	following	theorem	(some	regularity	conditions	required	are	discussed	in	the
next	section):	Suppose	that	(x*(t),	u*(t))	is	an	optimal	pair	for	problem	(l)-(2).	exAMf'tf	2	Consider	the	following	problem:	max	{foT	(x	-	u	2	)e-	0	·	11	dt	et	=	-0.4x	+	u,	x(O)	=	1,	+	ax(T)e-O.lT}	x(T)	is	free,	u	E	IR	where	a	is	a	positive	constant.	The	expectation	is	taken	over	all	possible	sequences	ofrealizations	V	1	of	the	random	variables,	given	that:
Us(Xs,	Vs)	(s	450	CHAPTER	12	/	DISCRETE	TIME	OPTIMIZATION	(i)	we	start	equation	(1)	in	state	x1	attime	t,	as	indicated	by	"I	x1,	vi''	in	(4);	(ii)	we	apply	each	control	Us(Xs,	Vs)	in	the	sequence	when	computing	the	sequence	of	successive	states	Xs	(s	=	t,	...	X1+1	=	U1X1	Vi+i,	Ut	Eu=	[0,	l]	where	V,+1	=	2	with	probability	1/4	and	V1+1	=	0	with
probability	3/4.	,	an,	The	case	n	=	1	is	easy.	2)	µ(t)	where	1o(t)	=	(t	-	=	{	0	0	is	imposed	as	an	extra	condition,	where	h	is	a	given	C	1	function	of	three	variables.	PL	E	Z	(Consumptlon	smoothing	i_n	continuous	time)	Suppose	that	a	consumer	expects	to	live	from	now	(time	t	=	0)	until	time	T.	Then	fork>	N	and	j	>	max{N,	J},	Hence,	Xk	-+	x	ask	-+	oo.
Inserting	these	into	(*)	gives	aP	+	b(Px	+	Q)	=	ax	+	{3,	and	so	232	CH	,I\	PTE	R	6	I	DIFFERENTIAL	EQUATIONS	11:	SECOND-ORDER	EQ	U	,l'IT	IONS	bPx	+	(aP	+	bQ)	ular	solution	is	u(x)	f(	x)	(C)	f(t)	=	ax+	(3.	and	care	positive	constants,	and	Yo	>	0.	The	constraints	then	reduce	to	3x	+	z	=	3/2	and	5x	2	-	2x	+	z	=	3/2.	),	starting	times,	and	state	pair
(xs,	Vs),	let	us	write	00	Ws	(Xs,	Vs,	.ir)	=	E	[	L	/3	f	(X,,	U1(X1,	V1))	I	1	Xs,	Vs]	(4)	t=s	where	X	1	is	the	process	corresponding	to	n,	starting	at	Xs	as	specified	by	(2).	at	'y*)	(1)	==}	local	max.	7	.1	and	putting	t	1	=	t,	we	obtain	Taking	lim	on	both	sides,	it	follows	that	limHoo	Du	(t)	:::	0.	10.	But	then	y	=	2	=	%(5	-	v'7),	which	we	easily	see	is	less	than	1.	,
g").	A=	(1,	0)	Figure	1	sinx	=	v	and	cosx	=	u	Let	A	be	the	point	on	the	circle	with	coordinates	(	l,	0),	and	let	Px	be	t11e	point	on	the	circle	for	which	the	arc	length	between	A	and	is	x.	Then	M	=	maxu,x)Er(t	2	+	e-x	2	)	=	a2	+	Lr	=	a	and	the	con-	1.	For	each	x	in	X,	consider	the	problem	of	maximizing	f	(x,	y)	subject	toy	E	Y.	Suppose	(x~(t),	u*(t))	is	an
optimal	solution	defined	on	[to,	t7].	ff	f	is	a	concave	function	defined	on	the	range	of	x(t),	then	f(lh	J..(t)x(t)dt)	2:	lb	A(t)f(x(t))dt	(3)	NCH[	'1	Jensen's	inequality	is	important	in	statistics.	Both	Q(x1,	x2)	and	its	associated	symmetric	matrix	in	(2)	are	called	positive	definite,	positive	semidefinite,	negative	definite,	or	negative	semidefinite	according	as
Q(x1,x2)	>	0,	Q(x1,x2)	::::	0,	Q(x1,x2)	<	0,	Q(x1,	x2)	S	O	for	all	(x1,	x2)	:/=	(0,	0).	The	partial	derivative	af	/ax;	measures	the	rate	of	change	off	(x)	in	the	direction	parallel	to	the	ith	coordinate	axis.	Find	a	condition	for	both	roots	of	the	charactedstic	polynomial	to	be	complex,	and	find	a	necessary	and	sufficient	condition	for	stability.	Because	01	tx-l	dt
converges	even	when	O	<	x	<	1	(to	f	that	.{01	e-	1tx-l	1/	x	),	it	follows	cit	converges.	In	particular,	if	A	=	(au)	is	2	x	2,	then	=	tr(A)A	-	JAi	I	Multiplying	this	equation	by	A	and	using	(*)	again	yields	A3	ex.pressed	in	terms	of	A	and	I,	etc.	2	+	),	If	k	561	=	3,	the	eigenvalues	are	-4,	1,	and	3.	,X111)	:=:	(	G(x1,	...	Suppose	that	the	Lagrangian	J:.(x)	is	concave.
We	introduce	the	concept	of	directional	derivative	in	order	to	measure	the	rate	of	change	of	f	in	an	arbitrary	direction.	Compute	the	value	of	J(x)	=	(x	2	+	.:i:	2	)	dt	in	each	case.	See	Slvf.	,	x	11	)	subject	to	l	g1(XJ,	..	The	domain	of	Fis	A,	the	set	of	all	x	for	which	F(x)	is	defined;	the	effective	domain	is	the	set	of	all	x	in	A	at	which	F(x)	is	nonempty.	l	.4,
where	at	e::i.ch	time	t	0,	l,	,	..	SECTION	2	3	/	CONCAVE	AND	CONVEX	FUNCTIONS	I	61	We	end	this	section	by	proving	Theorems	2.3.3	and	2.3.2.	Let	us	first	show	the	implication	0	and	a	>	0.	-	sf'(k*)]	<	0	when)..>	sf'(k*).	(The	curve	f	(x,	y)	=	0	is	a	level	cmve	for	z	=	f(x,	y),	and	at	each	point	on	the	curve,	the	gradient	off,	i.e.	the	vector	(f{,	fD,	is
mthogonal	to	the	level	curve.	Suppose	that	lxkl	:SM	for	allk	=	1,	2,	....	EXAM	Hall	(	1978)	presents	a	stochastic	version	of	the	life	cycle	model	considered	in	Example	12.5	.1.	We	get	p(t)K(t)	+	p(t)K(t)	=	-R(t)K(t)	+	f	1°0	R(r)K(r)re-r(,-t)	dr.	5,	where	the	upper	level	set	Pa	=	{x	:	f	(x)	?::	a}	is	convex.	,	x~')	is	an	interior	stationary	point	for	a	C	2	function	J
(x).	-1	::::	y	:S	2	For	a	fixed	x	<	0,	f(x,	y)	=	xy	2	is	clearly	maximized	at	y	=	0,	and	the	maximum	value	is	0.	This	implies	the	optimal	choices	u	0	=	3/2,	u	1=	1,	u	2=	1/2,	and	u	3	=	0	for	the	controls,	which	is	the	same	result	as	in	Example	12.1.2.	L£	3	Consider	an	oil	field	in	which	xo	>	0	units	of	extractable	oil	remain	at	time	t	=	0.	Here	iJG/3t	k(t)T	(0).
L(x,	y)	is	concave	in	(x,	y)o	(Hint:	A	c:::	1	>	0,	so	px*	+	y*	=	m,	Look	first	at	the	case	x*	>	0,	y*	>	0,	which	gives	the	solution,)	y	3	V	0	5	X	Figure	A3.8.5	5.	,	l}.	The	phase	diagram	therefore	suggests	the	optimal	solution	to	the	problem.	4.,	We	have	y)	xe-"	=	-1	+	xe.v	-	2y,	so	it	is	clear	that	f	2(x,	y)	>	0	for	ally	:::	0.	Th	e	e1genva	.	Such	considerations	may
be	useful	as	heuristic	arguments,	but	they	can	never	replace	a	proper	mathematical	existence	proof,	In	general,	a	necessary	condition	for	a	mathematical	optimization	problem	to	give	a	realistic	representation	of	physical	or	economic	reality	is	that	the	problem	has	a	solution.	This	determines	the	supply	q	1	one	period	later.	,	..	(For	a	proof	see	Cesari
(1983).)	THEOREM	10A	'I	{F1LJPPOV-CE	'!'	r	i;l	f:	I	I	If	¥"	t	!	$,	l	'I	.t	l	t	I	I	EX!SfENCE	THEOREM}	f	Consider	the	standard	end-constrained	problem	(10.U)-(10.1.5).	If	f(x)	=	a-x+b,	so	that	f	is	an	affine	function	ofx,	then	in	(a)	and	(b),	the	assumption	that	F	is	increasing	can	be	dropped.	(b)	Ifl/'(x*)I	>	l,thenx*isunstable.	,	Pm),	this	system	of	equations
dete1mines	optimal	values	of	x	1,	...	See	Problem	4	for	a	special	case.	TI1e	maximum	principle,	in	different	versions,	gives	necessmy	conditions	for	optimality,	i.e.	conditions	that	an	optimal	control	must	satisfy.	If	A(O)	is	small,	th,m	(K	(t),	11,(t))	starts	low	down	on	the	line	K	=	Ko	and	moves	along	a	the	curve	like	III	in	the	figure.	The	other	cases	are
similar.	Yet	the	opposite	holds	for	the	correspondence	in	Fig.	Find	explicit	expressions	for	these	two	paths.	,	ur	(and	thereby	also	Xs+	1,	...	We	conclude	that	we	have	found	the	solution	of	the	problem.	In	fact,	if	r	were	the	instantaneous	proportional	rate	of	return	on	a	(relatively)	safe	asset	like	government	bonds,	and	if	the	left-hand	side	of(**)	were
higher	than	the	right-hand	side,	then	the	business	owner	would	be	better	off	selling	the	business	for	the	amount	V	(s,	r	),	which	it	is	worth	at	times,	and	holding	bonds	instead.	Let	the	set	r	be	defined	by	r	=	{(t,	x)	:	ltl	:5	a,	lxl	:5	a(a	2	+	1)	].	,	,	m,	as	well	as	£(x,	>..*)	::5	£(x*,	J,,*')	for	all	x	::;:	O.	To	prove	(a)	=>	(b),	choose	a	vector	a»	0	such	that	a	::>>
Aa.	Each	component	of	a	is	then	strictly	larger	than	the	corresponding	component	of	Aa.	Therefore,	there	exists	a	A	in	(0,	1)	such	that	Aa	Aa	»	0.	446	C	H	A	PTE	R	1	2	/	D	I	SC	RETE	TI	M	E	O	PT	I	M	I	Z	AT	I	O	N	The	economic	interpretation	is	that	a	consumer	wants	to	maximize	a	sum	of	discounted	utilities	fYU(u	1)	up	to	a	fixed	horizon	T.	Then	w	=	x,
which	inserted	into	(7)	gives	w	=	x	=	Ax+	b	=	A(w	+	x0	)	+	b	=Aw+	+	b	=	Aw.	In	this	way	the	nonhomogeneous	system	(7)	can	be	reduced	to	a	homogeneous	system.	Insert	this	value	of	x2	into	the	first	equation	in	(3)	to	obtain	(4)	Suppose	that	Jim	x1--s±oo	f1(x1,x2(x1,Y2))	=	f1(±00,x2(±co,y2))	=	±co	(or	::r=oo).	Fork=	1,	w(y)	=	A	In	y	+	B.	Also,x	=
Oifandonlyify	=	O,andsox'Ax	>	O(resp.	The	policies	that	occur	in	(2)	are	of	this	type.	Call	a	point	z	in	S	a	relative	interior	point	if	for	every	c	in	S	there	is	a	number	µ	>	1	such	that	the	point	µ,z	(1	-	µ)c	=	c	1--i(z	-	c)	E	S,	i.e.	the	line	segment	from	c	to	z	can	be	extended	a	little	bit	beyond	z	without	leaving	the	set	S.	1	and	that	(ii)	holds	when	m	=	k.
Combining	these	results	with	Leibniz's	too	f~:'	fonnula	gives	conditions	ensuring	that	the	formula	applies	to	integrals	like	and	f	(x,	t)	dt	over	vmiable	infinite	intervals.	»	3.	But	replacing	a	with	)ca	for	any	l	>	0	yields	.A.a	-	f(la)	=	>-.(a	-	f(a))	»	0.	The	directional	elasticity	off	at	the	point	v	along	the	vector	v	/llvll	=	a,	hence	in	the	direction	from	the	origin
tov,	is	denoted	by	El.f	(v)	and	is,	by	definition,	El	o	.f(	V)	=	Jb'!f'(v)	f	(v)	a	•	V	a=-	llvll	where	f;(v)	is	the	directional	derivative	of.fin	the	direction	given	by	a.	Consider	the	growth	problem	PLE	1	max	{T	U((l	-u)f	(K))	dt,	u	.fo	K	=	u,	K(O)	=	Ko,	K(T)	=	KT,	u	2'.:	0,	f(K)-u	2'.:	0	Here	there	are	two	constraints	for	each	t-namely,	the	simple	constrainth	1	(t,	K,
u)	=	u	2'.:	0	andihemixedconstrainth2(t,	K,	u)	=	f(K)-u	2':	0.	For	example,	in	the	Ramsey	model	of	Example	8.1.1,	it	is	obvious	that	with	realistic	production	functions	the	required	terminal	capital	stock	at	the	end	of	the	planning	period	can	be	set	so	high	that	there	is	no	admissible	solution.	It	follows	that	y0	E	:P	(x	0	).	Then	some	pig	farms	must	go	out
of	business,	and	the	solution	has	to	be	described	in	a	different	way.	Consider	the	following	generalization	of	the	Lotka-Volterra	system:	:i:	o,	=	kx	-	axy	-	sx	2	,	y	=	-hy	+	bxy	-	3y	2	where	a,	b,	h,	k,	and	s	are	positive	constants,	with	bk	>	hs.	Pa=	{x	·	-x	2	/(1	+x	2	)	=:::	a},	Ifa	>	0,	then	Pa	is	empty.	This	is	illustrated	in	Fig.	However,	to	determine	whether
an	equilibiium	point	really	is	stable	or	not,	a	phase	diagram	analysis	should	be	supplemented	with	tests	based	on	analytical	methods	like	those	set	out	in	the	subsequent	sections.	Ts	has	the	migin	as	its	only	fixed	point,	whereas	TE	has	no	fixed	point.	It	follows	immediately	that	conditions	(a),	(b),	and	(c)	in	Theorem	6.8.2	are	all	satisfied,	so	the
equilibrium	point	(0,	0)	is	globally	asymptotically	stable.	By	continuity	of	g,	letting	k	-	co	in	the	inequality	yields	g(x0	,	y	0	)	;£	b.	l	'I	C	Suppose	that	an	admissible	pair	(x*(t),	u*(t))	for	problem	(1),	with	or	without	terminal	condition	(2),	satisfies	the	following	conditions	for	some	A(t)	for	all	t	2':.	,	T).	Since	Xk	also	belongs	to	S,	it	follows	that	r)	n	S	=f	0.	/
CONTROL	THEORY:	BASIC	TECHNIQUES	max	fr	(x	-	u	2	)	dt,	i	u(l)E(-00,00)	}	0	=	x	+	u,	x(O)	=	O,	x(T)	free	".~Ml	6.	is	always	well	defined.	In	vector	fommlation,	the	problem	is	max	(min)	f(x)	subject	to	(If	we	define	the	vector	function	g	=	gj(x)	=	bj,	j	=	1,	...	cl	(a)	The	problem	is	to	find	consumer	l's	consumption	of	the	two	goods,	and	and	c~,	which
together	solve	the	problem:	c1,	as	well	as	consumer	2's	consumption	of	the	two	goods,	max	er	/31	(ot1	Inc}+	ot2	In	ci)	+	fh(ot1	ln	er+	a2	ln	cD	subject	to	(b)	The	Lagrangian	is	SECTION	3.3	/	121	EQUALITY	CONSTRAINTS:	THE	LAGRANGE	PROBLEM	The	first-order	conditions	take	the	form	a£/ac/	=	C¥1/3i!c/	-	)q	B£/Bcf	=	otifh/cf	-	.Jc1	=	0,	a£/ac1	=
a2f3i	Id	=	0,	-	8£/ac~	=	a2fi2/c?	Consider	in	pmiicula:r	the	second-order	nonhomogeneous	differential	equation	x	+	a(t)x	+	b(t)x	=	f	(t)	(1)	=	Recall	that	the	general	solution	of	(1)	is	x	Au	1	(t)+	Buz(t)+u*(t),	where	Au	1(t)+	Bu2	(t)	is	the	general	solution	of	the	associated	homogeneous	equation	(with	f	(t)	replaced	by	zero),	and	u*	(t)	is	a	particular
solution	of	the	nonhomogeneous	equation.	moves	round	the	unit	circle,	and	the	values	of	u	and	v	oscillate	up	and	down.	To	see	this,	here	is	a	detailed	argument	for	this	prope1iy	in	the	case	where	u1	=	t'ecxt	cosf3t,	with	r	as	a	natural	number,	while	a	and	f3	are	real	numbers.	111	The	following	result	follows	immediately:	A	necessary	and	sufficient
condition	for	system	x(t	+	1)	=	+	b(t)	to	be	globally	asymptotically	stable	is	that	all	the	eigenvalues	of	the	matrix	A	have	moduli	(strictly)	less	than	1.	-	2(A	+	Be	41	-	½e')e-	1	+	1	we	get	=	-2Ae-	1	+	2Be	31	+	1	If	x	=	y	=	0	fort	=	0,	then	A+	B	equations	yields	A=	½,	B	=	-¼-	i	=	0	and	-2A	+-	2B	+	i	=	0.	,	qs(t)),	while	3£*	/Bx;	denotes	the	value	of	3£/ax;	at
(t,	u"(t),	p(t),	q(t)).	L39).)	=	llxll	=	Jx?	For	C	=	8/3,	the	integral	curve	passes	through	(0,	I).	The	function	g	is	also	convex.	6	is	not	lower	hemicontinuous,	consider	the	point	P	on	the	graph,	and	let	the	sequence	{xk)	be	as	suggested	by	the	dots	in	the	figure.	In	fact,	under	rather	mild	restrictions	placed	on	the	differential	equation,	one	can	prove	that	the
solution	depends	continuously	on	the	parameters.	Then	there	exist	unique	numbers	tions	(2)-(3)	hold	at	x	=	x*.	l	has	one	equilib1ium	state,	a.	,	an,	and	A	are	positive	constants)	Taking	the	natural	logarithm	of	each	side	yields	ln	z	=	ln	A+	a	1	ln	x	1	+	·	·	·	+	a11	In	Xn.	As	a	sum	of	concave	functions	of	(x	1	,	...	Fort	=	3,	(4)	yields	pz	=	1,	and	we	know
from	TI1eorem	12.4.l	that	p3	=	0.	Obviously,	any	point	in	the	simplex	S	=	co(V)	can	be	expressed	as	a	convex	combination	of	at	most	n	+	1	vertices.	,	x,,)	=	Q(x)	=	x'Ax	(8)	By	the	same	argument	as	in	the	case	n	=	2,	in	(7)	we	can	assume	that	aiJ	=	a1;	for	all	i	and	j,	which	means	that	the	matrix	A	in	(8)	is	symmetric.	Find	all	possible	limits	of
subsequences	of	the	two	sequences	defined	by	Yk	(~ri,j,	=	(1	+	1/	k)	sin(kn	/3)	½(1	+	(-	1l),	+	Yk},	and	(xkyk).	Then	all	solution	curves	are	periodic	with	the	same	period.	1	(LOCAL	ND"	=	1,.	(a)	F'(x)	=	j	J	,2	=	-(e	2'	e'	1dt	1	3.	Determine	which	of	the	following	sets	are	convex	by	drawing	each	in	the	xy-plane.	Assume	that	I~	>	0,	I~	<	0,	S~	>	0,	S~	<
0,	and	/~	-	S~	<	0.	If	5	is	the	set	of	all	points	x	that	satisfy	a	given	system	of	equations,	we	have	the	Lagrange	problem	of	maximizing	(or	minimizing)	a	function	subject	to	equality	constraints.	e0	r-	2	(t	-	(T	-	2/a))	fort	in	(T	-	2/a,	T].	terms	of	elemen1s	cannot	be	evaluated	m	r	tary	functions.)	1.	ii	R	SECTION	9	7	1.	Recall	that	the	principal	minors	of
order	k	of	the	Hessian	matrix	are	obtained	by	deleting	n	-	k	rows	in	If"'	(x)	I	=	IU(/x)hxnl	and	then	-	k	columns	with	the	same	numbers.	The	natural	problem	is	to	find	the	feeding	function	u*(t)	and	the	coffesponding	weight	function	x':(t)	that	maximize	(i)	subject	to	the	constraint	(ii)	and	u(t)	2'.:	0.	The	price	vector	J>	determines	the	market	value	p	·	c	=
p;c;	of	any	commodity	bundle	c	=	(c1,	...	Suppose	for	example	that	limHoo	A(t)e-r	1	:::	O,	limHoo	?c(t)e-r	1x*(t)	=	0,	and	x(t)	2"..	Write	down	the	1	x(5):::	1500	g(u),	with	g(O)	=	0,	g'(u)	>	0,	and	A	person	who	insists	on	understanding	every	tiny	step	before	going	to	the	next	is	liable	to	concentrate	so	much	on	looking	at	his	feet	that	he	fails	to	realize	he
1s	walking	in	the	wrong	direction.	14.4.3	and	14.4.4.)	3.	(This	assumption	implies	that	when	society	has	a	high	level	of	consumption,	it	enjoys	a	lower	increase	in	satisfaction	from	a	given	increase	in	consumption	than	when	there	is	a	low	level	of	consumption.)	Now,	as	is	common	in	this	literature,	introduce	a	discount	rate	r	to	reflect	the	idea	that	the
present	may	matter	more	than	the	future.	111	NOT[	·1	Suppose	that	the	function	fin	111eorem	13.7.1	is	homogeneous	of	degree	1,	and	that	a	f(a)	for	a	»	0.	Again	the	Euler	equation	is	x	-	x	/	c	=	0,	and	the	general	solution	satisfying	the	initial	condition	is	x	=	Ae,.	Suppose,	for	instimce,	that	f*(b)	is	the	maximum	profit	that	a	firm	can	obtain	from	a
production	process	when	b1,	...	Let	S	and	T	be	two	arbitrary	sets	in	!Hn.	The	(vector)	sum	of	S	and	T	is	defined	as	s	+	T	=	{X	+	y	:	X	E	s	and	y	E	T}	(l)	Thus	S	+Tis	the	set	of	all	possible	sums	x	+	y,	when	x	E	Sandy	E	T.	Now(*)	yields	It	follows	that	the	original	equation	has	the	solutions	x	=	±z-112	=	±(Ce12	+	t2	+	1)-1;2	Here	are	two	other	examples
of	successful	substitutions.	If	S	and	T	are	convex	sets	in	IH",	then	S	+	T	is	also	convex,	as	Fig.	Suppose	that	Y	=	where	f'	(K)	>	0	and	f"	(K)	::;	0	f(K),	(i)	Thus	net	national	product	is	a	strictly	increasing,	concave	function	of	the	capital	stock	alone.	The	associated	homogeneous	equation	is	obtained	when	the	right-hand	side	is	0:	dx	+an(t)x	dt	-	=0	(3)
Suppose	that	u	1	(t),	...	Solve	this	equation	to	give	y	=	cp(x).	It	is	easy	to	see	that	any	convergent	sequence	is	hounded.	Then	F(t)	is	an	nondecreasing	function	oft,	and	we	define	the	lower	limit	of	.f	(l)	as	t	tends	to	infinity	as	=	Jim	f(t)	1-,.co	Here	we	allow	limHoo	F(t)	straightforward	to	prove.	In	this	case	the	counting	rule	yields	the	correct	result.	Find
a	particular	solution	of	the	differential	equation	'i	+	y[,8	+	a(l	-	,B)Ji	-	yo*	L	=	-yo*kt	-	yo*	Lo	(yo*	1=	O)	and	then	discuss	when	the	general	solution	oscillates.	This	is	a	loose	motivation	for	the	next	theorem	in	the	two-dimensional	case.	Inserting	thjs	into	(i)	with	=	2-1c1	eventually	yields	y	=	2x	-1/2.	(a)	Let	the	matrices	Ak	=	~	~	0	2,	!~	4	0	and	P	be
given	by	(31	-2k	-10)	0	(c)	(	~)	0	-1	and	P	=(	l	1/./10	-3/v35	0	5/·/35	3/./10	l/v135	Find	the	characteristic	equation	of	Ak	and	determine	the	values	of	k	that	make	all	the	eigenvalues	real.	Among	all	sequences	rc:	=	(uo(xo,	vo),	n1(x1,	v1),	...	For	example,	the	function	f	(x)	=	e·'	has	f'(x)	>	0	for	all	x,	but	c'	=	-1	has	no	solution.	Here	a	and	f3	are	positive
constants,	and	we	assume	that	O	<	c;	<	f3	Deduce	a	difference	equation	determining	the	path	of	Y,,	given	Yo,	and	solve	it.	x	0	,	there	exists	a	number	N	such	thatd(xb	x	0	)	<	o	for	all	k	>	N.	Multiplying	matrices	using	partitioning	is	particularly	convenient	if	the	matrices	have	a	special	structure	and	involve	simple	submatrices	(like	identity	or	zero
matrices).	We	begin	with	a	geometric	problem.	Since	Sis	closed,	it	follows	from	Theorem	13.2.3	that	the	limit	of	the	subsequence	must	be	in	S.	(See	Problem	2.)	In	the	other	case,	when	T	:::	2/a,	one	has	t*	=	0,	so	the	candidate	for	an	optimal	control	is	u*	(t)	=	0	for	all	t	in	[O,	T]	(T	:	2/a	and	T	:::	2/a).	Conesponding	results	hold	for	subtraction,
multiplication,	and	division.	SECTION	2.10	/	EXISTENCE	AND	UNIQUENESS	OF	SOLUTIONS	101	and	let	Q	be	the	rectangle	Q	=	{x	E	!Rn	:	a;£	x	~	b},	where	a	and	b	are	given	vectors	in	[R;".	Now,	z	=	e1n	Z,	and	the	function	u	r-+	eu	is	increasing.	,	fn	(x))	is	the	commodity	input	vector	needed	to	produce	x.	,	x,,)	0x	2	+bv	+cz	2	(a,	b,	and	care
nonnegative)	(a,	b,	and	care	nonnegative)	2	=	(a1x1	+	·	·	·	+	anx,,)	2	The	function	f	is	convex	as	a	sum	of	convex	functions.	Moreover,	the	finite	set	{x1,	x2,	...	,	T	in	any	state	(x	1	,	v	1)	that	is	reached	with	positive	probability	given	the	policy	n*	and	the	initial	state	(x0	,	v	0	).	Thus	the	constraint	u	1	E	U	(t,	x,)	is	imposed.	So!uiim':	Here	it	might	seem
natural	to	try	a	particular	solution	of	the	form	u	=	A	cos	2t.	Equivalently,	z	is	a	point	of	S	that	cannot	be	expressed	as	a	convex	combination	of	other	points	of	S.	The	point	a	is	locally	asymptotically	stable	if	each	solution	curve	that	starts	near	a	not	only	stays	near	a	but,	in	addition,	converges	to	a.	Next,	substitutes	=	,eT-	2	uE(O,x)	max	[u	1-y	+	/3Cr-
La~~(x	=	T	-	2	in	(iii)	to	get:	-	u)	1-y]	Comparing	this	with	(iv),	from	(v)	we	see	that	the	maximum	value	is	attained	for	w	here	1/y	Cy_	2	_1-y)l/y	=	1	+	(	f3Cr-1ar_	2	and	that	lr-2(x)	=	13r-	2	cr-2x	1-Y.	Check	the	result	by	using	(8).	Furthermore,	if	1	is	any	supergradient	of	f''	at	b,	then	l	~	0,	any	solution	x*	of	problem	(1)	is	an	unconstrained	maximum
point	of	the	Lagrangian	£(x),	and	l	·	(g(x*)	-	b)	=	0	(complementary	slackness).	:::	Dk	>	0	fork	=	J,	...	Then	by	the	intermediate	value	theorem,	for	any	number	y	the	equation	f	(x)	=	y	has	at	least	one	solution.	Thus	the	equation	is	globally	asymptotically	stable	if	and	only	if	a1	>	0,	For	n	=	2	it	was	proved	in	(6.4.3)	that	x	+	afc	+	bx	=	f(t)	is	globally
asymptotically	stable	if	and	only	if	a	>	0	and	b	>	0.	1	with	radius	1	and	centre	at	the	origin	in	the	u	v-plane.	(This	model	has	been	studied	by	Atkinson	(1971).)	304	CHAPTER	8	/	CALCULUS	OF	VAR.IATIONS	The	objective	function	is	F	(t,	A,	A)	=	U	(r	A+	w	-A)e-P	1	•	The	Euler	equation	is	easily	shown	to	be	A-	rA	+	(p	-	r)U'/U	11	=	0	Because	U'	>	0,
one	has	aF	;aA	=	-U'(C)e-P	1	<	O	everywhere.	})	(10)	x0	})	(11)	r-,-o	Just	as	for	sequences,	we	often	write	]irn	and	Jim	for	Jim	inf	and	Jim	sup.	Suppose	A	is	an	arbitrary	n	x	n	matrix.	'!	In	Example	1	some	might	prefer	to	equate	the	partial	derivatives	of	the	maximand	in	(*)	to	Odirectly,	rather	than	introducing	the	function	F.	If	rr(b)	is	concave,	then
n(b)	does	have	a	maximum	at	b.	,	,	vi)	really	does	maximize	profit	106	CHAPTER	3	/	STATIC	OPTIMIZATION	Suppose	that	F	is	the	Cobb-Douglas	function	x	=	F	(	v	1	,	...	We	see	that	g(l)	=	f	(xo	+	h,	Yo+	k)	and	g(O)	=	f	(xo,	Yo).	,	Cn	be	constants	and	put	w(t)	=	C1	u1	(t)	+	·	·	·	+	C11	u	11	(t).	2::	0	h,(t,	X,	u)	-	-	-	X	-	U	?,:	0	=	0,	x(l)	free,	=	1,	x*(t)	=	e	1	-	1
Jn	the	beginning.	Then	all	the	conditions	in	the	maximum	principle	(Theorem	9	.4.1)	are	satisfied	on	[to,	t;'],	and,	in	addition,	(2)	Compared	with	a	fixed	final	time	problem	there	is	one	additional	unknown	t;'.	2	=	0	if	x	+	y	<	1.	We	find	the	optimal	path	by	successively	inserting	into	the	difference	equation	(i)	for	Xt.	We	can	obtain	an	explicit	solution	in
the	special	case	when	a1	=	a	for	all	t.	HARDER	PROBLEMS	3.	Thus,	at	time	t-1	the	consumption	level	c1_	1	must	be	set	so	that	the	consurner's	expected	marginal	rate	of	substitution	E[f3u'	(C1)	/u'	(c1-1)	I	v1-1]	between	random	consumption	C1	in	period	t	and	known	consumption	Ct-!	in	period	t	-	l	is	equal	to	1/a,	the	inverse	rate	ofreturn.	This
principle	gives	necessary	conditions	for	optimality	in	a	wide	range	of	dynamic	optimization	problems.	Table	1	Special	values	of	the	trigonometric	functions	548	A	PPE1\1	D	I	X	B	/	TR	I	G	O	N	O	M	ETR	I	C	FU	N	C	T	I	O	1\1	S	Graphs	of	the	Trigonometric	Functions	=	By	definition	of	the	point	Px	in	Fig.	So	we	may	assume	b	=/=	0.	542	APPENDIX	A	/
SETS,	COIVIPLETEI\JESS,	AND	CONVERGENCE	We	prove	only	(4):	If	sup	f	(x)	or	sup	g(x)	is	oo,	then	the	inequality	is	surely	satisfied.	Again	see	Section	7	.6.	Hence,	ifx*	is	a	stationary	point	for	the	Lagrangian,	then	n	11	LL	£;1(x*)h;hJ	is	negative	(positive)	definite	i=l	j=l	is	a	sufiicient	condition	for£	to	have	a	local	maximum	(minimum)	at	x*.	xJ,	Qs	=
xf	-	xJ	Solut;ort	Q	I	is	positive	definite	because	it	is	always	~	0	and	it	is	O	only	if	both	x	1	and	x2	are	0.	This	takes	the	form	max	f	ti	F(t,x,i)dt	subject	to	x(to)	=	xo,	(2)	,	to	Here	F	is	a	given	"well-behaved"	function	of	three	variables,	whereas	to,	ti,	xo,	and	x	1	are	given	numbers.	Consider	the	problem	s.	=	o.	SECTlON	2.1	1	.	+	-te-1	l	O	(c)	F'(x)	=	2x	-	I
½x-~	cos(x	-	x	4	)	(1	0	dt	Xf)"	+	4x	3	I1x	sin(/	2	2	JtP>	re-P	1	f(t)	dt	=	f~	00	xf(x)dx.	They	also	generate	closed	lower	level	sets,	which	are	sets	of	the	fonn	{	x	E	!Rn	:	V	(x)	S	a	}.	The	result	is	the	following	m.1nline[U"	programming	problem,	which	we	will	call	the	standard	problem:	max	f(xi,	...	,	xogiven	/=0	Suppose	that	.J(x)	=	-ax	2	solves	the	Bellman
equation.	www.p8i3rrnncustom.co.uk	or	via	your	local	representative	at'	www.pearsoned.eo.uk/replocator	I	came	to	the	position	that	mathematical	anazvsis	is	not	one	of	many	ways	of	doing	economic	theory:	It	is	the	only	way	Economic	theory	is	mathematical	analysis.	,	g,n	are	C	I	functions	on	a	set	Sin	IR	11	and	x*	is	an	interior	point	of	S.	This	is
followed	by	a	systematic	study	of	linear	equations,	which	can	be	solved	explicitly.	Provided	that	is	differentiable	we	have	the	following	so-called	envelope	result:	(3)	Note	that	on	the	right-hand	side	we	differentiate	f	w.r.t.	its	(n	+	j)th	argument,	which	is	ri,	and	evaluate	the	derivative	at	(x*(:r),	r).	Consider	Example	8.L	1	with	no	discounting,	so	that	r	=
0.	Equation	(9)	reduces	to	solution	is	x	=	At-	1	+	Bt.	6	-	1	=	=	-1	0,	so	r1	and	r1	1,	so	the	general	In	the	theory	of	option	pricing	one	encounters	the	equation	x	2	.f"(x)	+	axf'(x)	+	bf(x)	=ax+	f!,	where	f	(x)	denotes	the	value	of	a	stock	option	when	the	price	of	the	stock	is	x.	The	-	w)x)J]	(iv)	We	guess	that	J	(x)	has	the	form	J	(x)	=	lex	I-y	for	some	constant
k.	A	partial	answer	is	given	by	the	following	theorem:	Let	f	be	a	continuous,	increasing	transformation	from	IR+	into	IR+.	111	Theorem	13.3.3	can	be	used	to	prove	the	extreme	value	theorem,	Theorem	3.1.3:	By	Theorem	13.3.3,	.f	(S)	is	compact.	In	fact	they	are	not	The	first	thing	to	note	is	that	J''	(x)	is	independent	of	x,	so	Ji'	(x)	sp	(1	-	/3)-	1	+	x.	In
the	next	section	we	shall	see	that,	with	proper	concavity	conditions,	the	Kuhn-Tucker	conditions	are	sufficient.	11.6	Systen1s	of	Difference	Equations	A	system	of	first-order	difference	equations	in	the	n	unknown	functions	x1	can	usually	be	expressed	in	the	normal	form:	5	t=O,l,.,.	(For	instance,	in	Fig.	+	-	-	-	-	-	-	n(n	+	1)	(n+l)(n+2)	(n+p-l)(n+p)	=(~-
n~1)+(n~l-n~2)+.,·+C+:-I-n:p)	1	1	l	n	n+p	n	=----	0,	if	we	choose	n	>	1/s,	then	lxm	-	x	11	I	<	that	{xk}	is	a	Cauchy	sequence.	,	,	is	the	simplest.	,	17	(1)	Interior	stationary	points	for	concave	or	convex	functions	are	automatically	extreme	points:	Suppose	that	the	function	f	(x)	is	defined	in	a	convex	set	S	in	!Rn	and	let	x*	be	an	interior	point	of	S.	If	X	=
¼t	2	,	then	X	=	½t,	so	i	2	=	¾t	2	,	tx	-	x	=	¾t	2	.	,n	(2)	In	addition,	and	this	is	the	vitally	important	new	feature,	we	introduce	the	complementary	slackness	conditions	Aj	:::	0,	with	AJ	=0	if	gi	(x)	<	bj,	j	=	1,	...	So	the	function	J(x)	=	-x//3	=	y	x	solves	the	Bellman	equation,	and	is	the	criterion	value	J"	(x)	of	any	corresponding	stationary	policy	u	1	=
constant	E	[O,	a).	In	other	words:	if	x	satisfies	all	the	equations	except	the	jth.,	then	x	autonrntically	also	satisfies	the	jth	equation.	Xk	<	b*	+	B	for	all	(5)	(b)	For	every	c	>	0	and	every	integer	M,	there	exists	an	integer	k	>	M	such	that	Xk	>	b*	-·	8.	In	deterministic	dynamic	programming	the	state	develops	according	to	a	difference	equation	x	1+	1	=
g(t,	x1	,	u	1)	that	is	controlled	by	appropriate	choices	of	the	control	variables	u	1	.	(The	limits	of	integration	are	independent	of	r.)	Formula	(1)	implies	that	-dK	=	dr	1To	f(t)(-t)e-rt	dt	=-	LTo	tf(t)e-rt	dt	The	Genera	I	Case	The	general	problem	can	be	fonnulated	as	follows:	let	f	(x,	functions,	and	define	the	function	F	by	the	formula	J,	.	In	the	next	section
we	shall	prove	that	for	the	maximization	problem	(1),	concavity	of	F(t,	x,	x)	w.r.t.	(x,	x)	is	sufficient,	while	convexity	of	F	(t,	x,	w.r.t.	(x,	x)	is	sufficient	for	the	corresponding	minimization	problem.	Kronecker	M	any	phenomena	appear	to	repeat	themselves	with	predictable	regularity.	(a)	Use	Theorem	12.1.1	to	solve	the	problem	2	max	2]1	-	(x;	+	2u~)],
Xr+l	=	x,	-	U;,	t	=	0,	1	t=O	where	x	0	=	5	and	u1	ER	(Compute	1.,(x)	and	u_;(x)	for	s	=	2,	1,	0.)	(b)	Use	the	difference	equation	in(*)	to	compute	x	1	and	x	2	ln	terms	ofu	0	and	u	1	(with	x	0	=	5),	and	find	the	sum	in(*)	as	a	function	S	of	u	0	•	u	1,	and	u	2	.	Then	p-x	=	p1x1	+·	·	+	p	11	x	11	is	the	cost	of	buyingx.	Then	hn	=	f,,	+	gn	for	some	f11	in	F(x,,)	and
gn	in	G(x,,).	Show	that	if	A	and	B	are	compact	subsets	of	!Rm	and	IR",	respectively.	If	T	is	the	corresponding	set	of	a	second	firm,	the	set	S	+	T	represents	the	aggregate	net	output	vectors	that	the	two	firms	can	supply	together.	(x*)	>	0	for	r	=	m	+	1,	...	(a)	If	f	is	concave	in	S,	then	x*	is	a	(global)	ma'\imum	point	for	only	if	x*	is	a	stationary	point	for	f.
Two	of	these	involve	a	convergent	sequence	of	square	matrices,	defined	in	the	obvious	way:	If	{Bk	h	is	a	sequence	of	matrices,	then	Bk	-+	B	ask	-+	oo	means	that	each	element	b/'1	of	Bk	converges	to	the	corresponding	element	bi.i	of	B,	EO	For	a	nonnegative	n	x	n	matrix	A	the	following	statements	are	equivalent:	+·	·.	F(t,	x)	=	t	2	+	e-x	2	and	F~	(t,	x)
=	-2xe-x	2	are	continuous	everywhere.	K	Sengupta	has	considered	the	problem	Y	=	rtY	-	r2	G,	Y(O)	=	Yo,	Y(T)	free	where	a1,	a	2	,	rt,	r2,	T,	and	Yo	are	given	positive	constants.	For	i	=	l,.,.,	n,	Theorem	7.1.2	yields	a	(unique)	solution	u	1(t)	of	equation	(3)	such	that	fork=	0,	...	Write	out	the	double	sum	in	(6)	when	n	=	3	and	au	=	OJ;	for	i,	j	=	l,	2,	3.
OPTiMALITY	lTlONS	Suppose	that	x*	is	a	stationary	point	of	the	Lagrangian	which	satisfies	the	constraints,	and	that	the	quadratic	form	in	(*)	is	negative	(positive)	for	all	the	(h	1	,	..•	,	hn)	=/=	(0,	...	Thus,	i(t)	=	g(t,	x(t),	u(t)),	x(to)	=	xo	where	xo	is	the	given	capital	stock	at	time	t	=	to.	,	f,,,(x	0	)),	by	quasiconcavity	of	F.	Since	limHoo	x	(t)	=	a,	there
must	exist	a	T	such	that	x	(t)	lies	in	(a	-	8,	a	+	8)	for	all	t	>	T.	Show	that:	(.[_iig:;	6.	The	correct	transversality	condition	for	problem	(])	p(t1)	=	S'(x*(t1))	(2)	This	is	quite	natural	if	we	use	the	general	economic	interpretation	explained	in	Section	9	.6.	The	equilibrium	point	is	p0	=	b/c.	--·.	The	corresponding	path	x*(t)	for	the	state	variable	x	satisfies	the
equation	x"(t)	=	x*(t)	+	1,	with	general	solution	x'f.(t)	=	Be	1	-	1.	Then	l'(z)	'""	(b)	144/25	+	y2)-	3	dx	dy.)	f~00	(3F(x,	z)/3z)	dx	574	ANSWERS	ffr	+yzsi	k/1	(3/2n)	J,	2+i-	2	s	1	Jl	-	x	3.	Theorem	11,7.	Although	such	problems	can	usually	be	solved	by	using	the	calculus	of	variations,	their	relative	simplicity	make	them	ideal	as	a	starting	point	for
introducing	some	of	the	main	concepts	and	ideas	in	control	theory.	Moreover,	if	J	is	sufficiently	large,	lxk;	-	xi<	s/2	for	all	j	>	J.	This	is	true	if,	for	example,	the	functions	f	and	g	are	continuous	and	U	is	compact.	x	2)	-	Local	Functional	Dependence	A	property	implied	by	functional	dependence	is	local	functional	dependence,	defined	as	follows:	N	F	LO
FUNCT!ONAL	PHENDENCf	·	The	functions	J1	,	•••	,	fm	are	locally	functionally	dependent	in	an	open	set	A	if	for	each	x0	in	A	there	exists	an	open	ball	B	(Xo;	e)	0,	lleg(k)II	<	ellkll	fork	small,	so	lleg(k(b))II	<	ellk(h)II	S	sKllhll	when	his	small.	Suppose	on	the	other	hand	that	(4)	is	valid	and	let	a	be	an	arbitrary	number.	(a)	{(x,y):	+y	2	8}	(t)	{(x,	y).
Suppose	furthermore	that	the	following	constraint	qualification	is	satisfied:	CQ:	The	gradient	vectors	V	gi	(x*),	1	::::=	j	s	m,	corresponding	to	those	constraints	that	are	active	at	x*	are	linearly	independent.	SECTION	7.5	/	STABILITY	FOR	NONLINEAR	SYSTEMS	273	7.5	Stability	for	Nonlinear	Systems	This	section	generalizes	the	stability	theory	of
autonomous	systems	in	the	plane	to	the	more	general	autonomous	system	(1)	inn	dimensions.	The	differential	equation	(ii)	is	now	p(t)	=-a+	s*(t)a(l	-	p(t))	(iv)	328	C	HAP	TE	R	9	/	C	O	1\1	TR	O	L	TH	EO	RY:	BAS	IC	TE	C	H	N	I	Q	U	ES	whereas	(i)	implies	that	s*(t)	=	lf	01	if	p(t)	>	l	if	p(t)	<	]	(v)	From	(iv)	and	(v)	it	follows	that	p(t)	=	-a	<	0	if	p(t)	<	1,
whereas	p(t)	=	-ap(t)	if	p(t)	>	1	(vi)	In	both	cases	p(t)	<	0,	so	p(t)	is	strictly	decreasing.	Let	c	be	the	(constant)	level	of	consumption	that	satisfies	the	equation	1T	e-rt	cdt	=	WT	=	Wo	+	1T	e-rt	y(t)	dt	(iii)	Note	how	c	=yin	the	special	case	when	w	0	=	0	and	y(t)	=	y	for	all	t.	In	fact,	we	have	the	following	result:	R.	(See	Theorem	8.3.2	below.)	It	follows
that	x*(t)	satisfies	the	Euler	equation.	This	sketch	suggests	that	the	maximum	principle	may	contain	enough	information	to	give	only	one	or	perhaps	a	few	solution	candidates.	258	CHAPTER	6	1~MJ	/	DIFFERENTIAL	EQUATIONS	II·	SECOND-ORDER	EQUATIONS	4.	The	conclusion	follows	immediately.	Assume	also	that	f	is	C	2	in	an	open	ball	around
x*.	,gm)	and	b	=	(b1,	...	,	T	-	I.	Choose	arbitrary	vectors	Yk	in	F(x1c)	\	U.	By	compactness	of	B	the	sequence	{tk}	has	a	subsequence	{sJ}	=	{li}	such	that	{x(s1)}	converges	to	a	point	in	B.	»	»	Now	consider	in	particular	the	Leontief	case,	where	f	is	linear,	given	by	f(x)	=	Ax	for	some	n	x	n	matrix	A	=	(aiJ	)	11	x	11	with	nonnegative	elements.	y	y	y	=	f(x)
~----,~,3--x~-1~x~-o-x~2_	___,,.x	Figure	3	x*	unstable,	I.f'	(x")	I	>	1.	In	general,	it	is	harder,	but	the	old	trick	of	completing	the	square	gives	us	necessary	and	sufficient	conditions	quite	easily.	Here	K	(t)	denotes	capital	stock,	x	(t)	is	the	stock	of	a	natural	resource,	c(t)	is	consumption,	and	u(t)	is	the	rate	of	extraction.	The	domain	of	F	is	closed,	and	the
graph	is	closed.	Then	sup	(x,y)EC	f(x,	y)	=	sup	(	sup	f(x,	y))	(9)	XECo	yECx	where	Co=	{x	EA:	(x,y)	E	CforatleastoneyinB}	andCx	=	{y	EB:	(x,y)	EC}.	Then	(x'''(t),	11,*	(t))	is	an	optimal	pair,	316	CHAPTER	9	/	CONTROL	THEORY:	BASIC	TECHNIQUES	When	applying	Theorems	9.4.1	and	9.4.2,	we	can	often	use	the	following	approach:	For	each	1riple	(t,
x,	p),	rnaxintize	H(t,	x,	u,	p)	w.r.t	u	E	U.	,	n	(b)	(-1/	D1c(x*)	>	0,	k	(c)	D,,(x*)	i=-	=	I,.,.,	n	==}	x·,	is	a	local	minimum	point	==}	x*	is	a	local	maximum	point.	Suppose	(x*(t),	u*(t))	is	an	optimal	solution	defined	on	[to,	Then	conditions	(vi)-(viii)	must	be	valid	on	the	interval	[t0	,	t)'],	because	(x'(t),	u*(t))	must	be	an	optimal	pair	for	the	c,mesponding	fixed
time	problem	with	ti	=	Moreover,	at	the	terminal	time	t;'	the	value	function's	derivative	w.r.t.	t1	must	be	0.	(a)	a11	=	-l,	a12	=	1	(not	2!),	and	a22	=	-6.	./6/3	as	e	-;.	7	/	I	tff	IN	I	TE	HOR	I	Z	ON	ST	AT	ION	ARY	PRO	8	LEM	S	459	Like	(12.3.8),	this	is	a	"functional	equation"	that	(	we	hope)	determines	the	unknovm	function	J	that	occurs	on	both	sides	of
the	equality	sign.	Differentiate	this	last	equation	w.r.L	t	and	substitute	the	expressions	for	y	and	y	into	the	second	equation	in	(1	).	A	general	method	for	finding	the	candidates	for	optimality	in	a	nonlinear	programming	problem	can	be	formulated	as	follows:	first,	examine	the	case	in	which	all	the	constraints	are	active;	then	examfoe	all	cases	in	which
all	SECTION	3.5	/	INEQUALITY	COf\JSTRAINTS:	NONLINEAR	PROGRAMMING	'133	but	one	of	the	constraints	are	active;	then	all	cases	in	which	all	but	two	are	and	so	on.	X	"~	g(x)	Figure	2	inf	f(x)	=	0,	inf	g(x)	=	-1,	inf(f	(x)	+	g(x))	=	0.	Write	down	the	cuuent	value	Hamiltonian	He	for	this	problem,	and	determine	the	system	(2).	Instead,	it	is	evident
that	X	1	=	xol	Z1	·	·	·	Z	1	,	so	we	must	have	Jw(xo)	=	kxtY	for	some	constant	k	>	0.	Then	its	profit,	as	a	function	of	Q,	is	given	by	n(Q)	=	PQ	-	~	L(Q)	=	{O	-F	+	(P	-	a)Q	-	cQ	2	ifQ=O	if	Q	>	0	For	Q	>	0,	one	has	n'(Q)	=	P	-	a	-	2cQ	and	n"(Q)	=	-2c	<	0.	Then,	fort	in	[O,	t*]:	x*(t)	=	u*(t)	=	e	1	,	p(t)	=	(el''	+	½e	21	')e-	1	+	½e'	-	1,	and	q(t)	=	p(t)	2	-	(t*)2)	+
2(tfort	in	(t*,	2]:	x*(t)	=	-	+	,	u*(t)-	=	p(t)	=	2-	t,	andq(t)	--½(t	591	=	0.	It	also	states	the	simplest	general	problem	in	the	calculus	of	variations.	Solve	the	problem	min	1	(x	2	+	2tx.x	+	x2	)	dt,	5.	TI1e	gamma	function	plays	an	important	role	in	statistics,	Problem	5	is	concerned	with	the	gamma	distribution,	which	is	used	in	many	statistical	models.	(a)
Perform	a	phase	plane	analysis	of	the	following	system,	where	x	>	0	and	y	>	0.	According	to	the	mean	value	theorem	for	functions	of	one	variable,	there	exists	a	number	Ao	in	(0,	1)	such	that	rp(l)	-	rp(O)	=	rp'(Ao).	W'	be	continuous.	More	specifically,	the	state	X	1	is	assumed	to	evolve	according	to	the	stochastic	difference	equation	+di=c/	Xr+l	u1	=
Zr+l	E	[O,	xtl,	xo	given	The	objective	function	is	the	obvious	counterpart	of	that	in	Example	12.1	expected	sum	of	discounted	utility,	given	by	(i)	namely	the	T-l	E	[	L	,If	u:-v	+	,BT	AXi-y]	(ii)	!=0	where	f3	E	(0,	l)	is	a	discount	factor,	while	y	E	(0,	1)	is	a	taste	parameter,	and	A	is	a	positive	constant.	Since	the	limits	of	integration	do	not	depend	on	x,	it	is
natural	to	guess	that	we	have	the	following	result:	(1)	Thus	we	differentiate	the	integral	with	respect	to	a	parameter	that	occurs	only	under	the	integral	sign,	by	d(fferentiating	under	the	integral	sign.	The	result	is	important	for	the	theory	of	dynamic	programming,	discussed	in	Chapter	12.	Inparticular,F(x)	>	½F(a)forallxinthisinterval.	The	conclusion
follows.	Find	lo(x)	and	optimal	values	of	u0	,	u	1,	...	It	is	tempting	to	suggest	that,	because	H	is	linear	in	each	case,	fl	must	be	concave	in	le.	(There	can	be	no	x	such	that	f	(x)	=	y	because	f	(x)	>	f	(x)	whenever	x	x.)	Given	any	input	price	vector	w	»	0,	the	firm's	(total)	cost	is	given	by	w	·	x.	Finally,	it	is	easy	to	prove	that	(4)	holds	for	all	x	and	yin	Sand	all
A	in	[O,	l]	iff	(5)	holds	for	all	such	x,	y,	A.	In	order	to	check	the	conditions	in	(d),	we	must	examine	all	the	principal	minors	of	A.	Since	Fis	increasing,	this	would	imply	that	f(w)	<	f(u)	and	f(w)	<	f(v).	FOH	S	l	8.	Fonnula	(2)	interprets	p(t)	at	time	t	=	t0	.	3	sum	to	1,	so	definition	(2.3.1)	for	n	note	that	AJ/(,l..	Economists	usually	think	of	an	individual's
utility	function	as	representing	preferences,	rather	than	as	a	numerical	measurement	of	"happiness"	associated	with	a	certain	commodity	bundle.	,	x,~)	and	define	1	11	V(x0	,	x	1,	to,	t1)	=	sup	{	f(t,	x(t),	u(t))dt	:	(x(t),	u(t))	admissible}	(3)	to	(If	m	=	0,	the	right	end	point	is	free	and	V	will	not	have	x	1	as	an	argument.)	The	function	Vis	called	the
(optimal)	value	function	of	the	problem.	1	The	condiHons	in	this	theorem	are	somewhat	restrictive.	where	it	is	natural	to	choose	for	how	long	to	extract	the	resource,	as	well	as	how	fast.	Verify	(5)	for	the	following	matrices	by	finding	the	matrix	P	explicitly:	(a)	(21	2,1)	(b)	(	2.	!	(	I	1	I	~	j	;i	i	I	SE	CT	I	ON	1	0.	(The	eigenvalue	is	the	Lagrange	multiplier.)
(b)	Prove	that	the	largest	(smallest)	eigenvalue	of	A	is	the	maximum	(minimum)	value	of	Q	subject	to	the	constraint.	An	equilibrium	state	x*	of	equation	(1)	corresponds	to	a	point	(x*,	x*)	where	the	graph	y	=	f	(x)	off	intersects	the	straight	line	y	=	x.	::,	0)	for	ally	I-	0.	Since	p(t)	is	continuous	at	t*,	p(t*-)	=	-4.	Then,	using	the	definition	of	the	Hamiltonian
and	the	fact	that	x*(t)	=	g(t,	x*(t),	u*(t))	and	i	=	g(t,	x(t),	u(t)),	we	have	j"	=	H*	-	p,x*	and	f	=	H	-	p/,.	Compactness	A	set	Sin	[Rn	is	called	compact	if	it	is	both	closed	and	bounded.	The	control	v&riable	u	(t)	not	only	influences	the	immediate	profit	but	also,	via	the	differential	equation,	influences	the	rate	of	change	of	the	capital	stock	and	thereby	the
future	capital	stock,	which	again	changes	the	total	profit.	But	the	last	expression	tends	to	oo	as	t	-+	oo.	Points	x	where	V	f	(x)	=	Oare	called	stationary	points	for	f.	3	Solve	the	system	x	=	2y,	y=	x	+	y	by	the	eigenvalue	method.	Since	xo	and	vo	are	given,	the	value	of	x1	is	determined.	0	as	t--+	oo	(choose	A=	1,	B	=	0),	and	u2(t)-,.	In	(6)	and(7),	the
maximization	is	carried	out	for	u	E	U(s,	and	u	E	U(T,	x),	respectively.	We	want	to	prove	that	r	#	0.	Forthematrix	.	From	(iv),	A2	=	0,	and	(ii)	yields	;\.	=	-2x/(l	+x	2	)2	and	f(x)-	-1	asx	-	±oo.	It	is	defined	as	4	f*(b)	=	max	{f(x):	gJ(x)::;	b1,	j	=I,	...	H.Y.	Wan	considers	the	problem	of	finding	a	function	x	=	0,	x(2)	=	l.	PROBLEMS	FOi'{	SECTION	6.8	1.	,n	As
usual,	x	is	n-dimensional	and	u	is	r-dimensional,	while	h	is	an	s-dirnensional	vector	function,	so	that	the	inequality	h(t,	x,	u)	~	0	represents	the	s	inequalities	h1	0,	x(T)	2:	xr,	c	:Su	:Sax	+	c/a.	The	reason	is	that	when	x	increases	from	x0	to	xo	+	4.rr,	then	x	/2	increases	from	xo/2	to	xo/2	+	21(,	so	sin(x	/2)	is	peliodic	with	period	4n.	Conclusion?	Find	a
necessary	and	sufficient	condition	for	the	quadratic	form	to	be	positive	definite	subject	to	the	constraint	g;	(xr,	xDh1	+	g;(x[,	Xi')h2	=	0.	An	eigenvector	associated	with	the	negative	eigenvalue	-3	is	(-~).	111erefore	(i)	implies	that	[q(t)-c;,(t,	u*(t))]e-r	1	-	p:::	0	(=	0ifu*(t)	>	0)	(iv)	Because	g	is	concave,	this	condition	is	also	sufficient	for	(i)	to	hold.
Moreover,	U{z)	2	=	abx	20	-	2	y	2"-	2	(1	-	a	-	b):::,:	O	in	S.	If	we	have	to	choose	u	1	before	observing	X	1,	implying	that	u1	must	be	a	constant,	then	E[X1ui]	=	0.	•	•	·"	e	rr[(Jc-rJc)(x-x')+"A,(x-x')]dr+	to	11	lo	a(HC)*	.	Because	c1	=	x1	j3x	1+	1,	the	formulation	without	control	-	T-1	max	{L	ln(xt	-	j3x1+1)	+	lnxr}	t=O	Fort	=	T,	the	Euler	equation	is
Ff(T,xr,xr+i)	+	F~(T	-	l,xr-1,xr)	=	0,	with	F(T,	xr,	xr+1)	=	ln	xr	and	F(T	-	1,	XT-1,	xr)	=	ln(xr-1	-	f3xr	).	Consider	the	set	Y	=	f	(IR~)	s;	IR	of	all	possible	output	levels	that	the	firm	can	produce.	=	1	in	[O,	-lnr],	u*(t)	=	0	in	(-lnr,	oo)	1.	It	follows	that	(AAI	-	A)y0	=	0,	so	Ay0	that	is	an	eigenvalue	for	A,	with	an	eigenvector	y0	;;;	0.	We	first	write	Q	as	follows:
Q	Then	Q	=	3xf	+	0	·	x1x2	+	3x1x3	+	0	·	x2x1	+	x?	According	to	formula	(2),	there	exists	a	number	c	in	(0,	1)	such	that	g(l)	=	g(O)	+	1	1	1	-g'(O)	+	·	·	·	+	-gCn)(O)	+	---gC11	+	1l(c)	l!	n!	(n+l)!	(*)	If	we	find	g'(O),	g"(O),	etc.,	and	insert	the	results	into(*),	we	obtain	the	general	Taylor	formula	in	two	vaTiables.	t)	-	K	-	8K.	(See	Problem	6.7	3.)	To	check	for
stability	of	(xo,	Yo),	consider	the	function	H(x,	y)	=	b(x	-	xo	lnx)	+	a(y	-	Yo	ln	y)	(ii)	We	claim	that	L(x,	y)	=	H(x,	y)-	H(xo,	yo)	is	aLyapunovfunction	for	(i).	Suppose	there	are	N	identical	pig	farms.	So,	at	each	point	on	a	given	ray	through	the	origin	the	gradients	are	proportional,	which	implies	that	the	tangent	planes	at	each	point	on	the	ray	are	parallel.
Hence,	Xt+	1	is	allowed	to	be	a	function	of	the	pair	(x	1	,	v1	).	Let	f	=	y2	+xy	at	(2,	1)	h(x,	y,	z)	=	e'	+	e	2Y	+	e	3z	at	=	xe'J'	-	z	2	at	(0,	0,	1)	k(x,	y,	z)	=	e'+	2	y+	3z	at	(0,	0,	0)	(b)	g(x,	y,	z)	f(x,	y)	(0,	0,	0)	(t)	be	a	C	1	function	oft	with	f'(t)	I	(d)	0.	An	interior	point	evidently	lies	"properly	inside"	some	line	segment	in	the	convex	set.	M'(t)	=	f~00	xe	1'f(x)dx,
and	so	M'(O)	M	2	for	all	a	>	0.	Since	f	is	quasiconcave,	=	f(Jcx	+	(1	-	!c)y)	=	f(µx'	+	(1	-	µ,)y')	=	(µf3/a)f	(x)	+	(/3	-	=	f(y')	=	µJ(x')	+	(I	f3µ)f	(y)	=	Jcf	(x)	+	(l	-	"Js.)f(y)	2::	f(x')	µ,)f(y')	This	proves	the	theorem	in	the	case	when	q	=	L	Finally,	suppose	that	q	E	(0,	l	],	and	define	a	new	function	g	by	g	(x)	=	(f	(x))	l/q	for	all	x	in	K.	The	graph	of	V	is	shown	in	Fig.
As	in	the	corresponding	deterministic	infinite	horizon	problem	(12.3.1),	however,	we	assume	that	the	problem	is	stationary	or	autonomous.	Solve	this	problem	6.	If	the	existence	of	an	optimal	solution	is	assured,	then	an	optimal	solution	can	be	found	by	simply	examining	which	of	the	candidates	gives	the	largest	value	of	the	objective	function.	The
solution	of(*)	with	x(to)	=	x0	=	xfe	1	+	·	·	-	+	x~en	is	obviously	x(t)	=	x?p1	(t)	+	·	·	·	+	X~P11	(t)	P(t,	to)x°.	More	realistic	equilibrium	models	include	producers	as	well	as	consumers,	and	allow	(multi-valued)	demand	(and	supply)	correspondences.	The	condition	a	<	0	is	therefore	necessary	as	well	as	sufficient	for	Uj	to	tend	to	0	as	t	~-	oo.	Then	u*(t)
must	be	2	if	p(t)	<	0	and	O	if	p(t)	>	0.	Faced	with	the	problem	of	steering	an	economic	system	optimally,	such	open-loop	controls	are	often	inadequate.	Different	chapters	from	across	our	publishing	imprints	combined	into	one	book	Lecturer"s	own	mateiial	combined	together	wHh	tex1hook	chaptrrs	or	published	in	a	separate	boo~let	Thii-d-purty
cases	and	articles	that	you	are	keen	for	your	students	to	read	as	part	oftbc	cou~e	The	Pearson	Education	custorn	text	published	for	your	course	is	pmfessionally	produced	ind	bound-	just	as	you	would	ex	peel	from	a	nornu1!	Pearson	Education	te;,t	Since	many	of	our	title&	hn~	onlinefeSoun:es	accornpanymg	them	we	can	even	huild	a	custom	website
that	matches	your	course	t{~XL	Many	adopters	of	Further	Mathematics	for	Economic	Analysis	have	found	that	they	require	just	o!J.e	ot	two	extrn	chapters	from	the	companion	volume	Essential	Mathematics	for	Economk	Analysis	or	would	like	to	select	a	range	of	chapters	from	both	texts,	Custom	publishing	has	allowed	these	adopters	to	provide
access	to	additional	chapters	for	their	students	both	online	and	in	print.	The	previous	case	with	constant	consumption	is	when	y	=	0.	,	n,	let	f;	(x)	denote	the	amount	of	good	I	needed	as	an	input	to	produce	x,	so	that	f(x)	=	Cf1	(x),	...	Appropriate	concavity	conditions	again	ensure	optimality,	as	shown	in	the	next	theorem:	UFF!CtfNT	CONDITIONS
\NlTJ-1	SCRAP	THEOREM	9.	Hence,	x(t)	-	x(T)	=	x(r)	dr	>	½F(a)(t	-	T).	Consider	for	each	i	=	1,	...	-	x4	½x	-	5.	=	T	-	fc-(1	+	Jl	-	2bc)	and	t**	6.	''	qn	i	=	1,	...	The	second	equality	in	(b)	is	obtained	by	differentiating	(iii)	w.r.t.	t	and	using	(i).	It	follows	that	the	conditions	in	part	(a)	of	'Theorem	L7.	l,	and	the	speed	of	motion	is	given	by	the	length	of	the
vector	(i(t),	y(t)).	With	t	as	a	real	number,	define	the	function	g	by	g(t)	=	f(xo	+	th,	Yo+	tk).	Consider	first	the	quadratic	form	Q	rt11Xf	+	2a12x1x2	+	a22xJ	and	assume	that	the	vmiables	are	subject	to	the	homogenwus	linear	constraint	bi	x1	+	h2x2	=	0,	where	b	1	::J:	0.	It	is	not	lower	hemicontinuous.	Then	for	x	f:.	Such	restrictions	often	occur	in
economic	models.	See	Section	5.6.	One	of	the	integrals	cannot	be	evaluated.)	Find	the	limit	lim	(x(t),	y(t)).	We	simply	don't	care	where	on	the	line	t	=	t1	the	graph	ends.	,	an	are	all	=	(2)	To	see	this,	note	that	the	characteristic	polynomial	p(r)	rn	+	a1r	11	-	1	+	-·.	an-l•	(d)	Letx	=	l/(n	2-1)	in	the	inequality	in	(b),	and	show	that	(1	+1	/(11	2-	1))"	>	l	+n/(n
2	-	1)	>	1	+	l/11.	In	this	case,	p	1	---+	p*	as	t	-+	oo.	0	and	neither	(a)	nor	(b)	is	satisfied	===}	x*	is	a	saddle	point.	d(ldx)	x	=	dt	x	=	dt	ds	=	!dx	t	Id(dx)	ds	=	-ti	ds	+	t	dt	because	Id	2	xI	ds	2	ldx	-ti	ds	+	t	t	~	!!_(dx)	=	!!_(dx)ds	=	d	2	x.	See	the	illustrations	of	these	concepts	in	Fig.	Show	that	the	problem	minf}	d.:	2	dt,	x(a)	=	0,	x(l)	=	1	has	a	solution	if	a
if	a=	0.	Qs	is	indefinite,	because	it	is	1	for	x1	=	1,	x2	=	0,	but	it	is	-1	for	xi	=	0,	xz	=	l.	By	Pythagoras'	theorem,	(	0	B)	2	=	(0	P)2	-	(B	P)	2	=	l	-	¼	=	¾,	and	so	OB	=	-½v-13.	For	a	formal	proof,	see	Hestenes	(1966).	Note	that	condition	(a)	means	that	ultimately	all	terms	of	the	sequence	lie	to	the	left	of	b*	+	B	on	the	real	line.	(b)	f	is	suictly	concave	i	ff	the
inequality	(1)	is	always	strict	when	x	=f,	x	0	.	(2004)),	274	CHAPTER	7	/	DIFFERENTIAL	EQUATIONS	Ill·	HIGHER-ORDER	EQUATIONS	8	(a)	Stable	(b)	Asymptotically	stable	(c)	Unstable	figure	1	THEO	M	7	.	The	conditions	in	TI1eorern	9.9.l	are	sufficient	for	optimality	if	Ao=	land	Hc(t,x,u,?c(t))	isconcavein	(x,u)	(Mangasarian)	(6)	(Anow)	(7)	or	(more
generally)	fic(t,x,?c(t))=maxHe(t,x,u,A(t))	isconcavein	x	uEU	or	(more	generally	still)	x	1	=	x*(t)	maximizes	fie+	(i(t)	-	rA(t))x	Solve	the	following	problem	using	the	current	value	fommlation:	max	i	20	,e:o	o	(4K	-	u	2	)e-	0251	dt,	K	=	-0.25K	+	u,	K(O)	=	Ko,	K	(20)	is	free	An	economic	interpretation	is	thal	K	(t)	is	the	value	of	a	firm's	capital	stock,	which
depreciates	at	the	constant	proportional	rate	0.25	per	unit	of	time,	whereas	u	(t)	is	gross	investment,	which	costs	u(t)	2	because	the	marginal	cost	of	investment	increases.	Counterexamples	Two	examples	will	be	given.	Then,	in	particular,	x*(t)	solves	the	com:sponding	variational	problem	with	fixed	ten:ninal	point	(t1,	x).	Because	the	control	region	is
open,	condition	(3)	reduces	to	H:,	(t,	p	1	)	=	0	for	t	<	T	(see	1	Note	2).	In	case	(II),	only	the	first	constraint	is	active,	and	we	need	only	look	at	V	g1	(x,	y)	=	(2x,	1),	which	is	linearly	independent	since	it	is	not	the	zero	vector.	Then	the	equation	F(O,	...	Then	(i)	gives	x	=	-1	/2,	and	(ii)	gives	Jc2	=	1	/2.	For	each	given	value	of	xo,	there	is	clearly	no	other
function	that	satisfies	the	equation.	·	(n	-	1)	·	n.	Jo	(Hint:	Substitute	t	=	-	In	z	in	(1).)	r~rJi)	5.	,	f	(x*)	2:	f	(x)	for	all	x	in	S	Then	x*	is	called	a	(global)	maximum	point	for	fin	Sand	f	(x')	is	called	the	maximum	value.	In	fact	difference	equations	can	be	viewed	as	the	discrete	time	counterparts	of	the	differential	equations	in	continuous	time	that	were	studied
in	Chapters	5-7.	A	more	elaborate	argument	(see	Gelfand	and	Fomin	(1963)),	allows	a	related	result	to	be	proved	assuming	only	that	the	admissible	functions	are	C	1	.	(b)	Define	a	new	function	x	1	by	x	1	=	1/	y	1	•	Show	that	by	using	this	substitution,	the	new	difference	equation	is	of	the	type	in	(4).	1	.	What	about	the	assertion	that	two	convex	sets	in
[R;"	with	disjoint	interiors	can	be	separated	by	a	hyperplane?	,	1,	...	Similarly,	the	probability	of	the	joint	event	V	1	=	VJ,	V2	=	v2,	...	Since	IAI	is	O	iff	O	is	an	eigenvalue,	the	conclusion	follows	from	Theorem	1.7.2	(a).	Then	g(0)	c::	g(t)	for	all	tin	[O,	ll)	+	336	CHAPTER	9	/	CONTROL	THEORY	BASIC	TECHNIQUES	9,8	Variable	Final	Time	In	the	optimal
control	problems	studied	so	far	the	time	interval	has	been	fixed.	Compare	with	the	answer	to	Problem	12.1.1.	2.	It	is	then	alw	strictly	quasiconcave.	4,	Let	X	=	(0,	oo)	and	Y	=	(-oo,	1],	and	define	the	function	f:	Xx	Y-,,.	If	we	replace	the	condition	limHco	x(t)	=	x	1	with	limHoo	x(t)	::':	x	1	or	lim	1.	For	a	given	value	of	xo,	we	can	compute	x	1for	any	value
oft.	Iues	satis	.	Write	down	the	Hamiltonian,	condition	(3),	and	the	difference	equation	for	p	1	.	Then	system	(	1)	has,	by	definition,	n	-	m	degrees	of	freedom	in	B.	,	T	the	state	equation	takes	the	new	form	Xr+l	=	g(t,	,	u,,	V1+1),	Xo	=	xo,	Vo=	Vo,	with	:xo	and	vo	given,	u1	EU	(1)	including	a	stochastic	shock	V	1+1	that	makes	each	X	1+	1	stochastic	as
well.	,	J,11	(x)	are	all	concave	(convex)	and	F(u1,,	..	We	see	from	the	formulas	obtained	that	x(t)	and	y(t)	both	tend	to	Oas	t	---*	oo.	For	every	(t,	x)	in	[Rn+	1	,	define	the	set	N(t,	x)	=	{	(f(t,	x,	u)	+	y,	gi(t,	x,	u),	...	,	n	of	all	these	products	is	0	because	of	Walras's	law	(2).	The	function	in	Fig.	Each	pyramid	has	a	triangular.base	(Band	A)	with	areal	·	~	=	~
and	height	1.	From	(ii)	and	A	?:	0,	y	=	0.	Then	limJ--+co	V	(x(s1	))	=	0,	so	x.	(a)	A	community	wants	to	plant	trees	to	cover	a	1500	hectare	piece	of	land	over	a	period	of	5	years,	Let	x(t)	be	the	number	of	hectares	that	have	been	planted	by	time	t,	and	let	u(t)	be	the	rate	of	planting,	x(t)	=	u(t),	Let	the	cost	per	unit	of	time	of	planting	be	given	by	the
function	C(t,	u).	Let	x	1	=	(xi,	...	Linear	Systems	with	Constant	Coefficients	Consider	the	linear	system	x	=aux+	a12y	+	b1(t)	y	=	a21x	+	a22Y	+	b2(t)	(3)	Suppose	a	12	f	0.	Lett'	and	t"	denote	the	first	and	second	derivatives	oft	w.r.t.	x.	(Rew1ite	the	problem	as:	max	-4	ln(.x	2	+	2)	-	y	2	8.x	subject	to	-	y	s	-2,	-x	s	-1.	This	is	useful	because	A21	is	a	zero
matrix.,	It	is	less	useful	to	partition	A	into	three	row	vectors,	or	into	five	column	vectors.	Note	that	F'(P)	=	H'(D(P)	-	S(P))(D'(P)	-	S'(P)).	But	p(t.,)	=	1,	so	1	=	-a(t*	-	T),	implying	that	t*	=	T	-	I/a.	A	consumer	with	m	dollars	to	spend	on	the	commodities	has	a	budget	set	2(p,	m)	defined	by	the	inequalities	p	·X	=	p1x1	+	·	·	·	+	PnXn	S	m	x1	2::	0,	...	his
quasiconcave	according	to	Theorem	2.5.2	(a),	because	f	is,	in	particular,	quasiconcave.	Then,	according	to	(6),	the	assumption	that	the	Hessian	matrix	f"	(x*)	is	negative	definite	is	sufficient	for	x*	to	be	a	local	maximum	point	But	the	condition	is	not	necessary.	(See	e.g.	Hirsch	et	al.	This	requires	obeying	the	rules	for	sums,	differences,	and	products.
Suppose	that	f(k)	>	0	whenever	k	:::	k	0	e-H,	that	f'(k)	>	0,	and	that	p,	8,	"A,	T,	ko,	and	kr	are	all	positive	constants.	1	=	0	if	x	2	+	y2	<	2;	(iv)	'A	2	2:	0,	with	).	At	times,	we	do	emphasize	economics	not	only	to	motivate	a	mathematical	topic,	but	also	to	help	acquire	mathematical	intuition.	These	two	paths	together	with	the	equilibrium	point	itself	form	a
curve	that	has	a	tangent	at	the	equilibrium	point	All	other	paths	that	come	close	to	the	equilibnum	point	will	move	away	again.	For	a	proof	of	these	two	theorems	see	Arhn	and	Evstigneev	(1987).	,	m,	is	continuous	at	x	0	.	Theorem	9.8.	l	has	then	the	following	immediate	generalization:	EM	WlTHA	,1.4	TlME)	Suppose	that	(x*(t),	u*(t))	is	an	admissible
pair	defined	on	[to,	tt]	that	solves	problem	(l)-(5)	with	t1	free	(t1	E	(to,	oo)).	,	n,	exist	and	are	continuous,	then	*()	(	)).	In	particular,	the	sequence	{xd	=	{(-1/),	whose	terms	are	alternatively	-1	and	l,	is	clearly	not	a	Cauchy	sequence.	Compact	sets	in	[R	11	can	be	given	the	following	very	useful	characterization:	A	subset	S	of	[R	11	is	compact	(Le.	closed
and	bounded)	if	and	only	if	every	sequence	of	points	in	S	has	a	subsequence	that	converges	to	a	point	in	S.	28	CHAPTER	1	/	TOPICS	IN	LINEAR	ALGEBRA	1.	=	2	applies.	It	follows	that	h	is	an	open	interval	that	is	unbounded	above;	in	fact,	oo	).	By	convention,	O!	=	L	78	CHAPTER	2	I	MULTIVARIABLE	CALCULUS	NOTE	1	The	remainder	term	at	the
end	of	(2)	resembles	the	preceding	terms	in	the	sum.	Then	(1)	can	be	written	in	the	concise	form	x=F(t,x)	(2)	In	economic	models	that	lead	to	systems	of	the	type	(1	),	the	functions	x1	(t),	...	,	'11.	Find	the	general	solution	of	the	projective	equation	x	=	1	+	x	/	t	-	(x	/	t)	2	.	We	say	that	Q	is	positive	(negative)	definite	subject	to	the	linear	constraints	(4)	if
Q(x)	>	0	(	<	0)	for	all	x	=	Cx1,	....	In	consumer	theory,	fa	is	often	assumed	to	be	a	convex	set	for	every	a.	Assume	that	f	is	C	2	in	a	ball	around	x*.	(a)	Consider	the	equation	x	=	F(x,	.i),	where	tis	missing.	(b)	Suppose	P(t,	x)	=	ao	+	a1x,	and	g(t,	u)	=	a	-	be-'	1/u,	where	all	the	constants	are	positive,	with	s	>	r.	(b)	Prove	that	11	(x)	can	be	written	in	the
form	11	(x)	=	-a	1e-vx,	and	find	a	difference	equation	fora1,	SECTION	12.2	I	THE	EULER	EQUATION	8.	(a)	Find	the	Euler	equation	associated	with	this	problem.	The	sequence	{xk}	converges	to	x	0	,	but	{f(xk)}	does	not	converge	to	f(x	0	).	0:	=	iJ*	=	0,	(6)	(B)	f	(t)	is	a	polynomial	Suppose	f	(t)	is	a	polynomial	of	degree	n.	Alternatively,	if	u	1	(t),	..	is
real.	If	you	work	through	Problem	1	in	detail,	the	general	idea	should	become	clear	enough.	=	b.	(a)	sup(-!	(x))	xEB	=-	inf	f	(x)	(b)	inf	(-f	(x))	=	-	sup	f(x)	XEB	XEB	+	inf	g(x)	(3)	sup	f	(x)	+	sup	g(x)	(4)	f	(x)	inf(f(x)+g(x)):::	XEB	+	g(x))	sup(f(x)	~	XEB	XEB	(2)	xEB	XEB	XEB	inf	(A/	(x))	=	A	inf	f	(x)	is	a	positive	real	number)	(5)	sup(,V(x))	=,:\,sup	f	(x)	(Jc	is	a
positive	real	number)	(6)	XEB	XEB	XEB	XEB	Property	(2)(a)	is	illustrated	in	Fig.	t·J(Hf:	,	)q	g	1	(x)	An	illuminating	argument	for	condition	(4)	cari	be	based	on	studying	the	(optimal)	value	function	for	problem	(1	).	Suppose	further	that	H(t,	x,	p(t))	is	concave	in	x	for	all	tin	[to,	ti]	(17)	Then	(x*(t),	u''(t))	solves	the	problem.	Yet	J{;	(0,	0)	=	0,	so	f"	(x~)	is
not	negative	definite.	171e	Hamiltonian	is	H	=	/Y(wvx	-	v	2	x)	+	px(l	-	v).	A(t)	-	rJ-,(t)	B(HC)*	=	-	-ax-	=	cu*(t)	-	"	Jc(t)g(t,	u''(t))	(iv)	Furthermore,	condition	(C)(c')	in	Theorem	9.10.2	takes	the	form	Jc(T)	=	P(T,	(T))	+	x*(T)P;(T,	x*(T))	(v)	346	C	H	A	PTE	R	9	I	C	O	f\l	TR	O	L	TH	EO	RY	:	B	A	SI	C	TE	C	H	f\11	Q	U	ES	From	(iii)	it	follows	that	if	u*(t)	>	0,	then
B(l-JC)*	;au	A(t)g:Jt,	u*(t))	=	O.	,	fn	are	all	C	1	functions.	On	(t.r-,	T],	we	have	p(t)	=	-a(t	-	T),	because	we	have	assumed	p(T)	=	0.	4	Consider	problem	(10.1.1)-(10.LS)	where	ti	is	free	to	take	values	in	an	interval	[T1	,	T2]	with	T1	:::.	,	xm)'	l	J:."(xo)	where	G(x	1	,	...	1	when	t	=	1,	then	1	=	+	3	+	3C,	so½+	3	+	3C	=	l,	and	hence	C	=	-7	/6.	For	instance,	we
have	arcsin	l	/2	=	rr	/6.	,	on	the	graph	off	converges	towards	the	point	(x*,	x*).	Because	it	depends	on	the	price	vector	p,	the	excess	demand	will	be	denoted	by	g;(p).	On	the	other	hand,	increasing	to	makes	the	planning	period	shmier,	so	the	total	profit	decreases.	See	Fig,	A3X5,	There	are	no	stationary	points	in	the	interior	of	So	The	Kuhn-Tucker
conditions	are:	(i)	1	-	(x	-1-	y)	-	1/4	-	A1	-1-	A3	:::	0	(=	0	if	x	>	0);	(ii)	l	-	(x	-I-	y)	-	1/3	-	A2	-	2Jc	3	:::	0	(=	0	if	y	>	0);	(iii)	A1	c:::	0	with	At	=	0	if	x	<	5;	(iv)	A2	c:::	0	with	A2	=	0	if	y	<	3;	(v)	A3	c:::	0	with	A3	=	0	if	-x	-1-	2y	<	2°	The	solution	is	x	=	3/4,	y	=	0,	6.	and	B)c:=------	Q(A,	B)	=	B()-,J	-	all)	a12	(c)	If	Jc	1	a12	=	0/	+	i/3	and	A2	=	a	-	P(A,	B)	=	(aA	if),	f3	i=
0,	and	u	1(t)	=	r"'	1	cos	f3t,	u2	(t)	=	e"''	sin	f)t,	then	+	f)B	-a11A)/a12	and	Q(A,	B)	=	(aB	-fJA	-auB)/a12-	Solutions	Based	on	Eigenvalues	With	b1	(t)	=	b2(t)	=	0,	system	(3)	reduces	to	the	homogeneous	system	-~=a11x+a12y	y	=	o	21	x	+	022y	{=}	(~)=(011	Y	a12)(x)	.	If	in	addition	V(x)	is	<	0	for	all	x	cj;:	r1	in	then	is	called	a	strong	(or	Lyapm10v
function	for	the	system.	When	the	boundedness	condition	(3)	is	satisfied,	the	same	argument	as	in	Note	12,3.4	shows	that	the	opiimal	value	function	is	defined	and	satisfies	the	optimality	equation.	2	the	K	,i_,-pJane	is	divided	into	four	parts.	(2004).)	=	0	can	be	According	to	our	previous	terminology,	an	equilibrium	point	for	(1)	is	globally
asymptotically	stable	if	every	solution	of	(l)	(wherever	it	starts)	converges	to	a	as	t	tends	to	oo.	In	particular,	a	convex	combination	of	two	points	x	l	and	x2	takes	the	form,\	1x	1+>-.	Nevertheless,	note	that	g(x,	y,	z)	=	[f(x,	y,	z)	-	5]	3	,	where	f	is	the	convex	function	studied	in	Example	1.	(a)	J	1	J	3+JT+s	x-	4	dx	(b)	4te-	21	dt	(b)	4x3	---dx	S	(b)	(./xx-··	1)2
dx	1	lO	0	l0t	2	-	t	3	---dt	t	+1	]	---dt	I	[11	3	}	0	9	(c)	()	o	,,/4	-	x	2	1	2	10	(1	Ot	2	-	t	3	)	dt	(b)	@/ii	5.	Goodwin	considers	the	problem	of	finding	the	function	y(t)	that	maximizes	the	integral	fo	Here	a	and	equation.	This	set	is	compact,	i.e.	closed	and	bounded.	Even	control	problems	for	which	explicit	solutions	are	unobtainable	can	sometimes	be	analysed	by
the	phase	diagram	technique	explained	in	Section	9.12.	The	function	defined	on	IR	3	has	only	one	stationary	point	Show	that	it	is	a	local	minimum	point.	The	value	function	for	problem	(13)	is	;,I'	=	max{	f*(r)	f(x,	:r):	g(x,	1·)	X	=	0}	(14)	Let	the	Lagrangian	be	defined	as	m	£.(x,	.r)	=	f	(x,	r)	-	L	Ajgj(X,	r)	j=l	We	want	to	find	an	expression	for	3f*(r)/8r;	at	a
given	point	r,	assuming	there	is	a	unique	optimal	choice	x*	(f)	for	x.	These	definitions	will	be	useful	in	giving	a	charactelization	of	continuity	that	applies	to	functions	whose	domain	is	not	the	whole	of	ITi'1	11	•	Given	a	set	S	in	ITi'I",	we	define	the	relative	open	ball	with	radius	r	around	a	point	a	in	S	as	Bf	(a)	=	B	5	(a;	r)	=	B(a;	r)	n	S.	In	fact,	Q	is
homogeneous	of	degree	2.	Then	y	=	x	=	F(t,	x,	x)	=	F(t,	x,	y),	and	the	system	becomes	x	=	Y,	y=F(t,x,y)	(2)	Recursive	Systems	Suppose	that	the	two	differential	equations	take	the	special	form	Jc=	f(t,	x,	y),	)1	=	g(t,	y)	so	that	one	of	the	two	vaTiables	varies	independently	of	the	other.	The	proof	is	an	easy	modification	of	the	proof	of	(7).	ft;	8.2	The	Euler
Equation	The	simplest	variational	problem	is	this:	2	max	l	/1	F(t,x,x)dt	subject	to	x(to)	=	xo,	x(t1)	=	x1	(1)	'	10	Already	in	1744	the	Swiss	mathematician	L	Euler	proved	that	a	function	x(t)	can	only	solve	problem	(l)	if	x(t)	satisfies	the	differential	equation	(2)	called	the	Euler	equation.	-	2]	F"	(F')	22	1	-	(Differentiate	the	expression	for	y'	in	(1)	w.r.t.	x.)
(b)	Let	F(x,	y)	=	x	2	y	=	8.	Hence,	if	there	is	a	cycle	of	period	2,	the	equilib1ium	points	x	1	and	x2	also	exist,	and	aie	both	unstable.	For	symmetric	matrices	we	have	the	following	important	result:	.6	If	the	matrix	A=	(aij)nxn	is	symmetric,	then:	(a)	All	then	eigenvalues	A1,	...	In	fact,	360°	=	2n	radians	because	when	x	=	2n,	the	line	O	has	rotated
through	360°.	Another	focus	of	this	chapter	is	on	fixed	point	theorems.	But	the	x1c	are	all	less	than	or	equal	to	bi',	sob*	-	£	<	x1c	:::.	,	b	111	are	all	constants.	Since	the	functions	sin	and	arcsin	are	inverses	of	each	other,	the	graphs	of	y	=	sin	x	and	y	=	arcsin	x	are	symmetric	about	the	line	y	=	x.	Assume	that	the	consumer	would	like	to	choose	c(t)	so
as	to	maximize	the	lifetime	intertemporal	utility	function	(i)	where	a	>	0	is	the	rate	of	impatience	or	of	utility	discount,	and	u(c)	is	a	strictly	increasing	concave	utility	function	(such	as	Inc	or	-c-	2	).	the	constraint	qualification	does	not	hold	at	(1,	1).	It	is	impossible	to	write	(f)	Not	separable	in	general.	Then,	because	,BAai~\	=	cY	=	(w	-	I)Y,	choosing
the	value	x	/w	of	ur-1	gives	h(x/w)	=	x	1-ywy-!	+	(w	-	l)Y[x(l	=	x	1-y	[	wy-l	+	(w	-	I)Y	(w	-	w-	1)]	1-Y	1)	1-y	/w	1-Y]	=	x!-y	wY	=	xl-y	Cr-1	Hence,	by	(iv),	(vi)	Notice	that	fr-1	(x)	has	the	same	form	as	lr-2(x)	fr(x).	dom(R-	1)	=	b,	=	range(R)	because	b	E	dom(R-	1)	{	=	}	bR-	1a	for	an	a	in	A,	,	u;),	and	g	=	(g	1	,	...	Section	3.8	shows	how	to	handle	such	problems
in	an	efficient	way.	Substituting	these	into	(4)	yields	AeCJ	1	(q	2	q2	b	=	Aeq	1	•	Then	ii*	=	Aqeqt	and	peq	1	•	Hence,	if	+	aq	+	b)	=	+	aq	+	b	f=	0,	(7)	''	The	condition	q	2	+	aq	+	b	f=	0	means	that	q	is	not	a	solution	of	the	characteristic	equation	(2)-that	is,	that	e	41	is	not	a	solution	of	(1).	(This	is	easy	to	check	directly	by	substituting	-x	1	-	x	2	for	x	3	in
Q.)	SECTIOf\J	1.9	/	PARTITIONED	MATRICES	AND	THEIR	INVERSES	+	Xi	-	2x	1x2	1.	,	.	,	V	g	111	(x*)	are	the	row	vectors	of	g'	(x*).	Show	the	existence	of	a	optimal	control	and	draw	a	picture	of	the	set	max	fo	1	x(t)dt,	(ii.Mi	2.	,T-1,	XO=	0	t=O	(a)	Prove	that	u~	=	0	fort	=	0,	1,	...	So	the	This	last	integral	could	be	evaluated	exactly,	but	fortunately	we
do	not	need	to.	,	n,	the	ith	component	xi	of	x	satisfies	x;	=	sup111	x{,).	y	=	X	-4y	=	2x	-	2.	A	set	S	in	the	plane	is	called	convex	if	each	pair	of	points	in	S	can	be	joined	by	a	line	segment	lying	entirely	within	S.	Because	a/3	=	1,	we	have	u	J	(xo)	00	=	xo(u	-	a)	L(f3u)	1	xo(u	-	a)	xo	=	-	-	-	=	--/3	=	yxo	=	J(xo)	1	-	/Ju	t=O	which	is	independent	of	u.	By	(a),	a=
lim1c	Xk	for	some	sequence	Xk	in	S,	and	therefore	a	E	S,	by	hypothesis.	Note	that	the	Lagrange	multipliers	for	problem	(1)	may	well	be	negative,	so	that	an	increase	in	bi	can	lead	to	a	decrease	in	the	value	function.	,	.1c	111	such	that	(4)	is	valid.	Let	x	=	lim1	Xk;,	Because	{xk}	is	a	Cauchy	sequence,	for	every£	>	0	there	is	a	natural	number	N	such
that	jx	11	-	x	111	I	<	s	/2	for	n	>	N	and	m	>	N.	2	Suppose	that	admissible	pairs	are	also	required	to	satisfy	the	constraints	(xr,	Ur)	E	A	1	,	t	=	0,	1,	...	In	the	first	case,	x	1	decreases	monotonically	and	converges	to	the	equilibrium	state	x*.	Starting	with	an	arbitrary	function	Io	E	:I3	such	as	Io=	0,	calculate	successively	Ii	=	T(Io),	h	=	T(.li),	and	so	on.	the
resource	may	be	something	unique	like	a	particular	entrepreneur's	time	for	which	there	is	not	even	a	market	that	could	determine	its	actual	price.	Suppose	that	Sis	a	finn's	production	possibility	set,	i.e.	the	set	of	all	net	output	vectors	that	the	firm	can	supply.	(If	a	12	=	0,	the	first	equation	is	a	simple	linear	differential	equation	in	only	one	unknown.)
Let	us	derive	a	second-order	equation	by	modifying	the	method	used	in	Example	L	Differentiating	the	first	equation	w,r.t.	t,	then	substituting	j,	from	the	second	equation	in	(3),	we	obtain	.x	=	anx	+	a12(a21x	+	a22Y	+	b2(t))	+	bi	(t).	It	follows	that	the	function	cp(x)	=	f	(x)	f*	(g(x)	+	b	-	g(x))	:s:	0	for	all	x.	If	A	and	B	are	two	sets	such	that	every	element
of	A	is	also	an	element	of	then	A	is	a	subset	of	B	and	one	writes	A	s;:	B	(read	as	"A	is	a	subset	of	B"	or"	A	is	included	in	B")	or	B	2	A	("B	includes	A"	or	"Bis	a	superset	of	A").	Let	f	(v)	=	f	(v	1	,	•••	,	v11	)	denote	a	positive	valued	differentiable	function	of	11	variables	defined	whenever	v;	>	0,	i	=	1,	2,	..	Suppose	b(x)	is	the	associated	cont	function.	,	x	11	)
is	a	C	2	function	defined	on	an	open,	convex	sel	S	in	~	11	•	Let	~,.	This	problem	has	two	state	variables	(K	and	x)	and	two	control	variables	(u	and	c).	Hence,	e-	1tx-	l	<	1/	t	2	for	t	::::	t0	.	is	the	subsequence	obtained	by	removing	all	tem1s	with	an	odd	index.	Phase	plane	analysis	is	a	technique	for	studying	the	behaviour	of	paths	in	the	"phase	plane"
based	on	information	obtained	directly	from	(I).	In	elementary	geometry	it	is	common	practice	to	operate	with	degrees,	so	one	must	know	SECT	I	ON	B	.	It	remains	to	determine	the	constants	A	and	B	so	that	x*(O)	=	1	and	p(T)	=	0.	Since	A	is	symmetric,	by	Theorem	1.6.2	all	the	eigenvalues	are	real.	So	in	Fig.	to;	(C)	there	exists	a	number	t'	such	that
A(t)	2"..	,	a	11	(t),	and	f(t)	are	fixed	continuous	functions	on	(-oo,	oo).	Dorfman	(1969)	has	an	illuminating	discussion	on	the	economic	interpretations,	extending	the	material	in	the	next	subsection.	L	The	two	end	points	A	=	(to,	x	0	)	and	B	=	(t1,	xi)	are	given	in	the	tx-plane.	=	-ae-x	solves	the	Bellman	equation,	@	1	2.	x	0	with	x	close	to	x	0	,	one	has	f	(x)



<	f	(x	0	)	when	V	f	(x0	).	But	then	x(0)	=	1,	and	x	=	0	is	a	local	minimum	point.	(7)	where	a	is	still	a	constant.	In	Section	5.4	we	studied	the	equation	x	+ax=	b	(a	f-	0)	Itisaspecialcaseof(l),	withF(x)	=	b-ax.	Fi.nd	infxEB	f	(x)	and	supx1cB	f	(x).	The	number	xis	called	the	limit	of	the	sequence	[xk}.	(b)	The	Hamiltonian	with	p(t)	=	t	-	2	is	H(t,	x,	u,	p)	=	u	2	-	x
strictly	convex	in	u.	(a)	xj(t)	=	x?,	x;(t)	=	ax?t,	u*(t)	function	becomes	infinite.)	=	0.	,n	(3)	so	that	the	equilibrium	market	demand	for	each	commodity	does	not	exceed	the	total	endowment	of	that	commodity.	Ideally,	the	solutions	should	be	expressed	in	terms	of	elementary	functions,	Unfo1tunately,	this	is	possible	only	for	rather	restricted	classes	of
equations.	,	x	11	(t)	that	satisfies	(	1)	and	has	the	prescribed	values	fort	=	to	(see	Theorem	7.6.1).	In	the	discrete	random	variable	case,	the	problem	takes	the	form	00	m;xE[L/3	f(X1,u1(X1,Vr))],	1	II1(X1,V1	)EU,	Pr[V1+1=vlv,]=P(vlv1	)	(1)	1=0	where	X	1	is	governed	by	the	stochastic	difference	equation	(2)	with	Xo	and	Vo	given.	Then	ft	-d	dX	100
f(x,t)dt=	1	f~(x,t)dt	00	C	(5)	C	ft	The	existence	of	p	(t)	can	be	replaced	by	the	weaker	condition	that	f~	(x,	t)	d	t	converges	uniformly	on	[a,	b].	We	find	that	aj*(r,	m)/3r	-m	2	/(1	+	r))	2	=	-(x*)	2	and	of'(r,	m)/'Jm	=	-2mr/(l	+	r))	=	1.	Consider	the	two	sequences	{a11	}	and	(b	11	}	defined	by	a11	=	(]	(a)	Show	that	a1	l	equality	holds	only	for	x	=	1,	2,	3,,	..
426	CHAPTER	12	/	DISCRETE	TIME	OPTIMIZATIOl\l	=	=	We	now	prove	an	important	property	of	the	value	function.	Assuming	that	C(t,	x,	u)	=	u	2	/x	and	O	<	w	<	1,	apply	the	maximum	principle	to	find	the	only	possible	solution	of	the	problem	T	v	max	L	V1E[O,l]	'	f3	t	(wv	1x	1	-	v1)	x;),	xo	>	0,	v1	E	[0,	l]	(iii)	1=0	with	XT	free.	Knut	Sydscete1;	Peter
Hammond,	Atle	Seierstc1d,	Arne	Str¢m	Oslo	and	Coventry,	May	2008	PI	CS..	Suppose	there	are	n	primary	factors	whose	prices	are	given	by	the	vector	w	in	Equilibrium	requires	that	p;	=	c;	(w)	for	each	i	=	1,	2,	...	The	principal	minors	of	A	are	therefore	au,	a-22,	and	IAJ.	Show	next	that	1	'A}	(g;	(x*)	-	b;)	=	0.	The	result	is	called	the	excess	demand	for
that	commodity.	Indeed,	this	successor	volume	is	designed	to	be	accessible	to	anybody	who	has	had	a	basic	training	in	multivariable	calculus	and	linear	algebra	at	the	level	often	encountered	in	courses	taught	to	economics	undergraduates.	f{	1	<	0	and	SECTION	2.3	/	57	CONCAVE	AND	CONVEX	FUNCTIONS	I	The	results	in	Theorem	2.3.	1	on
concavity/convexity	of	functions	of	two	variables	can	be	generalized	to	functions	of	n	variables.	,	""·	aF(t,x*,x*)	x)	·-	F(t,x",	x')	:5	_	_a_-1_:--(.x	-	*	X	)	aF(t,x*,	+	--a-x-,.--(.x	-	*	i	)	(iii)	Using	the	Euler	equation,	reversing	the	inequality	(iii)	yields	(with	~irnplified	notation)	BF*	iJF*	F*-F>-(x*-x)+-.-	-	ax	-x)	ax	('aaxF*)]	iJaxF*	·.•	._	(iv)	..	Moreover,	an	inequality
constraint	of	the	form	gi	(x)	:::	bj	can	be	rew1itten	as	-gi	:5	-bi,	whereas	an	equality	constraint	Si	(x)	=	b1	is	equivalent	to	the	pair	of	constraints	gi	(x)	:S	b1	and	-	g1	(x)	s	-b.i.	In	this	way,	most	constrained	optimization	problems	can	be	expressed	in	the	fo1m	(1).	Figure	3	shows	the	particular	path	that	starts	at	the	point	(-3,	0),	and	spirals	towards	(0,
0).	(b)	p(t)	is	uniquely	determined	by	the	necessary	conditions	given	x*(t),	u*(t),	and	Po=	l.	In	fact,	considerable	work	is	needed	to	show	that	the	solution	in	this	case	1s	(13)	x(t)	=	t"	[	A	cos(,8	Int)	+	B	sin(tl	Int)]	where	a=	½CJ	--	a)	and	f	5	fJ	=	½)4b-	(a	Solve	the	equation	t	2x	+	ti	-	x	-	1)	2	.	Suppose	{xk}	is	a	sequence	in	~n	converging	to	x.	Note	that
the	limit	of	a	convergent	sequence	is	unique.	A	model	by	T.	The	three	solution	candidates	are	.f(L	1)	=	2,	.f(-1,	l)	=	0,	and	f(-1/2,	1)	=	-1/4.	This	gives	h'(u)	=	-jx	+	x/(1	+	ux)	=	0,	or	(since	x	>	0),	u	=	1/2x.	Each	u;	corresponds	to	a	root	mi	of	the	characteristic	polynomial.	For	instance,	x	=	-x	3	has	the	general	solution	x	=	C(2C	2	t	+	n-	112	,	with	a	=	0	as
a	locally	asymptotically	stable	point	But	the	matrix	A	has	the	eigenvalue	f'(O)	=	0.	(b)	u*(t)	=	x*(t)	=	e-	1	;	p(t)	=	(t"	-	½Ct*)	2	)e	1	-	l	-	½e-	1	,	q(t)	=	-e-	1	-	p(t)	fort	in	[0,	t''];	u*(t)	=	2	-	t,	x*(t)	=	½t2	-	2t	+	2	+	t*	-	½Ct*f,	p(t)	=	t	-	2,	q(t)	=	0	fort	in	(t*,	2],	with	t''	determined	by	e-	1'	=	2	-	t*.	>	0,	then	x	<	1	and	so	.x	2	<	I.	6.4	Stability	for	Linear	Equations
Suppose	the	variables	of	an	economic	model	change	over	time	according	to	some	differential	equation	(	or	system	of	differential	equations).	(Previously	only	odd-numbered	problems	had	answers	supplied	in	the	text.)	(2)	More	extensive	answers	to	selected	problems	are	presented	in	a	new	Student's	Manual.	,	x,	u,	p	,	Jqof(t,	x,	u)	+	i=l	L,	p;	gi(t,	x,	u)	)
=l	for	t	<	T	for	t=T	f(t,x,u)	where	p	=	(p	1	,	...	(0,	0)	=	-F{	(0,	0,	1)/	F~(0,	0,	!)	=	0.	The	quasiconvex	case	is	treated	in	similar	manner,	and	finally	the	proof	of	(b)	is	analogous	to	the	proof	of	(3).	(Hint:	Withy	and	z	positive,	f	(x,	y,	z)	is	strictly	increasing	in	y	and	in	2.	Economics	students	interested	in	dynamic	optimization	problems	should	therefore
make	a	serious	effort	to	learn	the	basic	facts	of	optimal	control	theory.	.-•";,,,/	/	I	I	/	I	/	575	CHAPTER	5	J	x	2	dx	=	j(t	+	1)	dt.	Suppose	(x(t),	u(t))	is	an	arbitrary	admissible	pair,	and	(x*(t),	u*(t))	is	a	pair	we	wish	to	test	for	optimality.	(Why?	0)	and	(1,	1)	are	the	only	stationary	points,	and	i;;ompute	the	quadratic	form	in	(9)	for	fat	the	stationary	points.
Il1e	function	x*(t)	must	satisfy	the	equation	i*(t)	=	u*(t)3	for	each	t,	and	also	have	x*(0)	=	0	and	x''(l)	=	0.	Fis	upper	hemkonthmous	(or	u.h.c.)	in	X	if	it	is	u.h.c.	at	every	x	in	X.	gives	=	lnx	+kB,	with	u}_k	=	p	-	q	=	2p	-	I	To	conclude,	in	every	round	it	is	optimal	for	the	gambler	to	bet	the	same	fraction	u	=	2p	-1	of	his	wealth"	(Iflhe	objective	function
were	f	(T,	xr)	=	xr	instead	and	p	>	1/2,	it	is	easy	to	see	that	she	would	bet	all	her	wealth	at	every	stage-see	Problem	7.)	The	following	formal	result	confirms	that	the	solutions	we	found	in	the	previous	examples,	for	instance,	really	are	optimal:	SECT	I	O	N	1	2	.	A	model	by	W.	Because	F	is	concave	and	increasing	and	f	is	concave,	F	11	:S	0,	F'	:::=	0,
and	f	11	::,	0.	.1	PU	NOV}	l	Let	a	(a1,	...	Theorem	1.7.2	tells	us	that	the	quadratic	form	is	negative	semidefinite.	!,:o·r;	1	In	the	above	heuristic	"proof"	of	the	max:imum	principle,	differentiability	of	the	function	V	was	assumed	without	proof.	For	XJ	c?:	0	and	x2	c?:	0,	however,	the	maximized	Hamiltonian	defined	in	(	10.	,	V1	=	v	1	,	is	given	by	(3)	Note
that	this	probability	is	unaffected	by	the	choice	of	the	policies	u	1	(x	1	,	v1	).	=	F(f(x))	concave.	If	f	(x,	y)	is	a	function	defined	on	a	Cartesian	product	Ax	B,	then	(7)	sup	f(x,y)=sup(supf(x,y))	(x,y)EAxB	XEA	yEB	This	equality	expresses	a	very	important	fact:	One	way	to	find	the	supremum	off	(x,	y)	over	the	set	A	x	Bis	as	follows:	First	find	the	supremum
supy	f(x,	y)	off	(x,	y)	for	each	given	x	as	y	varies	over	B.	6	is	concerned	with	systems	of	difference	equations.	Except	in	rare	special	cases.	In	EMEA	this	procedure	was	used	to	find	extreme	points	for	functions	of	two	variables.	The	function	-x	2	-y	2	is	concave,	and	therefore	quasiconcave.	Now,	V(t,	x)	=	V/(t.	u	1	=	1	in	[0,	T	-	2/b),	u	2	=	{1	0	if	t	E	[0,	T	-
5]	if	t	E	(T	-	5,	T]'	p1(t)=½(T-t),	{t	=	T	-	2	if	t	E	[0,	T	-	2]	if	t	E	(T	-	2,	T]	P2(t)=½(T-t)	2	(t)	=	x	(t)	=	t	for	all	t,	p1(t)	=	=	1	in	(T	-	•	x{(t)	3	+	½CT	-	t),	p2(t)	=	2	+	½CT	-	t).	Also,	by	definition	of	a	Lyapunov	function,	V	cannot	increase	along	any	solution	curve.	Prove	that	(p(x)	is	convex	if	and	only	if	B	2	(x,	y)	~	0	(see	(10)).	Solving	these	thrne	equations
gives	A=	¼,	B	=	½,	and	C	=	Hence,	a	particular	solution	is	=	r	Note	that	the	right-hand	side	of	the	given	equation	is	t	2	+	2,	without	any	t	term,	Yet	no	function	of	the	form	C	t	2	+	D	will	satisfy	it;	any	solution	must	include	the	tenn	½t.	However,	we	claim	that	f"	(x*)	has	to	be	negative	semidefinite	in	order	for	x*	to	be	a	local	maximum	point.	Let	Dk(x)
be	defined	by	(4).	If	f	and	g	are	C	2	functions	of	n	variables,	S	ECT	I	ON	2	.	3,	x(t)	=	l	+fit+	tit	2	+	...	,	T	-	L	xo	>	0	given	(a)	Wiite	down	the	fundamental	equations	for	the	problem	T	max	I)xr	-	u;),	11,EIR	Xr+l	=	2(xr	+	Ur),	t	=	0,	1,	...	For	the	proof,	see	Note	3.6.1.	It	follows	from	(C)	that	n	I:	i=l	n	,\j	gi	ex*)	=	'I:.	Note	that	(K*(t),	'A*(t))	is	never	equal	to
(K,	I)	for	any	finite	t,	but	(t),	A*(t))-+	(K.,	I)	as	t-+	oo.	Use	(4)	and	(5)	to	investigate	the	definiteness	of	(b)	Q(x1,	x2)	=	4xf	+	2x1x2	+	25xi	2.	,	C11	are	arbitrary	constants.	Because	this	constraint	is	a	differential	equation	on	the	interval	[to,	t1],	it	can	be	regarded	as	an	infinite	number	of	equality	constraints,	one	for	each	time	tin	[to,	ti].	Therefore,	when
(	*)	holds	and	x*	is	a	stationary	point	that	satisfies	the	constraints	in	(5),	then	x*	solves	the	problem.	(a)	l(x,	y)	f'::;	-1	-	x	-	y	-	½x	2	3.	Note	that	this	means	that	if	the	consumer	can	afford	either	of	the	commodity	vectors	x	and	y,	she	can	also	afford	any	convex	combination	of	these	two	vectors.	In	fact,	a	standard	trick	shows	that	{z1c}	is	indeed	strictly
decreasing:	~	_	1I	,	_	(vk	+	1	-	0c)c~	+	Jk)	_	t	",	k	+	1	-	-v	k	-	-	-	-	-	-	-	-	-	-	-	-	-	_	-	-	-	-	,/k	+	l	+	.Jf	.Jk+f	+	.Jk	,ck	-	From	the	last	fraction	we	see	that	z1c	decreases	when	k	increases.	If	f	is	Cl,	it	follows	from	(8)	that	all	directional	derivatives	are	equal	to	O	at	a	stationary	point	Mean	Value	Theorem	The	mean	value	theorem	for	functions	of	one	variable	(see
e.g.	EMEA,	Section	8.4)	can	easily	be	generalized	to	functions	of	several	variables.	See	also	SNI.	1111	72	CHAPTER	2	/	MULTIVARIABLE	CALCULUS	The	Cobb-Douglas	function	is	defined	for	all	x	1	>	O,	....	Hence	-rv	;;	0	for	all	v	>	0.	0.	,tij;	1	.	Xn(t	(2)	+	1)	=	a111	(t)x1	(t)	+	·	·	·	+	On11(t)x11	(t)	+	bn(t)	Suppose	we	define	IX[~/))	x(t)=	(	:	,	X11	bi	au(t)
A(t)	(t)	=	(	b(t)	=	(	:	(t))	:	b	11	(t)	On!	Then	(2)	is	equivalent	to	the	matrix	equation	x(t	+	1)	=	A(t)x(t)	+	b(t),	t=O,l,	...	Such	an	equilibrium	is	called	a	saddle	point.	But	(I	-A)(I	+A+···+	A111	-	1)	=I-A"',	and	so	II-Alf=	0.	It	is	about	time	to	relax	this	assumption	and	give	sufficient	conditions	for	differentiability.	(A)	x	(B)	(C)	If	the	jth	resource	is	not	fully
used	because	gi	(x*)	<	bi,	then	the	shadow	price	AJ	of	that	resource	is	0.	Integrate	each	side	w.r.t.	t	to	rb	A(t)f(x(t))	dt	-	f(z)	j'ba	.Jc(t)	dt	:S	f'(z)	j'b"	.Jc(t)x(t)	dt	-	zf	,	(z)	Jurb	J..(t)	dt,	But	Jarb	A(t)	dt	=	I	and	also	get	}a	z=	F;'	;\.(t)x(t)	dt,	sot	J..(t)f(x(t))	dt	-	f(J:	.Jc(t)x(t)	dt)	5.	In	most	static	optimization	problems	the1·e	is	an	objective	fonction	f	(x	7	,	•	,	•	,
Xn)	=	f	(x),	a	real-valued	function	of	n	variables	whose	value	is	to	be	optimized,	i.e.	maximized	or	minimized,	There	is	also	an	admissible	set	(or	feasible	set)	5	that	is	some	subset	of	~n,	then-dimensional	Euclidean	space.	Then	there	must	exist	an	open	set	U	2	F(x0	)	such	that,	given	any	ball	B(x0	;	ot/	k),	k	=	I,	2,	...	)q,	...	=	F(f(x))	convex.	f;;On:	':	Some
proofs	involve	pairs	of	sequences	[xk}~	1	and	{xk)~t	where	ki	::::	j	for	all	j,	but	where	the	sequence	k1,	k2,	...	-	--	-	--;c	'~	If	we	can't	imagine	how	something	might	fail	to	happen,	we	are	tempted	to	conclude	that	it	must	always	happen.	214	CH,L\PTER	5	/	DIFFERENTIAL	EQUATIONS	I,	FIRST-ORDER	EQUATIONS	IN	ONE	VARIABLE	The	model	is
usually	analysed	by	dividing	all	variables	by	L,	thus	obtaining	new	variables	y	y	=	-L	(the	output/labour	ratio)	and	k	K	L	=-	(the	capital/labour	ratio)	Because	there	are	constant	returns	to	scale,	the	function	F	is	homogeneous	of	degree	L	Thus	y	=	Y/L	=	F(K,	L)/L	=	F(K/L,	1)	=	f(k),	where	f(k)	is	defined	as	F(k,	1),	Also	k:/	k	=	K/	K	-	l	/	L	=	s	Y	/	K	-1	=	sy/
k	-	A,	Multiplying	by	k	leads	to	the	separable	differential	equation	(3)	k	=	sf	(k)	-	1k	Without	specifying	For	f,	equation	(3)	has	no	explicit	solution,	Nevertheless,	suppose	we	make	the	usual	assumptions	that	F(O,	L)	=	0	and	that	the	marginal	product	of	capital	FJ<	(K,	L)	is	positive	and	diminishing	for	all	L,	Putting	L	=	1,	it	follows	that	f	(0)	=	0	and	that
f'	(k)	>	0,	f"	(k)	<	0	for	all	k	>	0,	Provided	that	sP	(0)	>	'Jc	and	sf'(k)	<	'Jc	for	large	le,	the	phase	diagram	for	equation	(3)	will	look	like	Fig,	4,	k	k=	sf(k)	-H	--+---------k~*-oc--------;.,	k	Figure	4	Phase	diagram	for	(3),	with	appropriate	conditions	on	J,	Then	there	is	a	unique	equilibrium	state	with	k*	>	0,	It	is	given	by	sf(k'')	=	H'	(4)	By	studying	Fig,	4	we
see	that	k*	is	stable.	As	for	the	second	integral,	because	e-	1th	--+	0	as	t	--+	oo	for	every	b,	there	exists	a	number	to	such	that	t	::::	to	implies	e-	1	t'+	1	<	1.	SECTIOI\I	2.5	/	QUASICONCAVE	AND	QUASICONVEX	FUNCTIONS	75	We	already	know	from	Example	5	that	the	Cobb-Douglas	function	defined	for	all	x	J	>	0,	...	We	now	consider	a	somewhat
similar	characterization	of	quasiconcave	C	I	functions.	Moreover,	the	associated	value	off	is	no	smaller	than	the	convex	combination	of	the	values	associated	with	x1	and	i2.	This	implies	that	when	the	system	starts	in	position	x	at	time	t,	if	either	of	the	two	velocity	vectors	x:	1	and	x2	are	feasible,	then	so	is	any	convex	combination	of	them.	(Whereas
stability	of	the	equilibrium	point	(i,	y)	=	(1,	2)	is	not	clear	from	the	diagram	in	(a),	the	corresponding	equilibrium	point	(z,	.Y)	=	(2,	2)	is	"clearly"	stable	in	the	diagram	in	(b).	But	then	{Yk;}	is	a	subsequence	of	{yd	that	converges	to	a	point	f(xo)	in	f(K).	Then.fa(t)dt	=	.{(2/t)dt	=	21n	Jtl	=	lnJt1	2	=	ln	t	2	,	and	so	exp({	a(t)	dt)	=	exp(ln	t	2	)	=	t	2	.	(b)
Draw	the	phase	diagram	for	the	equation.	Then	work	backwards	in	this	fashion	to	determine	recursively	all	the	value	functions	Ir	(x),	...	4	Write	down	the	principal	and	the	leading	principal	minors	of	A-(an	a21	By	deleting	row	2	and	column	2	in	A	we	get	(au),	which	has	determinant	a	11	.	This	is	h-	1(x)	=	ln	x	+B	where	B	=	p	ln[J	+	(p	-	q	)]	+	q	In[	1	-
(p	-	q	)]	=	p	ln(2p)	+	q	ln(2q)	=	In	2	+	p	In	p	+	q	lnq.	An	enoneous	procedure	is	sometimes	encountered:	when	using	the	Kuhn-Tucker	conditions	to	find	a	unique	candidate	x*,	the	CQ	is	checked	only	at	x	=	x'''.	Note	that	in	this	case	the	function	Fin	(1)	need	only	be	defined	and	for	triples	(t,	x,	i:)	that	satisfy	h(t,	X,	x)	>	0,	Suppose	that	for	all	t	in	[to,	ti]
the	function	F	(t,	x,	i)	is	concave	in	(x,	i)	for	all	x)	satisfying	h	(t,	x,	i)	>	0,	and	that	h	(t,	x,	i)	is	quasi-concave	in	(x,	Then	an	admissible	x*(t)	satisfying	the	Euler	equation	is	optimal.	By	definition,	it	must	satisfy	the	inequalities	g,	(p*)	:::	0	for	i	=	l,	...	Other	chapters	present	multiple	integration,	as	well	as	ordinary	difference	and	differential	equations,
including	systems	of	equations.	X	X	X	0	\	\	Q	I	-1;;,1-	___	-c:)	__	-	\	-e-	-	-	---e-	-	--o	I	x*	x*	---	...	Thus	the	only	possible	optimal	control	that	is	continuous	on	the	left	at	t	=	1	is	the	bang-bang	contrnl	0	if	t	E	[0,	1]	u*(t)	=	{	l	if	t	E	(1,	2]	In	the	interval	[O,	l]	one	has	x*(t)	=	u*(t)	=	0,	and	x*(O)	=	0,	so	x*(t)	=	0.	+	A.fXk	of	k	points	in	IR".	According	to	the
maximum	principle,	there	exists	a	continuous	function	A(t)	such	that	u*(t)	maximizes	x*(t)(-cu	+	J-,(t)g(t,	u))	for	u	2'.:	0	(iii)	and	.	It	means	that	there	exists	an	admissible	pair	(x	(s),	u	(s))	(with	corresponding	path	r	1	)	that	gives	a	higher	value	to	the	integral	of	f	over	[t',	ti]	when	(x(s),	u(s))	is	inserted,	as	compared	with	the	value	resulting	from	(x(s;	t,
x),	ii(s;	t,	x)).	00	y	11	is	either	finite	or	is	-oo.	It	is	also	worth	examining	what	happens	to	the	solution	as	the	horizon	T	recedes	to	infinity.	,m	=0	i=m+I,	...	Then	the	net	profit	at	these	prices	is	=	l,	111	P(x)	=	f(x)	-	L	PtgJ(x)	(]	1)	.i=l	Suppose	that	P	(x)	is	concave.	(b)	By	looking	at	the	objective	function,	show	that,	given	any	starting	value	x	0	,	it	is
reasonable	to	ignore	any	policy	that	fails	to	satisfy	both	Ix,	I	:S	lx,-1	I	and	lutl	:S	lxr-1	I	fort	=	1,	2,	.	(a)	Here	is	a	formal	proof:	Let	s	be	an	arbitrary	positive	number.	NCH	f	1	TI1e	boundedness	condition	(3),	or	the	alternatives	in	Note	3	below,	need	only	hold	for	all	x	in	.'X(xo);:::	Ur	X	1	(Xo),	where	.'X	1	(xo)	for	all	t	denotes	the	set	of	states	that	can	be
reached	at	time	t	when	staiting	at	Xo	at	time	0,	considering	all	controls	and	all	outcomes	that	can	occur	with	positive	probability	(in	the	discrete	random	variable	case	we	ase	considering).	462	C	H	A	PTE	R	1	2	/	D	I	SC	RETE	TI	fVI	E	O	PT	I	fVI	I	Z	AT	I	O	N	In	the	next	example	boundedness	condition	B	in	Note	3	is	satisfied,	but	the	Bellman	equation
may	still	have	a	"false"	solution	(J,	u)	even	though	J	=	]	11	•	PU:	3	Consider	the	problem	00	max	L	(Yx	(u	1	subject	to	a)	1	-	X1+1	=	x:1	u	1	,	u1	E	U	=	[O,	a],	xo	>	0	given	t=O	where	a,	f3	are	positive	constants	satisfying	a/3	=	1	and	f3	E	(0,	I].	Suppose	also	that	f	is	defined	and	continuous	on	the	set	IR~=	{x	E	IR"	:	x	~	O},	that	/(0)	=	0,	and	that	f	is	also
monotone	in	the	sense	that	f	(x')	~	f	(x)	whenever	x'	~	x,	with	f	(x')	>	f	(x)	whenever	x'	x.	(b)	Let	b(x)	=	ax	2	+	f3x	+	y	andx	=	D(p,	p)	=	Ap	+	Bp	+	C,	where	a,	(3,	y,	B,	and	are	positive	constants,	while	A	is	negative.	Note	that	we	can	absorb	each	constant	bj	in	(1)	by	including	it	as	a	component	of	the	parameter	vector	rand	by	including	a	term	-bi	in	the
corresponding	function	gj	(x,	r).	We	have	z(t)	1	=	-(e-1)	dt	5.	A=	F	n	S	for	some	closed	set	Fin	1R	A	(4)	11	To	prove	(a),	suppose	firnt	that	A	is	relatively	open	in	S.	X	PREFACE	In	particular,	this	is	not	a	book	about	economics	or	even	about	mathematical	economics.	A	point	a	is	a	relative	boundary	point	of	A	if	a	E	S	and	all	relative	balls	around	a
intersect	both	A	and	S	\	A.	t')V	f	(h(t'))	·	(x'	-	x")	t	1	)[(d/dt)f(h(t))l1=1'	>	0	jf	f(h(t))	;:'.	,	Xn)	=	+	a12x1x2	+	·	·	·	+	a111XtXn	+	a21X2X1	+	a22Xi	+	·	·	·	+	a2nX2Xll	auxf	(7)	Suppose	we	put	x	=	(x	1	,	x2,	..	Then	the	symmetric	matrix	=	u:;cx))nxn	f"(x)	(2)	is	called	the	Hessian	(matrix)	off	at	x,	and	then	determinants	D,.(x)	=	J[;	(x)	J{;(x)	f{~(x)	f2;	(x)	f~	2(x)
f2;.(x)	1;;	(x)	.r:;cx)	f/~(x)	r	=	1,	2,	...	DI.FF	ER·'EC	EQ·UATf	E	,5,	He	(an	economist)	must	study	the	present	in	the	light	of	the	past	for	the	purpose	of	the	future.	,	f,,,(x)),	where	the	functions	ft(x),	...	Assume	that	the	sum	in	(7)	exists	for	all	admissible	sequences.	The	Hamiltonian	is	H(t,	x,	u,	p)	=	1	-	tx	-	u	2	+	pu,	which	is	concave	in	u,	so	the	control	u	=
u*(t)	maximizes	H(t,	x*(t),	u,	p(t))	w.r.L	u	if	and	only	if	it	satisfies	Hi	=	-2u	+	p(t)	=	0.	For	11	=	2,	we	consider	~	f(x)	=y	(3)	where	f	1	and	hare	C	1	functions.	Since	f'(O)	=	0,	Theorem	25-6	does	not	apply.	We	see	from	the	solution	given	in	that	example	that	x1	-+	6	as	t	-+	oo.	Figure	3	The	straight	line	through	x	and	y.	See	Example	9.8.1.	308	CHAPTER
9	9	.,')	/	CONTROL	THEORY:	BASIC	TECHNIQUES	Sin1ple	Case	We	begin	by	studying	a	control	problem	with	no	restrictions	on	the	control	variable	and	no	restrictions	on	the	terminal	state-that	is,	no	restrictions	are	imposed	on	the	value	of	x	(t)	at	t	=	t1.	To	see	this,	note	that	y	>	y*	gives	negative	profits	because	py-	C(w,	y)	<	2p	0	y-	C(w0	/2,	y)	<	0.
On	the	other	hand,	iff'(x)	is	negative	quasidefinite,	then	w(l)	<	w(O)	In	either	case,	therefore,	f(a)	¥	f(b),	so	f	is	one-to-one.	In	the	last	determinant,	subtract	the	first	column	from	each	of	the	others,	and	then	add	the	last	two	rows	to	the	first.	,	T	should	be	a	function	Dt(X	1,	v1)	of	the	current	state	x1	and	the	outcome	v1.	Consider	first	the	simplest	case,
with	one	equation	of	the	fom1	f(x,y)=0	(Note	that	the	equation	of	any	level	curve	F(x,	y)	=	C	can	be	written	as(*)	by	putting	f(x,	y)	=	F(x,	y)	-	C)	Assuming	that	f	is	C	1	and	that(*)	defines	y	as	a	differentiable	function	of	x,	implicit	differentiation	yields	f	{(x,	y)	+	(x,	y)	y'	=	0.	Suppose	the	goods	are	to	be	distributed	in	order	to	maximize	social	welfare	in
the	fonn	of	the	weighted	sum	W	=	/31	U	1	+	fh	U	2	,	where	the	weights	f3i	are	positive,	and	/31	+	fh	=	1.	2,	Let	l(z)	=	.C::Ox	f(x,	y)	dy.	The	Hessian	matrix	is	f"(x1,	x2,	X3)	=	(	-2	6	~	-18	0	~)	=	2	(-~	-4	0	-!	0	In	Example	l.7.5(b)	we	saw	that	the	last	matrix	in(*)	is	negative	semidefinite.	The	maximum	point	is	a	function	(X	1)	of	X	l	·	Inse1i	this	function
instead	of	1	into	the	objective	function(*),	and	then	replace	the	two	occurrences	of	X1	by	g(0,	xo,	uo,	Vi).	(a)Directverification.	In	fact,	0	=	l	·	(g(x*)	-	b)	=	1=	Aj	(gJ	(x*)	Each	term	in	this	sum	is	nonnegative,	and	so	the	terms	add	up	to	0	1	only	if	each	term	is	f'i,·1	E;	An	Economic	interpretation	A	general	economic	interpretation	of	(1)	can	be	given	in
line	with	the	interpretation	of	the	Lagrange	problem	in	Section	3.3.	The	only	difference	is	that	in	the	present	case	the	inequalities	gj	(x)	:'.S	bi	reflect	the	fact	that	we	no	longer	insist	that	all	the	resources	are	fully	utilized.	So,	by	integration,	S(x(t1))	-	S(x(to))	=	f	ro	l]	S'(x(t))g(t,	x(t),	u(t))	dt	342	C	H	A	PTE	R	9	/	C	O	N	TR	O	L	TH	EO	RY	:	B	A	SI	C	TE	C
H	N	I	Q	U	ES	Here	S(x	(to))	=	S(xo)	is	a	constant,	so	if	the	objective	function	in	(1)	is	replaced	by	1	ft	[f(t,	x(t),	u(t))	+	S'(x(t))g(t,	x(t),	u(t))]	dt	(3)	to	then	the	new	problem	is	of	a	type	studied	previously	with	no	scrap	value,	still	with	x	(t	1)	free.	(2)	The	curve	C	is	tangent	at	(a,	b)	to	the	line	through	(a,	b)	with	the	same	direction	as	the	eigenvector
coffesponding	to	the	negative	eigenvalue	of	A.	SECT	IO	f\l	1	3	.4	/	Let	X	=	Y	=	Rand	define	f	:	Xx	Y	-)>	lh£	by	f(x,	y)	see	that	when	x	I-	0,	then	f	(x,	y)	is	maximized	w.r.t	y	at	y	=	any	value	of	y	is	a	maximizer.	It	follows	from	(2.3.4)	that	f	is	(strictly)	convex	in	B(x";	r).	Assume	that	at	t	=	0	the	field	contains	K	barrels	of	so	that	x(0)	=	K	If	u(t)	is	the	rate	of
extraction,	then	integrating	each	side	of	(	*)	yields	x	(t)	-	x	(0)	=	u	(r:)	d	r,	or	x(t)	=	K	u(r)	dr	for	each	t	2:	0.	In	particular,	f	(x)	Sp	and	g(x)	Sq	for	all	x	in	B,	so	f	(x)	+	g(x)	Sp+	q	for	all	x	in	B.	In	the	present	section	we	take	a	brief	look	at	the	nonlinear	case,	and	also	the	possibility	of	cycle:,	of	order	2.	Then	-w'(y)/w(y)	Ae-J.y_	Integration	gives	u(y)	=	.f
w(y)	dy	=	-(A/A)e-icy	+	B	if).#	0.	38	C	HAP	TE	R	1	/	TOP	IC	S	I	1\1	LINE	AR	ALGEBRA	Though	Example	I	raises	the	possibility	of	parbtioning	a	matrix	into	arbitrarily	many	submatrices,	the	rest	of	this	section	considers	only	partitionings	into	2	x	2	arrays	of	submatrices,	as	in	(*).	For	details	and	a	proof,	see	Seierstad	and	Sydsreter	(1987),	Chapter	5.	2
and	3	near	x	=	a	1	•	So	a	is	stable.	Consider	the	problem	3	maxj(4-t)udt,	x=uE[0,2],	x(O)=l,	x(3)=3,	t+l-xc::O	(*)	0	(a)	Solve	the	problem	when	the	constraint	t	+1	-	x	c::	0	is	not	imposed.	Suppose	K	K	=	K(sK"-	1	-8),	P	=	KfJ	-yP	(*)	The	constants	satisfy	the	conditions	s	E	(0,	1),	ot	E	(0,	1),	8	>	0,	y	>	0,	and	f3	>	1.	Moreover,	according	to	the	rule	for
differentiating	a	product,	p(x	-	x*)	+	p(x	=	(d/dt)(p(x	-	x*)).	Thus,	only	the	sign	of	B3(P)	must	be	checked.	But	then	>-.;x;x1	=	"A;x;x1,	or().;	-	"A,;	)x;x.i	=	0.	--(u*-u)e	ndr	au	As	in	the	proof	of	Theorem	9.7.1,	we	see	that	the	second	integral	is	2:	0	and	so	D,,(t)	2:	1'	~[e-rr'A,(r)(x(r)	-x''(r))]dr	to	dr	=	1	1	e-n'A,(r)(x(r)	-	x*(r))	to	The	contribution	from	the
lower	limit	of	integration	is	O	because	x*(to)	-	x(to)	=	x	0	-	xo	=	0,	so	D,,(t)	2:	e-n'A,(t)(x(t)	-	x*(t)).	Ifthere	is	only	one	variable	more	than	there	are	constraints,	we	need	only	examine	Bn,	If	n	=	2	and	m	=	1,	then	(5)	reduces	to	(-	l)Br	>	0	for	r	=	2,	that	is,	B2	<	0.	(b)	Check	the	definiteness	of	the	quadratic	fonn	at	the	stationary	points.	For	what	values	of
the	constant	a	are	the	following	systems	globally	asymptotically	stable?	As	a	practical	control	problem	without	an	optimal	solution,	think	of	trying	to	keep	a	pan	of	boiling	water	at	a	constant	temperature	of	100°C	for	one	hour	when	it	is	being	heated	on	an	electric	burner	whose	only	control	is	an	on/off	switch.	A	Precise	Result	In	order	to	show	that	the
Kuhn-Tucker	conditions	(2)	and	(3)	axe	truly	necessary	for	optimality,	we	should	not	assume	that	the	value	function	f	*	is	differentiable.	The	Euler	equation	is	E[,Be-ac,	I	v1_i]	=	e-ac,-i	/a,	whose	solution	is	c1_1	=	-	ln(a,6E[e-ac,	I	Vr-1	])/a.	n	=	f(x	0)	+	L	f/(x	0)hi	+½LL	f(/x	0	+	ch)h;hJ	i=l	for	some	c	in	(0,	1).	e0	x	dx	,!!_	dx	(-1-xa+l)	=	a+	l	l	=	-eax	+C	a
xa	(a	f	0)	Note	that	(a)	has	been	expressed	in	a	fonn	that	makes	it	valid	even	when	x	is	negative.	In	both	cases	we	must	allow	infinite	values	for	the	optimal	value	function.	,	m.	Thus	(x,	y)	=	(l,	1)	with	A1	=	3/2	and	A2	=	1/2	is	a	solution	candidate.	,	fm	are	functions	defined	on	a	convex	set	S	in	~	11	,	then:	(a)	/1,	...	,	p?)	is	a	solution	of	;	P1-1	BH	,	*	*	=	-
;;-[	(t,	xt,	"1,	Pt),	uX	t	=	1,	...	f(xo)	as	j-,.	,	l	=	l	+	1,	..	5	is	lower	but	not	upper	hernicontinuous.	Thus	limk-..cxJ	xk	=	1.	and	thus	i*(t)	With	(a)	as	the	tenninal	condition,	(2)	requires	i*(l)	=	0,	so	fl.e	1	and	hence	A=	l/(e	2	+	1).	(4)	Inse1iing	t	=	0,	1,	...	Consider	the	problem	max	1	r	O	U(c(t))e-	11	dt,	{K.(t)	=	f(K(t),	u(t))	x(t)	=	c(t),	K(0)	-u(t),	x(O)	=	Ko,	=	xo,
K(T)	x(T)	=	Kr	=0	where	u	(t)	?:	0,	c(t)	?:	0.	The	first	of	these	equations	yields	z	=	-3x	+	3/2,	which	inserted	into	the	second	gives	5x	(x	-	l)	=	0.	Thus,	we	conclude	from	the	theorem	that	x	=	a	is	locally	asymptotically	stable	provided	F'	(a)	<	0,	and	x	=	a	is	unstable	provided	F'(a)	>	0.	Moreover,	D	3	(0,	0,	0)	=	54	f:.	Let	f	be	a	function	of	n	variables	X1,
...	If	N	>	2(38,	however,	then	the	oscillations	explode,	and	eventually	Pt	becomes	less	than	a.	Here	A	is	a	positive	constant	and	JI	E	(0,	J),	The	investor	wants	to	maximize	the	discounted	value	of	the	sum	of	utility	from	consumption	and	terminal	assets.	It	is	precisely	when	a	is	a	vector	with	length	1	that	we	have	the	following	nice	interpretation	of	f~(x):
moving	a	distance	h	in	the	direction	given	by	a	changes	the	value	off	by	approximately	f~(x)h,	provided	his	smalL	Find	the	directional	derivative	of	f	(x,	y)	=	x	2	+	2.x:y	+	y~	at	the	point	(x,	y)	in	the	direction	given	by	the	vector	a=	b/	11h11,	where	b	=	(l,	3).	--z	J-	r	+	a(t)z	=	b(t)	(3)	which	is	a	linear	differential	equation	for	z	=	z(t),	Once	z(t)	has	been
found,	we	can	use	(2)	to	detem1ine	x(t)	=	z(t)	1f(l-r),	which	then	becomes	the	solution	of	(1),	1	Solve	the	differential	equation	x	=	-tx	+	t	3	x3.	Because	U'	is	strictly	decreasing	and	so	has	an	inverse,	u7	=	(U')-	1	(pTaT	(cx/3)-	1	).	Similm:ly,	note	that	(7)	f	(x,	y)	S	sup	f	(x,	y)	S	sup(sup	f	(x,	y))	yEB	XEA	yEB	for	all	x	in	A	and	ally	in	B,	sop=	SUP(x,y)EAxB
f(x,	y)	Sq.	=q	ill	For	infima,	the	obvious	analogue	of	(7)	is	inf	f	(x,	y)	(x,y)EAx	B	=	inf{	inf	f	(x,	y)}	xEA	yEB	(8)	The	result	in	(7)	can	be	generalized.	At	this	point	the	reader	might	want	to	study	Example	10.2.1	and	then	do	Problem	l	0.2.1.	The	proof	of	Theorem	10.1.2	is	very	similar	to	the	proof	of	Theorem	9	.7	.1,	so	we	skip	it.	(See	Example	9	.102.)	3	54
C	H	A	PTE	R	9	/	C	O	N	TR	O	L	TH	EO	RY	:	B	AS	I	C	TE	C	H	N	I	Q	U	ES	Solution	InthiscasetheHamiltonian	Hc(t,	x,	u,	A)=	(x-u	2	)+>c(-0.4x+u)isconcave	in	(x,	u	).	4,	f'(x)	y	y	0	y	=	x"	-x	~	YIN	----,-------,,--._,,.-------r----:,.X	l	y=Jty	_	Y	=a	I	y	/-------...".	,	h	11	)	is	a	vector	with	length	f.	TI1is	condition	is	usually	satisfied	because	we	expect	that	D'	<	0	and	S'	>	0.
,	x111	)	)	0	G(x	,	...	Iflim	1-,	00	x	(t)	=	x	1,	then	x	(t)	-	x1	tends	to	O	as	t	tends	to	oo,	so	because	of	(B),	the	first	term	in(*)	tends	to	0.	If	the	firm	were	to	buy	the	amounts	bi	at	prices	'Ai,	then	it	would	want	to	maximize	111	rr(b)	=	f*(b)	-	L	Xibi	j=I	Here	~j	are	the	Lagrange	multipliers	associated	with	a	given	resource	vector	b	first-order	conditions	for
maximum	profit	at	bare	aj*(b)/ab1	=	XJ,	=	b.	(b)	Let	T	>	0	be	subject	to	choice	(keeping	the	assumptions	a	=	f3	=	0,	r	>	0).	The	following	theorem	exhibits	the	structure	of	the	general	solutions	to	equations	(2)	and	(3)	(for	the	case	n	=	2	these	results	were	discussed	in	Section	6.2):	'fH£0RE	T.1	l	(a)	The	homogeneous	equation	(3)	has	the	general
solution	(4)	where	u	1	(t),	,	..	Suppose	theproblemin(ii)hasauniquesolution,whichwedenotebyi1(s;	t,x),ci(s;	t,x),fort0	:St	:S	s	:S	t1.	aF	/Bx=	In	this	case	the	integrand	is	F(t,x,x)	=	x	2	+	cx	2	,	so	BF/ox=	2x	and	2cx.	_.	By	Theorem	13,2.5,	it	follows	that	f(K)	is	compact.	Both	lines	are	in	the	direction	of	the	eigenvector.	HARDER	PROBLEMS	8.	If	we	stru1
above	or	below	the	line;\,	=	2,	it	appears	that	(x(t),	>c(t))	will	"wander	off	to	infinity",	which	makes	it	difficult	to	satisfy	requirement	(d)	in	Theorem	9.11.1.	In	fact,	the	general	solution	of	(*)	is	x*(t)	=	~Ae	0	·51	+	½	-	(iA	+	~)e-	0	·41	and	A(t)	=	Ae	0	·51	+2.	a	*()	t	u.	=	AK"	-	C	(ii)	=	C(t)	consumption,	while	a,	A,	and	t	C	=	c(aAK"-	1	-	r)	Perform	a	phase
plane	analysis	of	this	system	when	A	=	2,	a	=	0.5,	and	r	=	0.05.	If,	in	addition,	Dn	(x*)	=	If"	(x*)	I	f.	a1x1	+	·	·	-	+	akxk	=0E	IR:"	and	OIJ	+	···	+	ak	=0	Obviously,	at	least	one	aj	must	be	positive.	Since	A	is	symmetric,	transposing	the	first	equality	yields	x;Axi	=	Vx;xi.	If	for	a	given	(x	0	,	x	1	,	to,	t	1)	an	optimal	pair	exists,	then	V	is	finite	and	equal	to	the
integral	in	(10.1.	1)	evalualed	along	the	optimal	pair.	,	A;)	p-	1	.	A	vintage	growth	model	due	to	L.	,	J,;(Jcx))	=	()/'-	1f{(x),	...	394	CHAPTER	11	/	DIFFERENCE	EQUATIO~IS	Two	versions	of	this	phenomenon	are	illustrated	in	Figs.	The	principal	minors	of	B	are	IBI	itself,	and	b11	I	b31	while	the	leading	principal	minors	are	bt	1,	I	::~	b13	b33	!~:	I,	I	and	'
and	I	b22	b32	!Bl	itself.	Indeed,	suppose	that	(x(t),	u(t))	is	an	admissible	pair	for	the	problem	(1).	x	=	(a	-	l)ax	-	(a	-	1),8	with	solution	x(t)	=	[x(O)	-	,8/a]e"Ca-!)r	+	,B/a.	It	follows	from	Theorem	5.8J	that	existence	and	uniqueness	are	ensured	if	f	(t)	is	continuous	and	g(x)	is	continuously	differentiable.	Then	consumption	grows	over	time	starting	from	the
level£.+	A.	M	Prove	that	the	equation	~i·	E1	+	3.x	+	7i	+	Sx	=	e31	is	globally	asymptotically	stable.	13,7	Productive	Economies	and	Frobenius's	Theoren1	The	final	section	of	this	chapter	will	indicate	how	some	of	the	rather	abstract	concepts	and	results	discussed	lead	to	some	interesting	insights	in	economic	models.	Equation	(9)	tells	us	that	this
marginal	willingness	to	pay	is	equal	to	the	Lagrange	multiplier	AJ	for	the	corresponding	resource	constraint	whose	right-hand	side	in	(	l)	is	b;,	If	the	firm	could	buy	more	of	this	resource	at	a	price	below	AJ	per	unit,	it	could	earn	more	profit	by	doing	so;	but	if	the	price	exceeds	AJ,	the	firm	could	increase	its	overall	profit	by	selling	a	small	enough
quantity	of	the	resource	at	this	price	because	the	revenue	from	the	sale	would	exceed	the	profit	from	production	that	is	sacrificed	by	giving	up	the	resource.	Then	the	concavity	of	H(t,	x,	u,	p(t))	in	u	implies	that	the	maximization	condition	(9.4.5)	is	equivalent	to	the	first-order	condition	BH*/Bu	=	BH(t,x	1'(t),u'f(t),p(t))/Bu	=	0.	One	must	somehow	find	a
way	to	reconcile	the	conflict	between	higher	consumption	now	and	more	investment	in	the	future.	Note	that	the	value	function	V	(x)	in	Theorem	13.4.1	is	continuous	even	ify(x)	is	not	unique.	(See	Example	1.)	2	See	(C)	in	Section	1.5.	3	The	paths	of	the	system	resemble	the	paths	taken	by	a	drop	of	water	falling	on	a	horse	saddle.	Also,	p(t)	=	-H~	=	-
p(t)r(t)	(ii)	so	that	the	adjoint	variable	decreases	at	a	proportional	rate	equal	to	the	rate	of	interest.	32	CH	APTER	1	/	TOP	IC	S	IN	LINE	AR	ALGEBRA	It	is	notationally	cumbersome	to	represent	a	specific	principal	minor,	but	we	use	!:,,k	as	a	generic	symbol	to	denote	an	arbitrary	principal	n1inor	of	order	k.	Then	it	is	easy	to	verify	that	any	linear	for	all
values	of	the	constants	C	1	,	combination	C1u1(t)	+	·	·	·	+	C	11	u	11	(t)	also	satisfies	..	It	consists	of	all	points	{(x	(t),	y(t))	:	t	E	I},	where	I	is	the	interval	of	definition.	We	claim	that:	(a)	Q(x1,	x2)	is	pos.	In	particulax,	x,	x	±	2n,	x	±	4n,	and	so	on,	all	define	the	same	point	on	the	circle.	According	to	Theorem	A.3.1,	the	sequence	{y11	]	has	a	limit	x	=	lim
11	_;.i:,o	y	11	E	[-M,	M].	Such	control	functions	are	called	open-loop	controls.	Thus,	in	the	tenninology	of	Section	1.7,	after	noting	that	the	quadratic	form	in	(9)	involves	the	Hessian	matrix	of	f,	we	have:	(10)	The	results	in	(10)	can	be	fonnulated	by	using	Theorem	L7	.1.	(x)	denote	an	arbitrary	principal	minor	of	order	r	in	the	Hessian	matrix	.	Then	lim
11	_,.	A4.5.l(a).	Recall	that	maximizing	(minimizing)	a	function	f(x)	is	equivalent	to	maximizing	(minimizing)	F(f	(x)),	for	any	given	strictly	increasing	function	F.	S	=	fl;	g11	((-oo,	O]),	Use	Theorem	l3.3.4(b)	and	Theorem	13.l.2(b).	,	we	get	successively	x(l)	=	Ax(O)	+	b(O),	x(2)	=	Ax(l)	+	b(l)	=	A	2	x(O)	+	Ab(O)	+	b(l),	x(3)	=	Ax(2)	+	b(2)	=	A	3	x(O)	+	A	2
b(O)	+	Ab(l)	+	b(2),	and,	in	general,	x(t)	=	A1x(O)	+	A	1-	1b(O)	+	At-	2	b(l)	+	...	The	following	theorem	is	important	in	optimization	theory	(see	Section	13.3):	Let	f	(x)	be	a	continuous	function	on	a	closed,	bounded	set	S.	1	John	Neville	Keynes	(1852-1949)	was	the	father	of	John	Maynard	Keynes.	For	example,	the	conespondence	shown	in	Fig.	(b)	If	f	(x)
is	concave	and	positive	valued,	determine	if	the	functions	g(x)	h(x)	=	e·r	0.	Condition	(b)	means	that	for	any£	>	0,	however	small,	infinitely	many	terms	lie	to	the	right	of	b*	-	E:.	1	in	the	last	example	is	in	a	way	superfluous	since	the	solution	has	already	been	completely	specified.	REM}	"f.HEOREM	3	1	4	In	the	problem	maxxES	f(x,	r),	where	S	0.
Divergence	for	p	::=:	1.	ln	the	same	way,	we	find	c!	=	fhe2	and	c~	=	f32e2.	Suppose	that	(x(t),	u(t))	is	an	arbitrary	admissible	pair.	Suppos,;:	too	that	x*	=	x*(t)	satisfies	the	Euler	equation	as	well	as	the	boundary	conditions	x*	(to)	=	x	0	and	x*	(t	1)	=	x	1.	(2)	If	F(a)	=	0	and	F'(a)	=	0,	then	(2)	is	inconclusive.	Let	C1,	...	158	CHAPTER	4	/	TOPICS	IN
INTEGRATION	Two	useful	ways	to	transform	an	integral	involve	integration	by	parts,	f	=	f(x)l(x)	dx	f	f(x)g(x)	-	(1)	J'(x)g(x)	dx	and	integration	by	substitution,	or	by	change	of	variable,	f	f(x)	dx	=	I	=	g(u))	(where	x	f(g(u))	g1(u)	du	(2)	The	definite	integral	of	a	continuous	function	f	(x)	is	given	by	1b	f	(x)	dx	=	1:	F(x)	=	F(b)	-	F(a),	where	F'(x)	=f	(x)	for	all
x	in	(a,	b)	(3)	J;'	Recall	that	if	f	(x)	:::	0	in	the	interval	[a,	b	],	then	f	(x)	dx	is	the	area	under	the	graph	of	f	over	[a,	b].	o+,	we	get	-fh	V(t,	x"(t))	+	f(t,	x,	v)	:S	0.	But	when	does	it	exist?	t	yields	.x:(t)	=	F(t,	x(t)).	Note	that,	although	Ko	is	known,	the	quantity	11,(0)	must	be	regarded	as	an	unknown	parameter.	The	geometric	idea	is	suggested	in	Fig.	-3/2)	-2.
Because	H.~	=	-1,	the	differential	equation	for	p	=	p(t)	becomes	p	=	-H.~	=	L	The	solution	of	this	equation	with	p(2)	=	0	is	p(t)	=	t	-	2.	4	4	We	assume	in	the	proof	that	the	admissible	functions	are	C	2	.	In	the	capital	accumulation	interpretation,	increasing	ti	maJces	the	planning	period	longer	and	the	total	profit	increases	(if	the	instantaneous	profit	is
positive).	It	follows	that	the	profit	maximizing	choice	of	output	is	O	(P)	_	{	0	-	(P	-	a)/2c	if	P	:;::	a	+	2,,,,[cF	if	P?::.	See	4	again,	as	well	as	Fig.	An	alternative	way	to	cover	all	cases	starts	by	exaniining	the	case	in	which	all	the	Lagrange	multipliers	are	0.	1	Hence	we	have	shown	that	(8)	Formula	(8)	shows	that	the	derivative	off	along	the	vector	a	is	equal
to	the	inner	product	of	the	gradient	off	and	a.	(x(t)	-	.	_x.2)	1	s..t	X1+1	=	U1,	t=O,l,	...	Suppose	that	we	find	an	activity	vector	x*	=	(xf,	...	Because	i(t)	=	r	Aert	-	r(x	0	-	A)e-ri,	this	implies	that	r	Ae,-T	-	r(x	0	-A)e-rT	=	0.	=	¾(2	+	.J2	).	From	(i)	.	We	conclude	that	(0,	-1/2,	3/2)	is	arnaximum	point.	Consider	any	starting	point	(t',	x')	that	lies	on	the	optimal
path	r	defined	by	the	original	solution	x(s;	t,	x).	d	aF	-x	-x	dt	ax	·[aF	d	(aF)]	ax	=	X	ax	-	dt	ax	It	follows	that	if	the	Euler	equation	is	satisfied	for	all	t	in	[to,	ti],	then	the	expression	in	(	*)	is	0.	(Obviously,	this	equation	must	hold	for	the	minimization	problem	as	well.)	This	condition	allows	one	to	deduce	the	Euler	equation.	,	g	11	)	can	now	depend	explicitly
on	t.	Any	solution	of	the	system	(ii)	and	(iii)	will	depend	on	Ko	and	on	>c(O)	=	>c	O,	so	it	can	be	denoted	by	K(t)	=	K(t;	Ko,	Ao)	and	A(t)	=	As(t;	Ko,	A0	).	Because	A,	aI,	and	a,:1,	are	all	positive,	one	has	B2	>	0.	(1'	-	2x	=	0.)	(c)	X	=	Ae-	1	+	Be	31	+	t	-	j,	y	=	.4e-t	-	iBe	31	+	jt	-	;.	X-':I	X	0	-	(13)	(14)	X-'.'-:{()	Note	that	if	lirn,-+,o	f	(x)	exists	at	a	point	x	0	,
then	limx-Ho	f	(x)	=	limx-+xo	f	(x)	=	lim,--,.xa	f(x).	(See	Problem	13.3.6	in	EMEA.)	=	SECTION	3	.	E	F(x	0	),	if	Xn	-+	x	0	,	choose	CHAPTER	14	599	4.	ear-	2	and	xN)	=	xg	+	ax?	With	cl:	=	1-x	2	-	y	2	-_;\,(-x+2)-µ,(-y+3),	the	first-order	conditions	for	(x*,	y*)	to	solve	the	problem	are:	(i)	-2x*	+'A=	O;	(ii)	-2y*	+fl=	O;	(iii)	'A	?:	0	with	A=	0	if	x*	>	2;	(iv)µ,?:	0
withµ,=	0	if	y*	>	3.	288	CHAPTER	8	8.1	/	CALCULUS	OF	VARIATIONS	The	Sin1plest	Problem	We	begin	by	introducing	a	problem	from	optimal	growth	theory	that	is	closely	related	to	Ramsey's	pioneering	discussion	of	optimal	saving.	Consequently,	it	is	impossible	that	p1(xi	(p*)	-	W1)	<	0	for	any	i.	1	and	1r2	are	not	proportional	when	r1	=f	r	2	.)	If	(a
-	1)	2	=	4b,	equation	(9)	has	a	double	root	r	=	a).	Inserting	these	results	into	(,1,)	yields	(3).	Compute	B	2	and	B3	in	(2)	for	the	problem	max	(min)	+	y	2	+	z2	subject	to	x+y	+z=	1	Show	that	the	second-order	conditions	for	a	local	minimum	are	satisfied.	(B)	Find	all	maximum	points	for	f	restricted	to	the	boundary	of	S.	The	reason	is	that	calculus
formulas	are	simpler	when	angles	are	measured	in	radians	rather	than	in	degrees.	(See	(1.l.40)a)	Thus,	the	points	x	in	Pn	all	lie	"above"	the	tangent	hyperplane	to	the	level	surface.	for	every	natural	number	n,	.	For	sufficiency	results,	see	Seierstad	and	Sydsieter	(1987).	In	particular,	suppose	{xd	converges	to	x.	Write	down	and	solve	the	Euler
equation	in	this	case,	then	explain	why	you	have	solved	the	problem.	In	fact,	economists	often	need	to	know	more.	Compl1te	the	clirectional	derivatives	of	the	following	functions	at	the	given	points	and	in	the	given	directions.	(a)	x=-y-x	3	,	(b)	y=x--y	3	+y2.)	(TryV(x,y)=	x	=	-¾x	+	¼Y,	y	=	¾x	-	¾Y-	(Try	V(x,	y)	=	12x	2	+	l2xy	+	20y	2	.)	(c)	Test	the
stability	of	(b)	by	using	Theorem	7.5.1	as	well.	)	of	Markov	controls,	we	seek	one	that	maximizes	the	objective	function	in	(1).	(c)	A	proof	is	given	in	Note	1.	All	in	all,	this	proves	that	the	sum	in	(iii)	is	::=::	0.	(c)	(I-A)-	1	=1+A+A	2	(b)	Am	-+	0	as	m-+	oo.	10.7	Pure	State	Constraints	This	section	bliefly	discusses	a	result	giving	sufficient	conditions	for	a
pure	state-constrained	problem.	Assume	now	that	the	firm	has	solved	its	internal	production	problem.	Usually	transformations	of	the	functions	must	be	used.	(This	is	often	called	"the	golden	rule	of	accumulation".)	(c)	Show	that	in	the	stationary	state,	K/	K	is	equal	to	A.	Such	proofs	become	much	easier	once	we	understand	how	the	above	test	can	be
applied.	Let	f(.x,	y)	=	-3.xy	4	-	4(.x	-	1)y	3	+	6y	2	for	x	in	X	=	(0,	oo)	and	yin	Y	=	[-3,	3].	=	(a	1,	...	IfthereisaLyapunov	function	for	the	system	in	an	open	neighbourhood	C-.!	of	a,	then	a	is	a	stable	equilibrium	point.	,	x	11	)	be	a	household's	real-valued	utility	function,	where	x	denotes	its	commodity	vector	and	U	is	defined	on	the	whole	of	1R	11	•	Recall
from	Example	2.2.2	that,	for	any	real	number	a,	the	set	ra	=	{x	E	!Rn	:	U	(x)	:=:::	a}	is	an	upper	level	set	(or	upper	contour	set)	for	U.	According	to	Theorem	7.5.2	the	equilibrium	point	(0,	0)	is	locally	asymptotically	stable.	Use	(A)	to	prove	that	for	detailso	r;7=	1	;,_1	g1	(x)::::	Y'.'f'=	1	'A1	gj(x*),	Then	argue	why	the	last	inequality	is	an	equality,	See	SM
CHAPTER	4	571	0	1.	Stochastic	dynamic	prograrnllling	is	a	central	tool	for	tackling	this	problem.	Then	+	(l	:::	'J-.F(f(x))	-	.~)y)):::	F(Jcf(x)	+	(1	-	A)F(f(y))	+	(1-	;\,)f(y))	=	J-,U(x)	+	(1	-	'A)U(y)	The	first	inequality	uses	the	concavity	of	f	and	the	fact	that	F	is	The	second	inequality	is	due	to	the	concavity	of	F.	F	is	obviously	not	upper	hemicontinuous	at	x	=
0.	For	definition	(l)	to	make	sense,	it	must	be	shown	that	the	integral	exists	for	each	x	>	0.	=	a(p	-	c(q	))	and	g(q,	p)	=	b(D(p)	-	q),	the	matrix	A	in	Theorem	6.8.1,	evaluated	at	(q*,	p*),	is	(-a~iq'')	bD~~p*)).	(Thus	x	is	a	homothetic	function	of	v	1	•	v	2	,	see	e.g.	EMEA,	Section	12.7.)	8.	tin	order	to	deduce	a	second-order	differential	equation	for	p(t).	We
use	formula	(~01,)	once	again,	To	do	so,	note	how	(2.L7)	implies	that	+	11	g'(t)	=L	f((x	0	+th)·	hi=	f((x	0	+th)·	h1	+	·	·	·	+	J,;(x0	+th)·	hn	(5)	i=l	Differentiating	w.ct	t	and	using	(2.1.7)	once	more,	weobtaing"(t)	Here,	for	each	i	=	]	,	2,	...	Then	for	some	s	there	exists	a	sequence	{tk)	such	that	tk	_,-..	,	x,,)	::/=	(0,	...	Since	g	is	a	strictly	increasing
tramformation	off,	it	too	has	(0,	0,	0)	as	its	unique	minimum	point.	With	the	terminal	condition	(a),	the	transve:rsality	condition	is	(	-aF*)	ax	=0	(2)	t=t1	With	the	terminal	condition	(b),	the	trnnsversality	condition	is	aF*	(ax)	1=11	0.	1/2,	so	Jc1	=	4y/(2y	-	1).	1lie	sequence	is	also	bounded	because	y	11	E	[-M,	M].	Use	Olech's	theorem	i:o	prove	that	an
equilibrium	point	for(*)	is	globally	asymptotically	stable	provided	a(I~	-	S~)	+	I~	<	0	and	/~S~	<	sp~.	We	see	that	dy/dx	=	j,j.x	=	y	2	/xy	=	that	has	x(l)	y/x,	which	is	a	separable	differential	equation	whose	general	solution	is	y	=	Ax.	Then	,t	=	y	=	Ax,	with	general	solution	x	=	BeAt_	This	gives	y	=Ax=	ABeAt_	If	x(l)	=	1	and	y(])	=	2,	then	1	=	BeA	and	2
=	ABeA.	Examine	the	stability	of	the	following	difference	equations:	(b)	Xt+2	-	(d)	X1+2	Xt+l	-	+	3x1+1	-	X1	=	4x1	Q	=t-	l	0	and	b	>	0.	Here	H	is	concave	in	(x,	u)	and	h(t,	x)	=	l	-	x	is	quasiconcave.	At	least	one	of	these	four	squares,	say	K	1	,	must	contain	Xk	for	infinitely	many	k.	15	Use	Theorem	J	.7.1	to	determine	the	definiteness	of	(b)	Q	=	-xr	+
6x1x2	-	9x?	When	x(t)	is	determined,	we	find	y(t)	=	h(t,	x(t),	x(t)).	,	xf	+1)	be	an	optimal	solution	of	problem	(1).	3	/	SEVERAL	CONTROL	AND	STATE	VARIABLES	363	ROW)	Suppose	that	(x*(t),	u*(t))	is	an	admissible	pair	in	the	standard	end-constrained	problem	(1	)-(5)	that,	together	with	the	continuous	and	piecewise	differentiable	adjoint	(vector)
function	p(t),	sati8fies	all	the	conditions	in	Theorem	10.	It	turns	out	that	it	suffices	to	consider	variations	in	h	1,	.••	,	h	11	that	cause	x*	+	h	to	vary	within	the	intersection	of	the	tangent	planes	of	the	graphs	of	g	1	,	...	,	there	exists	an	x"	in	B(x0	,	a/	k)	n	X	for	which	F(x1c)	g;	U.	vJ	',I,,'	vJ	We	next	formulate	the	envelope	theorem	in	a	slightly	more	precise
manner	and	give	an	alternative	proof	which	is	easier	to	generalize	to	more	complicated	constrained	optimization	problems.	7	I	PRO	D	UC	TI	VE	EC	ON	O	MI	ES	AN	D	FRO	B	Ef\l	I	U	S'	S	TH	EO	RE	fVl	497	The	next	theorem	us	several	ways	to	recognize	productive	mattices.	See	e.g,	Seierstad	and	Sydsreter	(1987),	Chapter	3.	Thus	au	>	0	and	alla	22	-
a?2	=	100	-	1	99	>	0,	so	according	to	(5)(a),	Q(x	1,	x2)	is	positive	definite.	In	paiticular,	the	partition	will	often	suggest	whether	or	not	a	certain	equilibrium	point	is	stable,	in	the	sense	that	paths	starting	near	the	equilibrium	point	tend	to	that	point	as	t	-+	oo.	Hence	(x*,	u*)	is	the	unique	solution	to	the	problem.	Because	=:::	0,	we	have	A.(t)f(x(t))	-	A.
(t)f(z)	::S	.f'(z)J..(l)x(t)	-	zf'(z))...(t).	-,Cn),	...	Suppose	that	x	=	(x	1,	•.••	x,,)	~	0	also	solves	the	problem.	The	constant	x*	=	b/(l	-	a)	is	called	an	equilibrium	(or	stationary)	state	for	x	1+1	=	ax	1	+	b.	In	particular,	.f	(S)	is	bounded,	so	-oo	<	a	=	inf	.f(S)	and	b	=	sup	.f	(S)	<	oo.	(a)	Differential	equations	of	the	form	x	=	g(x	/	t),	where	the	right-hand	side
depends	only	on	the	ratio	x	/	t,	are	called	projective.	ISBN	978-0-273-71328-9	British	Library	Cataloguing-in-Publication	Data	A	catalogue	record	for	this	book	is	available	from	the	Biitish	Library	ARP	impression	98	Typeset	in	TEX	by	the	authors	Plinted	and	bound	by	Ashford	Colour	Press	Ltd	The	publisher's	policy	is	to	use	paper	manufactured	from
sustainable	forests.	+	ay	x	=	ax	-	(2a	}'	=	X	+	2cty	4)v	.	See	SM	for	details.	The	example	of	Fig.	Solve	the	problem	10	maxf(-u	2	-x)dt,	i=u,	x(O)=l,	x(lO)	free,	x:::O,	uEIR:	0	~!YC	4.	Still,	p	(t)	=	p	(O)e-rt	and	so	(vi)	implies	that	c*(t)	=	f	+	[e(a-r)t	p(O)	rl/e	=	f	+	AeYI	where	A=	p(O)-lfe	and	y	=	(r	-	a)/e.	=	1	and	if	H	(t,	x,	u,	p)	is	concave	If	m	=	0	(so	that
there	are	no	restrictions	on	the	terminal	state	xr	),	then	Pr	and	it	follows	from	Theorem	12,5.1	that	q0	=	1.	Use	the	theorems	in	this	section	to	determine	whether	each	of	the	following	functions	is	continuous:	(a)	V1(x)	=	max	11E(0,l]	(e-w	2	-	(u	-	.x)	2	)	(b)	Vi(.x)	=	!IE(-00,00)	max	(e-x"	2	-	(u	-	x)	2	)	3.	We	conclude	that,	if	(A)-(C)	are	all	satisfied	for	all
admissible	pairs,	then	(d)	holds.	f	f	1.	Using	the	uniqueness	of	(x(s;	t,	x),	ii(s;	t,	x))	for	all	(t,	x),	this	implies	the	relations	ii(s;	t',	x')	whenever	t'	E	[t,	s]	andx	1	=	ii(s;	t,	x),	t',	x')	=	x(s;	t,	x)	=	x(t';	t,	x).	Then	use	Theorem	2.3.2(b).	Fix	a	vector	b	=	b,	and	let	x	be	a	corresponding	optimal	solution,	which	must	therefore	satisfy	f	(:i)	=	f*(b).	Suppose	F	is	a	C	1
function	and	that	Ji,	.	(Compared	with	Example	2,	an	extra	flow	of	income	amounting	to	one	unit	(say	1	billion	per	year)	can	be	divided	between	extra	capital	investment	in	either	the	investment	or	consumption	goods	sectors,	or	consumed	direi;tly.)	370	CHAPTER	10	/	CONTROL	THEORY	WITH	MANY	VARIABLES	([@	5.	,	Xn	>	0	by	z	=	Axf	1	x~'	...	l,
the	equation	does	define	y	as	a	function	of	x	in	this	rectangle.	'	',:'	i'	100	CHAPTER	2	/	MULTIVARIABLE	CALCULUS	If	there	exists	a	constant	ix	>	0	such	that	the	function	H	(x	l,	y	2)	=	Ji	(x1,	i2	(xi,	y2))	has	derivative	aH	/	oxi	::::	ix	>	0	everywhere,	then	H	(±oo,	y2	)	=	±oo,	which	was	a	property	we	used	above,	Now,	aH	=	Bfi(x1,i2(x1,Y2))	OX]	OX]	ofi
Bf1	(	=	oxi	+	ox2	+	Bf1(x1,i2(x1,Y2))0.x2(x1,Y2)	ox2	ax1	ofz/ox1)	-	ofz/ox2	=	1	I	of]/Bx1	ofz/3x2	ofz/ox1	ofi/ox2	ofz/ox2	I	So	if	there	exist	positive	constants	k	and	h	such	that	O	<	oh/	Bx2	:::;	k	and	the	determinant	is::::	h,	then	3H/ox	1	::::	h/k	>	0.	The	expectation	in	(2)	is	the	sum	L;=O	E	[	f	(t,	X	1	,	u1	(	X	1	,	V	1))]	of	the	expectations	of	each	successive
term.	But	the	solution	is	not	unique.	To	see	why,	assume	an	interior	solution	and	that	f*	is	differentiable.	=	=	0.	Determine	the	nature	of	the	possible	equilibrium	states	for:	(a)	x=	+	x2	-	(b)	.-i:	x	-	1	:~l\ii:	3.	Inserting	.X	=	V1Ae)./	and	y	=	V2AeM	into	(7)	yields	Cancelling	the	factor	eM	gives	the	equation	In	the	tenninology	of	Section	1.5,	(vi)	is	an
eigenvector	of	the	matrix	A=	(	011	ll21	V2	with	eigenvalue	A.	Let	f(x,	y)	Sc-lut1cw1.	For	Pn,	we	go	halfway	round	to	the	point	with	coordinates	(u,v)	=	(-l,0);forP3rr;2,weget(u,v)	=	(0,-l);forPo	=	P2rr,wehave(u,v)	=	(1,0);	and	so	on.	Then	use	the	first	inequality	in	(*)	to	finish	the	proof.)	L7~	(b)	Suppose	that	there	exist	x"	::;:	0	and	l*	::;:	0	satisfying	both
gi(x*)	s	bi	and	g;(x*)	=	bi	whenever	>	0	for	j	=	1,	..	A	set	that	is	not	bounded	is	called	unbounded.	Construct	a	plane	parallel	to	the	yz-plane	intersecting	the	x-axis	at	x	:::;:	t.	Let	A;	=	n;	/	N	for	i	=	l,	...	Next	calculate	1u	1	(x,	v),	and	find	a	control	n2(x,	v)	that	yields	the	maximum	when	calculating	T(Ju	1	)(x,	v)	=	T	112	(1	111	)(x,	v)	for	each	(x,	v).	Of
course,	at	times,	the	control	ii(s,	y)	=	u;,yCs)	is	used.	,	lm(x0	)).	2	I	4	EC	ON	OM	IC	APPL	IC	AT	IONS	399	(Compound	interest	and	PDVs	with	vtfffable	interest	rates)	We	modify	the	compound	interest	and	present	discounted	value	calculations	in	the	previous	example	to	allovv	interest	rates	that	vary	from	period	to	period.	From	the	definition	of	g(x),	It
follows	that	sin	g(x)	=	x	for	all	x	E	(-1,	1).	The	gradient	V	f	(x	0)	of	f	at	x:	0	is	orthogonal	to	the	level	surface	f	(x)	=	a	at	x	0	(the	level	curve	in	the	two-dimensional	case),	and	points	in	the	direction	of	maximal	increase	off-	(See	Theorem	2.1.l.)	Points	z	that	satisfy	V	f	(x0	)	·	(z	-	x	0	)	=	0	are	on	the	tangent	hyperplane	to	the	level	curve	at	x	0	.	-1,	then	z	is
concave.	In	particular	we	see	that	PT	:j::	0,	so	PT	>	0.	(b)	plus	the	total	PDV	of	all	future	deposits,	I:~=l	(1	(c)	If	time	t	is	now,	the	formula	for	w	1	in	(2)	can	be	interpreted	as	follows:	Current	assets	w	1	reflect	the	interest	earned	on	initial	assets	wo,	with	adjustments	for	the	interest	earned	on	all	later	deposits,	or	foregone	because	of	later
withdrawals.	Existence	theorems	are	used	(in	principle)	in	the	following	way:	One	finds,	by	using	the	necessary	conditions,	all	the	"candidates"	for	a	solution	of	the	problem.	If	H(t,	x,	u,	p(t))	is	strictly	concave	w.r.t.	(x,	u),	then	the	pair	(x*(t),	u*(t))	is	the	unique	solution	to	the	problem.	Define	A(t)	=	{k	:	k	2':	O}.	which	is	disjoint	from	B(y;	r/2).	Each
term	in	the	double	sum	either	contains	the	square	of	a	variable	or	a	product	of	exactly	two	of	the	variables.	Figure	1	The	sum	of	two	sets.	The	Hamiltonian	H	=	+	p(l	-	u	2	)	is	not	concave	in	(x,	u)	and	Arrow's	sufficiency	condition	also	fails.	$	1	.	,	abr-2,	b1	_1	in	tum.	The	Lagrangian	is	£	)q	(x	2	+	y	-	2)	-	A2(-y	+	1).	In	IR,	a	compact	interval	has	two
extreme	points,	an	open	interval	has	no	extreme	points,	and	a	half-open	interval	has	one	extreme	point.	=	-6x	2	+	(2a	+	4)xy	-	y2	+	4ay	Examine	the	convexity/concavity	of	the	following	functions:	(a)	z	=	x	+y	-	(c)	w	ex	-	=	(x	+	+	3z)2	=	f	(x)	is	a	production	function	determining	output	y	as	a	function	of	the	vector	x	of	nonnegative	factor	inputs,	with	f
(0)	=	0.	NOTE	1	A	matrix	P	is	called	orthogonal	if	P'	=	p-	l,	i.e.	P'P	=	I.	0,	i.e.	if	and	only	if	+	a1	=	0	has	a	root	with	modulus	ar	<	1.	1y	-	>-.2	=	0;	(iii)	iJ£/Bz	=	2z	-	2A	1,,	-	?c	2	=	0:	(iv)	At	?:	0	with	At=	0	if	2x	2	+	y	2	+	z	2	<	a2	.	The	following	algebraic	version	of	this	geometric	statement	is	extremely	important	in	both	static	and	dynmnic	opti,	mization
theory:	2.	111	rz	The	complementary	slackness	condition	l	·	(g(x*)-	b)	=	0	together	with	l	~	0	is	equivalent	to	the	complementary	slackness	condition	(3.5.4).	The	graph	is	shown	in	Fig.	Programs	to	calculate	numerical	approximations	arc	available	on	most	calculators.	Next,	maximize	this	function	as	in	Example	2.	N.	Hence	A=	g-	1	((0,	oo)),	and	so	A	is
open.	,	n	the	function	g(xi)	=	f	(x{,	.	111	::=	p(t)	·	(x(t)-x*	(t)	).	Current	Value	Formulations	with	Scrap	Values	The	theorems	in	Section	9.9	on	current	value	formulations	of	optimal	control	problems	with	scrap	value	functions	can	easily	be	generalized	to	the	following	problem	involving	several	state	and	control	variables:	1	1)	max	{	uEU	p2(t)	fort	<	t*.	1
<	0	and	c'(q'')	>	0,	then	tr(A)	<	0	a11d	IAI	>	0,	so	that	(q*,	p*)	is	582	ANSWERS	5.	That	the	amount	of	oil	left	at	time	t	is	equal	to	the	initial	amount	K,	minus	the	total	amount	that	has	been	extracted	during	the	time	span	[0,	t],	namely	u(r)	dr.	,	,	n.	For	p	0,	m	>	0,	the	demand	con-espondence	is	upper	hemicontinuous	and	the	indirect	utility	fw1ction	is
continuous.	Then	fork	>	N	and	m	>	N,	lxk	-	Xm	I	=	I(xk	-	x)	+	(x	-	Xm)	I	S	lx1.:	-	x	I	+	Ix	-	Xm	I	<	£	/2	+	£	/2	=	&	Therefore	{xk]	is	a	Cauchy	sequence.	Then	a	necessary	and	sufficient	condition	for	the	quadratic	form	n	Q	=	n	LLaux	x1	1	i=l	j=l	to	be	positive	definite	subject	to	the	linear	constraints	(4),	is	that	(-l)mB,>0,	r=m+l,	...	(7)	If	A	is	symmetric,	A
is	obviously	positive	quasidefinite	if	and	only	if	A	is	positive	semidefinite.	!rv1llirv1	PR	INC	I	Pl	C	Suppose	({x;},	{u;})	is	an	optimal	sequence	pair	for	problem	(1),	and	let	H	be	defined	by	(2).	(8)	SECTION	10.5	/	A	HEURISTIC	PROOF	OF	THE	MAXIMUM	PRINCIPLE	377	NOTE	Assume	in	this	note	that	the	uniqueness	condition	in	(b)	is	replaced	by	the
condition	that	the	function	x	1-+	H(t,	x,	p(t))	is	concav~.	Then	uT	(xi')	is	the	best	choice	of	u1,	and	this	choice	determines	x~	by	(1).	In	fact,	we	have	the	following	result:	Suppose	that	the	sequences	{x1c}	and	[Yk}	converge	to	x	and	y,	respectively.	The	adjoint	function	,'A.	Figure	1	At	P,	vf	is	a	linear	combination	of	v'	g	1	and	v'	g2	.	Because	A	is
closed,	y	0	E	A.	}	is	bounded.	Intuitively	speaking,	a	rnnvex	set	must	be	"connected"	without	any	"holes'',	and	its	boundary	must	not	"bend	inwards''	at	any	point	1	The	set	H	of	all	points	x	=	(x	1	,	x	2	,	...	C01Tespondences	are	also	called	set-valued	maps	or	multi-valued	functions.	(b)	Compute	the	moment	generating	function	M(t)	associated	with	f
provided	r	<	A.	The	Lagrangian	is£	=	x'Ax	-	J-.(x'x	-	!)	.	Since	u	1	tend	to	O	as	t	-+	oo,	the	equation	is	not	globally	asymptotically	stable.	A	closer	analogy	with	the	continuous	time	maximum	principle	comes	from	writing	the	equation	of	motion	as	x	1+	1	-	x	1	=	g(t,	x	1	,	u	1	).	H	H	H	71	~'	i'	'''	''	'	I'	:	:	'	'	:	:'	:'	''	''	''	'	'	'	I	:	/	--+---+-'--+'_	_,,_	_	u	'	'	-+---+-----+--
----+	u	uo	u"'(t)	U]	u*(t)	UQ	=	uo	''	''	!	!	'	''	'	-----t-----P-+--+	UJ	u*(t)	u*(I')	E	(uo,	u1)	u	/tj	/.I[)	=	UJ	Figure	1	If	the	Hamiltonian	is	concave	in	u,	the	maximization	condition	in	(9.4.5)	can	be	replaced	by	the	inequality	BH*	a;;(u*(t)	-	u):::	0	for	all	u	in	[uo.,	ui]	(3)	If	u*	(t)	E	(uo,	u1),	condition	(3)	reduces	to	aH*	/	au	=	0.	On	lim	inf	and	lim	sup	of	Functions	This
section	concludes	by	defining	some	limit	concepts	that	are	needed	in	connection	with	infinite	horizon	dynamic	economic	models.	This	gives	A(/(x)	-	f(z))	+	(1	-	'A)(f(x0	)	-	f(z))	S	Here	Jc(x	-	z)	+	(]	-	)..)(x	0	-	z)	=	)..x	+	(1	-	)..)x	0	reammging	(iii)	we	see	that	f	is	concave.	the	set	of	admissible	points	x	lhat	satisfy	g(x)	~	c	is	bounded,	and	so	compact	because
of	the	assumption	that	the	functions	g1	are	C	1•	By	assumplion	there	exists	a	point	z	such	that	g(z)	«	b.	In	general,	both	u*(t)	and	x*(t)	will	change	over	the	whole	interval	[to,	t1J.	7	have	immediate	extensions	to	problem	(1).	E	(0,	1),	but	not	298	CHAPTER	8	/	CALCULUS	OF	VARIATIONS	(~!\!I)	4,	(a)	R	M.	In	a	certain	sense,	the	adjoint	function	p(t)
takes	care	of	this	need	for	forwmd	planning,	Equation	(5)	implies	that	p(t)	=	1	H_~(s,	x*(s),	u"(s),	p*(s))	ds.	2	Named	after	the	Japanese	economist	K,-I.	is	positive	for	x,	i=	0,	so	aii	>	0.	lfll+	lfll+.	The	product	rule	for	differentiation	gives	so	the	Euler	equation	reduces	to	-6xe-	1	nonzero	common	factor	se-	1	yields	..	The	alternative	solution	of	the
differential	equations	converges	to	(K,	5:)	from	the	"southeast",	This	path	does	not	solve	the	optimization	problem,	however,	because	it	must	start	from	a	wrong	value	of	K	at	time	t	=	0.	Hence,	.J	(x)	=	y	+	x	solves	the	Bellman	equation	provided	that	y	=	1	+	{Jy,	so	.J(x)	=	(l	-	{J)-l	+	X.	This	is	confirmed	by	the	following:	If	x	=	\O(/)	is	a	solution	of	x	=
F(x),	so	is	x	=	0.	We	conclude	that	if	x,	ever	becomes	equal	to	b	/	(	l	-	a)	at	some	time	s,	then	Xt	will	remain	at	this	constant	level	for	each	t	:::	s.	Of	course,	according	to	this	principle	of	reasoning,	the	poorer	our	imagination	the	more	facts	we	could	establish	I	-Loomis	(1974)	T	his	appendix	considers	a	few	selected	topics	from	the	foundations	of
mathematical	analysis.	yEY	Verify	that	V	(x)	is	continuous,	and	draw	a	graph	in	the	x	y-plane	showing	the	set	M	(x)	(one	or	more	points)	for	each	x,	Are	the	maximizers	given	by	a	continuous	function	of	x?	The	corresponding	optimal	values	of	the	state	vmiables	are	x1	=	xo	+	uo	=	3/2,	x2	=	xi	+	u1	=	3/2	+	l	=	5/2,	X3	=	xz	+	u2	=	5/2	+	1/2	=	3.	,	T-1,
Xo>O	where	r	is	the	rate	of	discount.	In	the	pure	exchange	model	studied	above,	suppose	that	each	consumer	j's	demand	functions	x{	(p),	,	,	.	An	alternative	formulation	of	this	condition	is:	Aj	:::	0,	3	with	Aj[gj(X)	-	b.j]	=	0,	j	=I,	...	Hence,	F(a)	=	0.	Working	backwards	in	this	manner,	we	continue	until	the	function	xi	(xo,	vo)	has	been	constructed.	,	Vn)
=	A	v~	1	•	•	•	v~	11	,	where	A	and	a1,	...	In	the	continuous	random	variable	case,	the	joint	density	p	1	(v	1,	...	Also,	if	a	solution	does	exist	that	satisfies	the	relevant	initial	conditions,	we	want	to	know	whether	the	solution	is	unique.	If	n	is	continuous	and	Tis	C	1,	Leibniz's	fonnula	gives	N(t)	=	n(t)e-o(t-T(I))	-	n(t	-	T(t))	e-o(r-TUl\1	-	T(t))	+	f	I	n(r)(-8)(1-
T(t))	e-o(t-T(t))	dr	,	t-T(t)	=	[n(t)	-	(1	-	T(t))	n(t	-	T(t))Je-ou-T(IJ)	-	8(1-	T(t))	N(t)	Suppose	that	a	small	business	earns	a	net	profit	stream	y(t)	for	t	E	[O,	T].	Replace	k	by	ki	in	(i)	and	let	j	-	oo.	Thus	the	equilibrium	point	(3,	4)	in	Example	1	is	globally	asymptotically	stable.	These	points	will	also	be	candidates.	Figure	3	A	corresponding	directional	diagram
and	some	solution	curves	for	x	=	F(x).	On	the	other	hand,	if	F'	(a)	>	0,	they	both	look	s·m1ilar	to	Figs.	Applying	Jensen's	inequality	to	the	convex	function	C	gives	the	inequality	I;;'=	1	)..;	C(y;)	c::	C{I:;'=	1	),,1y1)	=	C(Y)	.	7	'	374	CHAPTER	10	/	CONTROL	THEORY	WITH	MANY	VARIABLES	'	In	applications	one	often	sees	the	argument	that	practical
physical	or	economic	considerations	strongly	suggest	the	existence	of	an	optimum.	5ohr1:ow	This	is	a	Bernoulli	equation	with	r	=	3.	Equation	(*)	therefore	represents	what	can	be	called	a	price	adjustment	mechanism.	What	do	you	see?	When	the	parameter	11	changes,	f*(r)	changes	for	two	reasons.	Thus	u	0	=	½Po,	u!	=	½P1,	and	u	2	=	½Pz,	The
difference	equation	(4)	for	p	1	is	Pt-1	=	1	+	p	1	fort	=	1,	2,	and	so	Po	=	l	+	p	1	,	Pl	=	1	+	pz.	,	Xn)	(m	<	n)	(1)	=	bm	where	the	b.i	are	constants.	To	this	end,	assume	that	the	society	has	a	utility	function	U,	where	U(C)	is	the	utility	(flow)	the	country	enjoys	when	the	total	consumption	is	C.	We	prove	(a).	=	4.	The	obvious	implication	of	(5)	is	that	we	can
define	the	optimal	value	function	J(x,	v)	as	the	common	value	of	P	(x,	v)	for	alls	=	0,	1,	2,	....	A4.5.l	(b).	If	some	p;	=	0,	$(p,	m)	becomes	unbounded.	All	solutions	of	the	equation	will	tend	to	the	equilibrium	state	as	t	-+	oo	iff	a	>	0	and	b	>	0.	,	n,	we	have	Ama	=	A	111	aiA"'e;	~	a1Ame;,	and	so	the	jth	column	Amei	1	aiei)	=	of	Am	tends	to	Oas	a	limit	as	m
-+	oo.	Many	economic	applications,	however,	use	a	generalization	allowing	any	element	in	A	to	be	mapped	to	a	set	consisting	of	several	elements	in	B.	Then	g'(t)	=	V	f(x	0	+	t(x	-	x	0	)).	But	according	to	the	chain	rule	for	differentiating	composite	functions,	n	g(h)	=	f(x+ha)	=?	-	M	for	all	k	2'.:	N.	(b)	Assume	that	Sis	closed,	and	let	(xk}	be	a	convergent
sequence	such	that	Xk	E	S	for	all	k.	System	of	Cross	References	Some	information	about	our	system	of	references	might	be	in	order.	Since	this	must	hold	for	all	t,	we	can	equate	coefficients	oflike	powers	oft	to	obtain	4A	=	1,	4B	-	8ft	=	0,	and	2A	-	4B	+	4C	=	2.	Because	the	Hamiltonian	is	concave	in	u,	it	follows	that	if	U	=	[uo,	ui],	then	the	maximum
condition	(9.4.5)	is	equivalent	to	the	conditions:	.---	0	=	uo	if	u*(t)	oH*	.:::	--	(	=	0	if	u*(t)	au	:::o	E	(uo,	ui)	if	(2)	=u1	These	conditions	are	illustrnted	in	Fig.	it	follows	from	Problem	13,1.2	that	lf(x)	-	f(y)I	=	ld(x,	a)	-	3,	(a)	S	4.	Leth=	(h1,	...	,	a11	(t)	and	j(t)	are	all	continuous	functions	on	(-oo,	oo).	,	T,	aH	(t	L-i	Bui	'	1	'\'	,	u	1*,	p1	)	(u	1i	-	(u*1·	)j)	j=l	Also,
the	vector	p1	s	O	for	all	u	E	U	-	(3)	=	(p/,	...	Thus	w*(T)	=	0,	it	is	optimal	for	the	consumer	to	leave	no	legacy	after	time	T.	These	can	be	"much	more	discontinuous"	than	piecewise	continuous	functions.	+	r)-	1	u	1x	1	•	Compute	lr(x),	u}(x),	(b)	Prove	that	there	exist	constants	Ps	(depending	on	p	and	r)	such	that	1,(x)	s	=	0,	1,	..	But	this	unique	limit	must
be	]11	1	y}	is	an	open	set	in	IR1	2	Take	any	point	(x0	,	y0	)	in	A.	The	solution	is	obvious:	to	maximize	1	-x	2	-	y2	you	must	have	x	and	y	as	small	as	they	are	allowed	to	be,	Le	x	=	2	and	y	=	3.	Moreover,	s	=	s(t),	the	control	variable,	is	the	fraction	of	production	set	aside	for	investment,	and	it	is	natural	to	require	thats	E	[O,	1).	752	{LY	U	Leta=	(a1,	...
A6.7.3	in	the	answer	section,)	SECTION	7.5	/	STABILITY	FOR	NONLINEAR	SYSTEMS	277	FOR	SEC.:r!ON	7	5	1.	Problem	I	has	a	fixed	terminal	time	T,	whereas	Problem	II	is	refe1Ted	to	as	a	free	terminal	time	problem.	At	time	s	E	[O,	T],	the	discounted	value	(DV)	of	future	profits	is	V(s,	r)	=	[T	y(t)e-r(t-s)	dt	where	r	is	the	constant	rate	of	discount.
STATIC	N	/(	then,	in	Political	Economy	we	have	to	deal	with	quantities	and	complicated	relations	of	quantities,	we	must	reason	mathematically;	we	do	not	render	the	science	less	mathematical	by	avoiding	the	symbols	of	algebra	..	Note	that	the	Hamiltonian	is	concave	in	(x,	u).	Hence,	y	=	A	sin(ax)	has	period	2n	/a	and	amplitude	A	The	reciprocal,	a/2n,
of	the	peiiod	is	called	the	frequency.	Not	only	is	the	interval	of	integration	unbounded,	but	for	each	x	in	(0,	1)	the	integrand	e-	1	tx-I	tends	to	oo	as	t	--+	0.	SECTION	9.1	l	(Economic	growth)	max	{T	(l	/	THE	BASIC	PROBLEM	307	Consider	the	control	problem	-	s)f(k)dt,	Jo	!~	=	sf(k),	k(O)	=	ko,	k(T)	2::	kr,	0::;	s	:S	l	Herek	=	k(t)	is	the	real	capita]	stock	of
a	country	and	f	(k)	is	its	production	function.	's	(13)	SEC	TI	ON	1	0,	7	/	PU	RE	ST	A	TE	C	ON	STR	A	I	NT	S	385	Here	p(t)	=	(pi	(t),.,.,	p,,(t))	and	q(t)	=	(q1	(t),	...	Because	minimizing	the	integral	of	F	(t,	x,	i)	leads	to	the	same	function	x	=	x	(t)	as	maxjmizing	the	integral	of	-	F	(t,	x,	there	is	an	obvious	relationship	between	the	maximization	and
minimization	problems.	The	two	constants	are	determined	if	we	specify	an	initial	condition	for	each	variable-for	example,	x(to)	=	xo,	y(to)	=	YoHow	can	one	find	the	general	solution	of	(	1)?	(a)	f	is	linear,	so	quasiconcave,	(b)	x	+	ln	y	is	a	sum	of	concave	functions,	so	concave	and	thus	quasiconcave.	(5)	With	these	conditions	imposed	on	F,	it	is	always
possible	(at	least	locally)	to	solve	the	equation	F	(y1,	...	Furthermore,	p(t)	=	ea(T-i)-I	on	[O,	T	-	1/a].	See	Let	us	see	these	conditions	in	action	in	a	simple	case.	We	see	that	z(t	+	!1t)	-	z(t)	(x(t	+	l::,.t)	-	x(t)	y(t	+	11t)	-	y(t))	-----	=	-----,	----M	f..t	M	.	Then	U'(x)	=	F'(f(x))f'(x)	and	U"(x)	=	F	11	(f(x))(f	1	(x))	2	+	pr	(f	(x))	f	11	(x).	Ll	)-(10.1.5).	We	have	not	proved
that	there	exists	an	optimal	solution.	We	are	interested	in	showing	that	the	supply	correspondence	(p,	w)	I--*	17(p,	w)	=	argmaxv{PY	-	C(w,	y)}	is	u.h.c.,	and	that	the	profit	function	(p,	w)	r+	n:(p,	w)	=	maxy{py	-	C(w,	y)}	is	continuous.	The	technique	described	for	obtaining	particular	solutions	also	applies	if	f	(t)	is	a	sum,	difference,	or	product	of
polynomials,	exponential	functions,	or	t1igonometric	functions	of	the	type	mentioned.	A	--,,	Band	x	I-*	F(x)	(with	double	arrows	to	distinguish	a	COITespondence	from	a	function).	-	-	-	-	-	-	-	-	-	+	-	-	-	-	-	-	-	,	.	See	Parthasarathy	(1983),	Chapter	IX,	and	the	references	there.	In	the	two	theorems	the	eigenvalues	of	the	Jacobian	matrix	both	had	negative	real
parts,	or	were	real	with	opposite	signs,	respectively.	(This	confirms	the	result	in	(2).)	MPLE	Z	Examine	the	definiteness	of	Q	Here	n	B,	for	r	=	3,	m	=	=	3xr	-	x?	(Since	a	E	(0,	1),	-lna	is	positive.)	This	is	a	convex	set,	so	all	upper	level	sets	of	f	are	convex,	and	thus	f	is	quasiconcave.	=	1,	,	...	To	summarize:	(5)	l	The	Directional	Derivative	Let	z	=	f	(x)	be	a
function	of	n	variables.	Then	X'	AX=	X'(B'B)X	=	(BX)'(BX)	=	IIRX1[	2	:::	0,	so	A	is	positive	semidefinite.	111	L7=	J	The	argument	used	to	prove	sufficiency	actually	uses	only	the	fact	that	£(x*)	2':	£.(x)	for	all	x.	So	we	have	the	following:	1°	l	radian=	(	18	--0	)	=	(--.re.	Thus	we	have	the	following	result:	If	x	0	is	a	solution	of	system	(2)	and	the	Jacobian
matrix	f'	(x)	has	rank	m	at	x	0	,	then	there	exists	a	ball	B	around	x	0	such	that	the	system	has	n	-	m	degrees	of	freedom	in	B.	Because	I	is	a	differentiable	function	and	a	=	0	is	an	interior	point	in	the	domain	of	I,	one	must	have	I'	(0)	=	0.	Also	f	(x,	u)	=	x	(u	-	a)	::=:	0	for	all	(x,	u)	E	IR+	x	U,	so	boundedness	condition	B	in	Note	3	is	satisfied.	1	Figure	4
Illustration	of	(4)	and	(5).	Thenz	=	ax1	+by1	and	w	=	ax2+by2,	where	x1,	x2	ES	and	Yt,	Y2	ET.	Therefore,µ,	is	not	an	eigenvalue	of	A.	,	V	g,n	(x*)	are	linearly	independent.	=	A,	where	1c	is	a	constant.	Thus	(x,	y)	=	(	-1,	1)	with	A1	=	1	/2	and	=	3	/2	is	a	solution	candidate.	See	Example	7.5.2.	K	=	K(t)	denotes	capital,	C	are	positive	constants,	with	a	<	I.
(4)	112	CH/.\PTER	3	/	STATIC	OPTIMIZATION	(a)	A	detenninant	is	a	continuous	function	of	its	elements,	lf	Dk(x'')	>	0	for	all	k,	it	is	possible	to	find	a	ball	B(x*;	r)	with	radius	r	>	0	so	small	that	Dk	(x)	>	0	for	all	x	in	B(x''';	r)	and	all	k	=	1,,,.,	11,	Hence,	according	to	Theorem	1.7,l(a).	This	would	imply	that	x	0	is	a	boundary	point,	contradicting	the
hypothesis	that	it	is	an	interior	point.	So	AJ	=	ai/e1.	However,	the	CQ	may	fail	at	other	admissible	points.	Find	the	optimal	solution	x')	(t),	and	discuss	what	happens	to	the	tern1inal	state	x*(T)	as	the	horizon	T	-+	oo	and	also	as	c	-+	0.	Since	y	=	2	-	x	2	,	we	get	3x	2	-	2x	-	2	=	0.	The	same	is	trne	for	all	x	if	y	=	0.	This	ensures	that	the	time	de1ivative
(d/dt)F[(t,	x,	i)	is	well	defined.	Indeed,	let	x	1	=	(xi,	...	/c,__.;.,,-	00	1	.	t.	The	following	question	arises	naturally	in	the	minds	of	most	economists.	,	fm-1(x)).	Then	Because	f'(l;)	=	2al;	+	b,	while	SI+	[;2	simple	calculation	shows	that	f'(l;1)J'(s2)	=	lf'(l;1)f'(l;2)I	<	1	0.	But	in	this	example	it	is	easy	to	see	that	F	0	(r,	s,	m)	=	F(r,	s,	m),	so	Theorem	13.4.2
implies	that	maximum	profit	is	a	continuous	function	of	(p,	q,	r,	s,	m)	wherever	all	five	of	these	variables	are	positive.	The	result	follows	directly	from	the	definition	of	matrix	addition.	l,	Moreover,	if	the	control	problem	concerns	the	time	interval	[to,	tt],	we	shall	assume	that	u(t)	is	continuous	at	both	end	points	of	this	interval,	What	is	meant	by	a
"solution"	of	i	=	g(t,	x,	u)	when	u	=	u(t)	has	discontinuities?	This	is	also	called	the	ordim:itc	set	off	over	R.	The	functions	f	and	g	are	assumed	to	be	C	1	with	respect	to	all	x;	and	u1.	This	means	that	fJ1U'(u7)	-	apTO!T-t-l	=	0,	so	U	(u;)	=	PT	l,	and	falling	in	case	cxf3	<	1.	The	following	two	notes	make	things	more	precise:	If	the	conditions	in	the	theorem
are	met,	and	(to,	xo)	is	an	arbitrary	point	in	A,	then	there	exist	an	interval	(a,	b)	around	to,	and	a	function	x(t)	defined	in	(a,	b),	such	that	x(t)	is	a	solution	of	the	equation	in	(a,	b)	with	x(to)	=	xo	and	x(t))	EA	for	all	tin	(a,	b),	Note	that	the	theorem	guarantees	only	the	existence	of	an	interval	as	described;	the	length	of	the	interval	could	be	very	small.
Find	the	Perron-Frobenius	root	and	an	associated	nonnegative	eigenvector	for	each	of	the	following	matrices.	The	optimum	is	found	at	the	point	where	one	of	the	level	curves	just	touches	the	admissible	set.	0	and	the	determinant	of	a	matrix	is	continuous	in	its	elements,	we	have	II	-	A	111	I	-,.	1.2	implies	that	F+(p,	w)	is	upper	hemicontinuous	for	all
such	(p,	w).	The	precise	"e-3"	definition	is	as	follows:	CONTINUITY	RE,AL"°V.4LUEP	FUNCTl	A	function	f	with	domain	S	£;	!Rsn	is	continuous	at	a	point	a	in	S	if	for	every	E:	>	0	there	exists	a	8	>	0	such	that	If	(x)	-	f(a)I	<	s	for	all	x	in	S	with	llx	-	all	<	8	(1)	If	f	is	continuous	at	every	point	a	in	a	set	S,	we	say	that	f	is	continuous	on	S.	These	examples
show	how	useful	information	about	the	solution	paths	can	be	obtained	by	partitioning	the	phase	plane	into	regions	to	indicate	whether	each	of	the	two	variables	is	increasing	or	decreasing.	(iv)	Because	of	(7)(b'),	the	terminal	constraint	w*(T)	:::	0	implies	that	p(T)	2:	0,	with	p(T)	=	0	if	w*(T)	>	0	318	CHAPTER	9	/	CONTROL	THEORY:	BASIC
TECHNIQUES	It	follovvs	that	if	w*(T)	>	0,	then	p(T)	=	0,	which	contradicts	(i).	So	there	really	is	a	need	for	a	more	systematic	theory	of	difference	equations.	We	also	have	f(t,	=	0	fort<	T.	,	T	-	l,	x	0	is	given	l=O	(a)	Compute	the	value	functions	Ir	(x).	([_iv!)	=	K	(t)	denotes	the	capital	stock	of	an	economy	and	P	=	P	(t)	denotes	the	level	of	pollution	at
time	t.	,_:::':':	:,:	:	:	~~	;;	ff~'.'	:rF_:	:,~.,	_,x,	~	2.	You	need	to	consider	the	s-8	definition	of	continuity,	See	SM,	1.	A	full	proof	along	these	lines	is	given	on	the	website	for	the	book.	(a)	Consider	the	nonlinear	programming	problem	(where	c	is	a	positive	constant)	maximize	ln(x	+	l)	+	ln(y	+	1)	subject	to	X	{	+	2v-	-	I.	SECTION	1	3,	5	/	CONVEX	SETS	489
Every	compact	convex	set	in	IR"	is	the	convex	hull	of	its	extreme	points,	This	finite-dimensional	result	is	actually	due	to	Minkowskj,	and	is	therefore	also	known	as	Minkowski	's	theorem,	Krein	and	Milman	extended	it	to	certain	infinite-dimensional	spaces.	S	ECT	I	O	N	5	.	Hence,	,	_	(Cl!	)ai	···	(anpX	_	.	This	makes	sense	because	of	the	second	formula	in
(5)	and	the	economic	interpretation	above:	if	there	is	no	reason	to	care	about	the	capital	stock	at	the	end	of	the	planning	period,	its	shadow	price	should	be	equal	to	0.	Let	c*	=	c*(t)	be	an	optimal	solution.	(b)	Differentiating	(iv)	w.r.t.t	and	using	(i)	and	(iv)	again	yields	U	11	(c)i:e-r	1	rU	1	(c)e-r1	=	-p	1	ff<	=	-U'(c)f{crt.	The	following	definition	is	the
standard	one:	The	functions	Ji,	...	Therefore,	we	cannot	have	F(a)	>	0.	Suppose	too	that	the	maximum	directional	derivative	of	f	at	(0,	0)	is	equal	to	4,	and	that	it	is	attained	in	the	direction	given	by	the	vector	from	the	origin	to	the	point	(1,	3).	,x,,)=xf+	+···+	Find	the	directional	derivative	off	in	the	direction	given	by	the	vector	a=	(o	1,	a	2	,	•..	It	is
clear	from	Fig.	,	T	-1,	xo	>	0	(i)	t=O	assuming	also	that	t	=	0,	1,	...	,X11	),	i=J,	...	Hence	f	is	convex.	(~&J:,	6.	2	Let	x	=	F(v)	=	F(vi,	...	We	noted	before	that	the	ranges	of	sin	and	cos	are	the	interval	[-1,	l],	so	-1	:'.::	-1	:S:	sin	x	:S:	1,	COS	X	:'.::	1	The	graphs	of	sin	and	cos	are	shown	in	Fig.	The	equilibrium	state	x*	=	½is	stable.	Then	P1	(v	I	v	1)	(or	p	1	(v	I
v	1	))	does	not	depend	on	v	1	,	which	can	therefore	be	dropped	from	the	functions	11	(x1	,	v1),	u	1	(x1	,	v1)	and	from	(6)	(or	(7)	fort=	T).	1	introduces	first-order	difference	equations.	(For	a	proof	of	the	following	theorem,	see	Arkin	and	Evstigneev	(1987).)	R£	M	1	2	S	.	Cancelling	e1x	and	rearranging	gives	4.	Inserting	these	into	the	maximand	shows
that	f(O,	-1/2,	3/2)	=	3	and	f(l,	3/2.	When	the	integral	in	(1)	does	not	converge	for	all	admissible	pairs,	what	is	a	reasonable	optimality	criterion?	There	are	neve1theless	two	cases	where	some	results	can	be	obtained.	,	x;;)	~	0	and	A	=	(),	1,	•••	,	,\.m)	~	0	satisfy	the	sufficient	conditions	(A)-(C),	so	that	x*	solves	problem	(1).	Ast	tends	to	infinity,	(x(t),
y(t))	tends	to	the	equilibrium	point	(3,	4).	(-1	)2	B2	(0,	±./2)	=	64,	so	(0,	±.,/2)	are	local	maximum	points.	Consumption	is	C	>	0,	whereas	Y	-	C	=	aK	-	bK	2	-	C	is	investment	Over	the	period	[O,	the	objective	is	to	maximize	total	discounted	utility.	Many	of	the	problems	are	quite	easy	in	order	to	build	the	students'	confidence	in	absorbing	the	material,
but	there	are	also	a	number	of	more	challenging	problems.	Suppose	q	=	l.	We	refer	to	Pm1hasarathy	(1983)	for	proofs	and	more	details.	Its	minimum	point	on	the	line	i	=	0	will	then	shift	downwards	towards	the	equilibrium	point	(K,	A).	On	the	other	hand,	C(t)	is	increasing	until	K	(t)	has	reached	the	level	a/2b,	then	C(t)	starts	decreasing.	,	a	11	)	~	(0,
0,	..	x	=	l/(1	+	'A)	>	0.	Nevertheless,	even	if	is	not	concave	in	x,	it	is	still	possible	that	x*(t)	may	maximize	+	px	for	each	tin	[to,	ti].	,	Xn)	and	let	a	=	(a	1,	...	A	necessary	and	sufficient	condition	for	(3)	to	be	globally	asymptotically	stable	is	that	all	roots	of	the	characteristic	polynomial	of	the	equation	have	moduli	saictly	Jess	than	l.	If	U(x	0	)	=	a,	then	the
upper	level	set	or	upper	contour	set	r	a	=	[x	:	U	(x)	2_:	a}	consists	of	all	commodity	vectors	x	that	the	consumer	weakly	prefers	to	x	0	.	Here	the	initial	state	Xo	=	xo	and	an	initial	outcome	vo	are	given,	after	which	X	1	is	determined	by	the	difference	equation	(1),	i.e.	Xi	=	g(0,	xo,	uo,	V1).	K(T)	=	Kr	300	CHAPTER	8	/	CALCULUS	OF	VARIATIONS	!);MJ
4.	If	the	interest	rate	is	r,	then	the	present	value	of	the	profit	from	feeding	the	fish	and	then	catching	it	at	the	fixed	time	T	is	x(T)P(T,	x(T))e-rT	-	for	cx(t)u(t)e-rt	dt	(i)	Suppose	that	x(t)	=	x(t)g(t,	u(t)),	x(O)	=	Xo	>	0	(ii)	so	that	the	proportional	rate	of	growth	in	the	weight	of	the	fish	is	a	known	function	g	(t,	u	(t)).	The	optimization	problem	is	to	find	a
sequence	of	policies	Uo(Xo,	Vo),	...	y	is	not	necessarily	a	boundary	point	of	S.	The	sine	function	is	the	rule	that	maps	x	to	the	number	v.	(c)	The	two	constants	in	the	general	solution	(x	(t),	p(t))	of	these	differential	equations	are	dete1mined	by	combining	the	initial	condition	x(to)	=	xo	with	the	terminal	conditions	and	the	transversality	conditions	(7).
The	value	of	a	control	u(t)	at	each	isolated	point	of	discontinuity	will	affect	neither	the	integral	objective	nor	the	state,	but	let	us	agree	to	choose	the	value	of	u(t)	at	a	point	of	discontinuity	t'	as	the	left-hand	limit	of	u(t)	at	t'.	,,	+	thn)	(7)	where	h	=	(h1,	...	Some	examples	below	are	of	this	special	form.	If	we	consider	a	point	on	the	curve	lying	above	the
then	F(x(t))	>	0	and	212	CHAPTER	5	/	DIFFEREI\ITIAL	EQUATIONS	I:	FIRST-ORDER	EQUATIONS	IN	ONE	VARIABLE	therefore	i(t)	=	F(x(t))	>	0,	so	that	x(t)	increases	with	t.	(This	is	not	the	case	for	concavity.	The	maximum	principle	requires	choosing	at	each	time	the	value	of	u	that	maximizes	H,	and	hence	H	/::;.t.	-	xy	-	z	2	at	(0,	1,	1),	in	the
direction	given	by	(1,	1,	1).	The	composition	of	two	concave	functions	is	not	necessarily	concave"	If,	for	example,	f(x)	=	-x	2	and	F(u)	=	-e'',	then	f	and	Fare	both	(strictly)	concave,	but	the	composite	function	F(f	(x))	=	-e-x	2	is	actually	convex	in	an	interval	about	the	origin.	3,	where	K*(t)	->	K	and	A*(t)	-+	5:	as	t	-+	oo.	Thus	p(t	1	,	x)	(viii)	=	0,	and	so	we
have	(ix)	Conditions	(vii)	to	(ix)	are	the	necessary	conditions	in	the	maximum	principle	(with	t	1	fixed	and	x(t	1)	free).	A	necessary	and	sufficient	condition	for	all	roots	of	the	polynomial	to	have	moduli	less	than	I	is	that	1	IL1	~'I	0	an	an-I	0	Cln	a1	>	0,	-----------	----------an	0	1	a1	an-I	an	0	1	>	0,	1	0	0	Cln	Cln-1	a1	a1	1	0	0	an	a2	Cln-1	an-2	1	0	0	a,,	-------------
-----------	--~--------------------Cln	0	0	1	Cln-1	an	0	0	a1	a2	a,,	0	In	the	case	when	n	=	<	1	if	and	only	if	I	l	a1	a1	I>	'	>0	Cln-1	Cln-2	0	1,	Theorem	]	1.5.4	says	that	m	all	...	Verify	the	last	equality	in	(5)	for	the	problem	in	Example	1.	Prove	that,.for	the	same	A1,	...	111	The	following	equivalences	are	often	useful:	(a)	QC.xi,	.x2)	is	positive	definite	~	a11	>	0	and
a11a22	-	af2	>	0	(5)	(b)	Q(x1,	x2)	is	negative	definite	~	a11	<	0	and	a11a22	-	af2	>	0	To	prove	(a),	suppose	first	that	a11	>	0	and	a1	1a	22	-	af2	>	0.	(Those	problems	are	marked	in	the	text	with	(~]iii.)	(3)	The	Instructor's	Manual	now	has	a	number	of	supplementary	problems,	with	answers.	(a)	F(x,	y,	z)	=	+	y3	+	z3	-	xyz	-	1	is	obviously	C	1
everywhere,	and	F{(0,	0,	1)	=	3	=/=	0,	so	by	the	implicit	function	theorem	the	equation	defines	z	as	a	C	1	function	of	x	and	y	i~	a	neighbourhood	of	(0,	0,	l).	The	results	refened	to	so	far	deal	with	the	existence	and	uniqueness	of	solutions	to	equations.	Its	graph	is	the	subset	g-1(-oo,O]	=	{(x,	:	g(x,y):::	O}	of	[R	11	+m.	One	example	is	Be:rnou.lli's
equation	which	has	the	form	x	+	a(t)x	=	b(t)x'	(1)	where	the	exponent	r	is	a	fixed	real	number,	and	where	a(t)	and	b(t)	are	given	continuous	functions.	,	XT	free	(8)	t=O	This	is	like	problem	(12.2.1)	that	led	to	the	discrete	time	Euler	equation,	except	that	the	function	F	in	the	criterion	contains	an	extra	stochastic	variable	V1	,	where	as	before	v	=	½+1
is	determined	given	v1	by	either	a	conditional	probability	distribution	P1(	v	I	Vt)	or	a	conditional	density	p	1	(v	I	V1),	In	problem	(8)	we	decide	the	value	of	each	x	1+	1	at	time	t,	after	x	1	has	been	determined	by	previous	choices,	and	after	v1	has	been	observed.	f	+	1)	2	)	dy	=	-.!jx	2	-	2	(x	2	y	3	-	(y	=	1~(5y	+	!.v2)	=	16	5.	SECTION	6.8	/	STABILITY
FOR	NONLINEAR	SYSTEMS	251	6,8	Stability	for	Nonlinear	Systems	In	this	section	we	study	the	stability	theory	for	the	autonomous	system	x	=	J(x,	y)	(1)	)I=	g(x,	y)	where	f	and	g	are	C	1-functions.	If	a	c01Tespondencc	F	has	the	closed	graph	property	at	x	0	,	then	in	pmiicular	the	set	F	(x0	)	is	closed.	(The	same	result	was	obtained	in	Example	8.5.2.)
E(TlO	2	Solve	the	control	problems	1-5:	1.	Moreover,	it	follows	that	the	controls	u1c(x,	v)	will	be	approximately	optimal	fork	large,	The	second	approximation	method	is	called	policy	improvement	As	in	Note	3,	given	any	stationary	policy	u(x,	v),	let	Ju	(x,	v)	denote	the	expected	value	of	the	objective	when	starting	from	v)	at	time	0,	then	u(x,	v)	all	the
time,	Clearly,	the	boundedness	condition	(3)	implies	that	JU	E	:I3.	The	control	variable	is	x(t),	whereas	z(t)	is	the	state	variable.	Section	3.9	on	concave	programming	deals	with	results	that	do	not	require	differentiability.	Now	proceed	as	in	the	second	paragraph	of	the	proof	of	Theorem	7	.5	.2.	Whereas	the	Euler	equation	dates	back	to	1744,	the	main
result	in	optimal	control	theory,	the	max-	imum	principle,	was	developed	as	recently	as	the	1950s	by	a	group	of	Russian	mathematicians	(Pontryagin	et	al.	Use	(3)	to	find	an	expression	for	P(x)	when	(a)	F(x)	4.	-	[Jc(x	-	z)	+	(1	-	-~)(x	0	(x)	-	.f	(XO)	0	and	C"	(y)	c::	0	for	all	y	c::	0.	In	this	section	we	shall	indicate	how,	even	when	explicit	solutions	are
unavailable,	geome1ric	arguments	can	still	shed	light	on	the	structure	of	the	solutions	of	autonomous	systems	of	differential	equations	in	the	plane.	AJ	A2	=	y	+	2x	-	2A1X	=	0	=	X	-	)q	+	Az	=	0	2:	0,	with	A1	=	0	if	x	2	+	y	2:	0,	with	A2	=	0	if	y	>	1	=	(i)	(ii)	<	2	(iii)	(iv)	We	start	the	systematic	procedure:	(I)	Both	constraints	are	active.	(b)	Derive	the
corresponding	Euler	equation.	(a)	Consider	a	system	of	differential	equations	of	the	form	Eliminate	t	from	the	system	to	obtain	dy	dx	Deduce	thaJ	H	(x,	y)	solution	curve.	Finally,	if	(9.4.3)(c)	holds,	then	p(t	1)	=	0,	and	the	term	is	0.	(a).x=ftdt=½t	2	+A.sox=f(½t	2	+A)dt=¾t	3	+At+B	4	+At+	B	(c)	x	=	e'	+	121	(b)x=-sint+At+B(seeAppendixB).	The
transversality	condition	(2)	reduces	to	i(T)	=	0.	LetF(t,	K,	K)	=	U(C)e_,.,	withC	=	f(K)-f(.	(Hint:	Recall	that	integer	roots	of	the	characteristic	equation	divide	the	constant	term	2.)	SECTION	7	4	/	7	269	SYSTEMS	OF	DIFFERENTIAL	EQUATIONS	Systems	of	Differential	Equations	A	nonnal	system	of	n	first-order	equations	in	n	variables	takes	the	fom1	-
dx1	=	dt	r	(	.	By	induction,	the	formula	holds	for	all	positive	integers	m.	We	conclude	that	the	unique	pair	satisfying	the	conditions	in	the	maximum	principle	is	optimal,	Show	the	existence	of	an	optimal	control	for	Example	10.2.2.	(Hint:	Use	Note	2	.	Assume	that	3.	So	this	must	be	the	optimal	control.	The	symbol	s;:	is	called	the	inclusion	symboL	1	It	is



clear	that	A	=	B	if	and	only	if	A	s;:	B	and	B	s;:	A.	In	Example	1	it	was	very	easy	to	detennine	the	sign	of	the	quadratic	forms.	+	2x2X3	+	4x;,	=	-3xf	+	2x1x2	-	x?	NOTE	SECTION	9.	The	graphs	of	the	following	two	functions	(i)	x	=	(e	2	-	l)t	(ii)	x	=	x(t)	=	e	1+1	-	e	1-r	both	pass	through	the	points	(0,	0)	and	(1,	e	2	-	J)	in	the	tx-plane.	So	(x*,	y*)	=	(1,	2)
solves	the	problem.	At	time	T	-	1,	therefore,	max	A(u)	0:91:,'.1	The	function	A	(u)	is	concave,	so	the	maximum	is	attained	where	A'(u)	l	l+u	]	=	p--	-	q--	=	0	J-u	This	implies	p(]	-	u)	=	q(l	+	u),	or	p	-	q	=	u(p	+	q)	=	u,	so	u}_	1	=	p	-	q.	Suppose	that	U	is	an	open	interval	(uo,	u	1).	3	Test	the	Cayley-Hamilton	theorem	on	the	matrix	A	=(	!	~).	The	ratio	on	the
right-hand	side	of(**)	is	known	as	the	instantaneous	proportional	rate	of	return	of	the	investment.	Therefore.	In	fact,	a	bounded	sequence	{xk}	may	well	"jump	around"	and	not	converge	to	any	point	A	one-dimensional	example	in	the	line	IR	is	the	bounded	sequence	Xk	=	(-	l	which	has	no	limit.	But	then	Ix	-	xk-	II	I=	Ix	-	Yn	+	Yn	-	xk-	II	I	:S	Ix	-	Ynl	+	IYn
-	x,,	11	11	I	<	Ix	-	Ynl	+	1/n	(*)	This	shows	that	xk:	~	x	as	n	~	oo,	By	using	the	construction	in	Note	1,	we	can	extract	II	from	(x;;,,}	a	subsequence	of	{xd	that	converges	to	x.	It	points	to	the	right	if	i	>	0,	to	the	left	if	i	<	0.	Show	that	when	k	=	le*,	then	c	=	f	(k*)	-	Ak*.	,	l,	we	have	x1	(t1)	=	x1U1)	=	x/,	so	the	corresponding	tenns	are	0.	For	a	fixed	x	>	0,
the	function	xy2	is	maximized	at	y	=	2,	and	the	maximum	value	is	4x.	This	section	extends	the	analysis	in	several	directions.	SECTION	10.5	/	A	HEURISTIC	PROOF	OF	THE	MAXIMUM	PRINCIPLE	379	Thus	for	all	v	in	U,	V((t,	x)	+	fl(t,	x,	v,	p(t,	x))	:S	0	Because	of	(iv),	this	implies	that	the	optimal	control	ii(t;	t,	x)	must	maximize	H(t,	x,	u,	j3(t,	x))	w.r.t.	u
E	U.	I	T	f	!A	2y	cos	x	dx	dy	=	Jt)T	ct;x	2y	cos	x	dy)	dx	=	-4rr.	This	problem	is	studied	in	Example	8.4.1.	SECTION	8.	Lyapunov	Functions	Let	a	=	(a1,	...	x	Ae	1	+	Be-	1	-	½te-	1	•	(The	two	required	equations	are	here:	(i)	C1	(t)e	1	C2	(t)e-	1	=	0,	1	1	1	21	(ii)	C1(t)e	-	C2	(t)e-	=	e	•	From	(i),	C2	(t)	=	-C	1	(t)e	,	which	inserted	into	(ii)	yields	C1(t)	=	and	thus	C
1	(t)	=	-¾e-	21	+A.Then	C2	(t)	and	thus	C	2	(t)	=	+	B	1	.	Thus	the	conditions	in	Theorem	2.3.l(b)	are	satisfied	and	f(x,	y)	is	concave	in	S.	E	[O,	l],	and	define	a	=	min(.f(x),	f(y)).	3	=3	SECTION	1.	This	yields	uI	u	f(O,Xo,uo)+E[f(I,g(O,xo,uo,	V1),ur(g(0,xo,uo,	V1)))]	(**)	Note	that	uo	occurs	in	both	tenns	of(**)-	A	maximizing	value	of	uo	is	then	chosen,
taking	both	these	occurrences	into	account.	The	boundary	conditions	x(O)	=	-8/3	and	x(2)	=	1/3	imply	that	O	=	A+	B	and	Ae-	1	+	Be	3	=	3.	CYt,	where	a,	b.	Find	expressions	for	fJk''/	as	ancl	3le*	/	3A	and	determine	the	signs	of	these	derivatives	when	.f"	(k)	<	0.	=	(x.:	U(x):;::	al	Figure	4	Sn	T	is	convex,	but	SU	T	is	not	Figure	5	fa	is	a	convex	set.
Suppose	Sis	a	convex	body	in	IR"	such	that	)ex+	(1	-	A)y	is	an	interior	point	of	S	vvhenever	x	and	y	are	distinct	points	in	S	and	A	E	(0,	1),	In	this	case	S	is	called	a	strictly	convex	body,	For	example,	a	ball	inn-space	is	a	stlictly	convex	body,	whether	it	is	open	or	closed.	,	,	m},	then	an	interior	point	will	often	(but	not	always!)	be	one	for	which	all	the
inequaJities	am	strict.)	The	following	procedure	can	therefore	be	used	to	locate	the	maximum	point:	(A)	Record	all	inte1ior	stationary	points	of	S.	(Along	the	ray	x	1	=	·	·	·	=	Xn	=	x,	one	has	z	=	Ax",	which	is	strictly	convex	for	a	>	l	.)	If	a	S	1,	Theorem	2.5.3	shows	that	the	function	is	concave.	(You	are	not	required	to	show	this.)	The	adjoint	function	is	a
constant	p.	Find	the	solution	of	Problem	9.5.3	using	the	current	value	formulation.	Find	the	gradient	VF	at	an	arbitrary	point	and	show	that	it	is	parallel	to	the	straight	line	segment	joining	the	point	and	the	origin.	Intuitively,	this	is	because	the	conditioning	vaiiable	v	1	drops	out	of	(5),	so	both	11	(x1	,	v	1	)	and	the	optimal	control	(x,.,	v1)	will	not
depend	on	v1	either.	,	0)	=	0	and	Ff	f=	0	everywhere.	Prove	that	it	is	locally	asymptotically	stable.	We	showed	in	Section	6.5	(see	(6.5.4)	and	(6.5.5))	that	a	solution	(x(t),	y(t))	of	(1)	must	satisfy	the	two	second-order	equations	(t:r(A)	denotes	the	trace	of	A,	see	Section	1.5)	x-	tr(A)x	+	!A!x	=	a12b2	-	a22b1,	(4)	If	!Al	/=	0,	these	equations	have	x*	and	y*
given	in	(3)	as	their	respective	equilibrium	points.	It	seems	intuitively	obvious	that	this	subsequence	converges	to	a	unique	point	which	is	the	intersection	of	all	the	squares	Kj.	474	CHAPTER	13	/	TOPOLOGY	AND	SEPARATION	For	the	general	case	where	n	may	not	equal	2,	suppose	S	is	a	bounded	set	in	rR	11	and	let	Ko	be	an	11-dimensional	cube
containing	S	whose	sides	are	all	of	length	L.	Find	u*	(t)	expressed	in	terms	of	p.	,	Xn	is	called	the	phase	space	associated	with	system	(1).	f'(k)	f'(k))	>	0,	J°(k)	<	0,	.f'(O)	>	r	+	8,	C,i;§iJi	3,	(a)	Consider	the	following	system	of	differential	equations:	:i:	=	x(y	-	x/2	-	2),	y=	y(I	-	y/2x)	Find	the	unique	equilibrium	point	(xo,	Yo)	in	S	=	{(x,	y)	:	x	>	0,	y	>	0).	,	>c
111	•	The	resulting	solution	vectors	(x1,	...	To	see	why,	look	at	Fig.	The	first-order	derivatives	of	l	are	BI	-Buo	=	3	-	2uo	8/	'	Bui	=2-	2u1	BI	'	8u	2	=1-	2u2,	ol	8u3	-	=	-2u3·	Equating	these	partial	derivatives	to	zero	yields	the	unique	stationary	point	(uo,	u	1	,	u	2	,	u	3	)	1,	½,	0).	(d)	(I	-	A)-	1	exists	and	is	nonnegative.	In	particular,	the	notion	of
differentiability	was	introduced.	(a)	Using	the	sets	An	in	Example	2(i),	In	=	f	02"(J;(r/(1	2n(l	-	1	/	~	-	;	.	e	-1,	u*(t)	=	0	if	p	2	(t)	<	-1	/J1	=	1	and	Pl	(4)	=	0,	so	p	1	(t)	=	t	-	4.	Suppose	that	f3	E	(0,	1),	and	consider	the	problem	00	maxLfJ	1	(1-u	1)	subjectto	x	1+	1	=(1/fJ)(x1+u	1),	u1	E[0,1]	xo>Ogiven	t=O	We	show	that	the	Be	Um	an	equation	is	satisfied	by
J	(x)	=	y	+	x,	where	y	=	1/	(1	-	{J),	and	that	any	u	=	,-:i	E	[O,	l]	yields	the	maximum.	The	answer	is	no,	unless	one	is	also	sure	that	).,(t)	2"..	Take	one	of	them,	Xk	2	,	with	k2	>	k1.	460	CHAPTER	12	/	DISCRETE	TIME	OPTIMIZATION	Case	A:	There	exists	a	lower	bound	y	such	that	f	(x,	u)	::::	y	for	all	u)	E	IR	11	x	U;	if	f3	=	1,	then	y	=	0,	In	this	case	it	is
possible	that	J	(x,	v)	=	+oo	for	some,	or	all,	(x,	v),	Provided	that	J	=	,	the	policy	function	u(x,	v)	is	optimaL	Case	B,	There	exists	an	upper	bound	y	such	that	f	(x,	u)	:S	y	for	all	(x,	u)	E	~	11	x	U;	if	f3	=	1,	then	y	=	0,	In	this	case	it	is	possible	that	v)	=	-oo	for	some,	or	all,	(x,	v),	Unlike	Case	A,	even	if	J	=	1'1	,	the	policy	function	u(x,	v)	may	not	be	optimal.
Use	the	characterization	of	Lh.c.	in	(14.	This	approach	is	explained	in	Section	9.9.	Some	economic	models	include	a	"suap	value"	in	the	objective	function.	Subsets	of	Smay	be	open	or	closed	relative	to	Sin	a	sense	that	we	shall	now	define.	Prove	that	every	sequence	of	real	numbers	has	a	monotone	subsequence.	In	this	case	all	solution	curves	starting
away	from	the	equilibrium	point	explode	as	t	increases,	i.e.	II	(x(t),	y(t))	I	->	co	as	t	-+	oo.	But	G'(k)	<	<	0	for	all	large	enough	k,	It	follows	that	G(k)	-+	-oo	as	k	-+	oo,	so	there	is	a	unique	point	k*	>	0	with	G(k*)	=	0,	In	addition,	G'	(k*)	<	0,	According	to	(2),	this	is	a	sufficient	condition	for	the	local	asymptotic	stability	of	k*,	-½}..	£	Use	Theorem	9.7.2	to
prove	that	an	optimal	control	for	the	problem	maxfo	1	3udt,.i=u	3	,	x(0)=0,	x(l):::;O,	uE[-2,oo)	is	u''(t)	=Jin	[O,	8/9]	and	u*(t)	=	-2	in	(8/9,	l],	with	p(t)	=	-L	334	CH	APTER	9	I	CONTROL	THEORY:	BASIC	TE	C	HNI	QUE	S	ir..	If	D	11	(x*)	=	0,	a	closer	examination	is	necessary	in	order	to	classify	the	stationary	point.	M:Yff	2	If	the	inequality	sign	in	(3)(b)	is
reversed,	so	are	the	inequality	signs	in	(7)(b'),	3	The	derivative	[J(t)	in	(6)	does	not	necessarily	exist	at	the	discontinuity	points	of	u*(t),	and	(6)	need	hold	only	wherever	u*(t)	is	continuous.	When	the	price	vector	is	p,	the	sign	of	g;(p)	indicates	whether	the	total	demand	for	commodity	i	is	greater	or	less	than	the	total	endowment	of	that	good.	Hence,	=
2t	2	is	the	desired	solution.	Tfa(t)	=	a+bc',thenfa(t)dt	=	at+(b/lnc)c	1	.Thisimpliesx	=	ce-atet-b/!nc)c'	C(e-")1	(e-b/Jnct	=	Cp'	qc',	with	p	=	e-a	and	q	=	e-b/lnc,	4.	Continuity	off	and	(i)	together	imply	that	x	=	f(x)	+	y,	and	so	x	~	y.	Wdte	out	fonnula	(8)	for	U(x	1	,	(0,	0)	for	(b)	f(x,	y)	•••	,	=	ln(1	+	x	+	2y)	x	11	)	=	(c)	f(x,	y)	=	ln(l	+	x	2	+	y2)	=	e-xi	+	·	·	·	+
e-x,,.	y	y	XO	Xi	--,1'--~---~~~-~--.x	X()	x2	x*	x3	x1	X2	Figure	2	x*	stable,	Figure	1	x*	stable,	/'(x*)	E	(0,	1).	Note	that	if	we	let	A	run	through	all	real	values,	then	z	describes	the	whole	of	the	straight	line	L	through	x	and	y.	Therefore,	and	1	,	("-	=	2.P	x*	=	Xo	i)	e	r(T-t)	e	rT	+	e	-r(T-t)	---r	Te	'	'	The	Harniltonian	H	=	-x	2	-	cu	2	+	pu	is	concave	in	(x,	u),	so	by
Mangasarian's	theorem,	this	is	the	solution	to	the	problem.	The	nullclines	and	the	direction	of	motion	on	paths	crossing	the	nullclines	are	shown	in	Fig.	Suppose	that	for	all	x1	either	fz(x1,	±oo)	=	±oo	or	fz(xi,	±oo)	=	=f=CO.	depend	explicitly	on	I	as	well	as	on	x	and	A.	M	2,	Prove	that	if	Sis	a	convex	set	in	IR	11	,	then	its	closure,	S,	is	also	convex	.	y)	=
-x	2	y3	(a)	f(x)	(b)	f(x,y)=ye',	(c)	(d)	f	(x)	y>O	=	x3	+	x2	+	l	if	x	<	0.	t'.	(xr,	Yr)	::::	fr	(xr,	vr	),	with	equalityifur(Xr,	Vr)	satisfies	(7).	Here	aF	/	ax	denotes	the	derivative	F~	(t,	x,	,:i:)	of	F	(t,	x,	x)	w.r.t.	the	second	variable,	whereas	aF	/ax	denotes	F3	(t,	x,	.x).	We	assume	that	the	control	region	U	is	convex.	Is	it	possible	to	find	prices	of	all	commodities
which	ensure	that	the	aggregate	demand	for	each	does	not	exceed	the	conesponding	aggregate	endowment?	=	3.	,Xn	=gn(t;	C1,.,,,C11)	with	the	property	that	an	arbitrary	solution	(xi	,	..	One	can	show	that	for	every	x	>	0	there	exists	a	0	in	(0,	I)	(where	0	depends	on	x)	such	that	Use	this	formula	to	show	that	if	11	is	a	natural	number,	then	n!	Rj	./2mi
(n/e)"	(Stirling's	formuhl)	in	the	sense	that	the	ratio	between	the	two	expressions	tends	to	1	as	n	--,,.	a	=	2/3	-	2(0'-/J)i	(Hint:	Argue	why	u*(t)	>	0.)	,	x	*(t)	_	_	_	_	_	_	_	.	A5.2.2.	See	SM.	The	budget	set	does	not	change	if	p	is	replaced	by	Jcp,	with	Jc	>	0,	1	=	=	{{c},	{c,	d}),	There	are	two	cases	to	consider:	a	=	band	a	=I=	b,	If	a	b,	then	{a,	b)	=	{a},	and
so	{{c),	{c,	d]}	=	{{a},	{a,	b}}	=	{{a}},	But	then	(c,	d)	=	{c}	=	{a],	soc	=	d	a	=	b,	If	a	=I=	b,	then	{a,	b}	is	a	two-element	set,	and	we	must	have	{c}	=	{a}	and	{c,	d}	=	{a,	b},	This	shows	that	c	=	a,	1,	Suppose	that	{{a},	{a,	b]}	=	and	therefore	d	2.	In	physics,	the	rest	position	of	a	pendulum	(hanging	downward	and	motionless)	is	stable;	if	it	is
slightly	disturbed	while	in	this	position,	it	will	swing	back	and	forth	until	it	gradually	approaches	the	equilibrium	state	of	rest.	The	graph	of	J(	=	0	is	symmetrical	about	K	=	a/2b.	We	conclude	that	llxk	II	-	oo	ask	-i>	oo.	9.	[x*(t1)-x(t1)]	(ax	l=/j	(*)	=	If	x'''(t1)	>	xi,	then	(BF*	/0.i:)	1=11	=	0	and	the	expression	in(*)	is	equal	to	0.	,	um)	is	concave	(convex)
and	moreover	increasing	in	each	variable.	This	is	evidently	true	fort	=	T	with	(ar,	br,	er)	=	(0,	1,	0),	fort=	T	-	1	with	(ar-1,	br-1,	cr-1)	=	(0,	½,-~),and	fort=	T	-	2	with	(ar-2,	br-2,	cr-2)	=(~,A,-#),	+	1,	we	have	Fort=	l,	2,	...	0	in	all	of	!R	2	Then	(a,	b)	is	globally	asymptotically	stable.	(If	x	;;	0	and	y	;;	0	and,\	E	[O,	l],	then	evidently	h	+	(]	-	)c)y	;;	0,)	Hence	2
(p,	m)	is	convex	according	to	(3).	According	to	(5.4.3),	the	general	solution	is	p(t)	=	Ae-	1	-	1,	where	A	is	determined	by	0	=	p(l)	=	Ae-	1	-	I,	which	gives	A	=	e.	We	denote	this	solution	by	x	=	arc	sin	y.	Section	A.2	discusses	the	least	upper	bound	principle,	which	is	a	crucial	property	of	the	1·eal	number	system.	Prove	that	if	every	sequence	of	points	in	a
set	Sin	IR1	11	contains	a	convergent	subsequence,	then	Sis	bounded.	,	x~)	=	(0,	...	(a)	Let	S	=	{x	(b)	Ifwe	replace	::S	with	0	(!12	and	J['1	f	~~	-	(f{~)2	:::=	0.	1	+	v1	-	a-	1x	1+1	(x1	,	V1	)	at	each	time	t	and	in	each	state	(x	1,	v1).	Th	e	mam	rs	.I	=	If{	g;	i;-	I	,-1-	o.	~	of	the	quadratic	equation	x	=	f	(x),	Le.	ax	2	+	(b	-	l)x	+	c	=	0.	111e	resulting	price	at
which	they	sell	is	p	1	,	and	so	on.	Given	the	initial	state	xo	and	any	sequence	of	closed-loop	controls	u;	(x	),	the	evolution	of	the	state	x	1	is	uniquely	determined	by	the	difference	equation	X1+1	=g(t,x1,u1(.:r,)),	xogiven	Let	us	denote	by	u,	=	u	1	(x	1	)	the	control	values	(nurnbers)	generated	by	this	particular	sequence	of	states	{x	1	}.	Note	that	C(Q)	>
F	whenever	Q	>	0.	For	which	values	of	the	constant	a	is	x	+	(1	-	a	2	)x	+	2ax	=	0	globally	asymptotically	stable?	,	y	11	=	d	11	-	1x/dt	11	-	=	)'3,	.Y1t-l	dx	d	11	-	1x)	x,	-	,	...	7.1	implies	that	z	is	defined	as	a	C	1-	function	of	x	and	(b)	1;,	=	1	+	x	cos(xy)	=	1	=/=	0	=	-J;!I{,	=	3x	2	/	(3y	2	+	1)	=	0	at	(0,	0).	Problem!:	Find	the	rate	of	extraction	u(t)	2:	0	that
maximizes	(**)	subject	to	(*)	and	x(T)	2::	0	over	a	fixed	extraction	period	[0,	T],	Problem	ll:	Find	the	rate	of	extraction	u	(t)	2:	0	and	also	the	optimal	terminal	ti	me	T	that	maximizes	(	**)	subject	to	(*)	and	x	(T)	2:	0.	Repeatedly	applying	(2)	gives	first	x1	=	axo,	next	x2	=	ax	1	=	a·	axo	=	a	2xo,	then	x3	=	ax2	=a·	a	2xo	=	a\io,	and	so	on.	If	there	is	a	strong
Lyapunov	function	for	the	system,	then	a	is	locally	asymptotically	stable.	Case	(B)	gives	the	solution.	The	symbols	lim	sup	and	lim	inf	are	often	written	as	lim	and	lim.	1t1	MP	Use	Theorem	1.7.2	to	determine	the	definiteness	of	the	quadratic	form	in	Example	5(b).	"r	+	Pri	(5)	Bx~	=	(p},	...	To	prove	that	solving	the	Euler	equation	gives	a	sufficient
condition,	suppose	that	F(t,	x,	i)	is	concave	in	(x,	x).	565	=	l	1n(x	1x2	·	·	·x11	)	=	~	fl	3.	But	then	Vi(Jc)	=	(-l)"cp(Jc)	=	(Jc->..1)(A.-Jc2)	···	(J,,-Jc,,)	=	(),+r1)(Jc+r2)·	··	(Jc+r11	),	where	r;	are	all	positive.	=	x*.	if	a	:::	-1,	then	Pa	=	(-oo,	In	all	cases,	Pa	is	convex,	so	f	is	quasiconcave.	By	combining	Theorems	7.3.l	and	7.3.2	we	can	obtain:	(a)	(b)	x	+	aix	=	f	(t)
is	globally	asymptotically	stable	{=?.x	+	a1x	+	a2x	=	f	(t)	is	globally	asymptotically	stable	a1	>	-	0	and	a2	>	0	(3)	x·	+	a1i	+	a2x	+	a3x	=	f	(t)	is	globally	asymptotically	stable	{=?-	a1	>	0,	a3	>	0,	and	a1a2	-	a3	>	0	These	equivalences	are	in	accordance	with	our	earlier	results	for	n	n	=	3	the	requirements	in	Theorem	7.3.2	are:	a1	a3	l	0	a2	0	0	a1	a3	=
=	1	and	n	=	2.	Then	by	(v),	s*(t)	~	0,	and	so	k*(t)	'2'."	ko,	which	contradicts	k*(T)	:=::	kr	>	k	0	.	,	x}+	1)	=	0	fort	=	1,	...	9	Define	the	function	G	on	S	=	{(x,	y):	x	2	+	y	2	0.)	The	function	g(x,	y)	=	Ax	-1-	By	is	linear	and	hence	concave	by	Example	2.	,m	(3)	i=m+I,,	..	(a)	Prove	that	if	A=	ror--	1,	where	P	and	Daren	x	n	matrices,	then	A2	=	PD	2P-	1.	(a)	Find
the	solution	of	this	separable	differential	equation,	and	draw	some	integral	curves	in	the	tx-plane.	,	A111	such	that	the	Kuhn-Tucker	condi-	An	alternative	formulation	of	the	CQ	is	this:	delete	all	rows	in	the	Jacobian	matrix	g'	(x*)	(see	(3.3.7))	that	correspond	to	constraints	that	are	inactive	at	x*.	Prove	that	S	is	convex.	The	ordinary	Hamiltonian	is	H	=
pof(t,	x,	u)e-rt	+	pg(t,	x,	u).	TI1e	solution	of	the	system	is	found	by	using	the	methods	explained	in	the	previous	section.	Let	y	=	rp(x)	be	defined	implicitly	by	the	equation	F(x,	y)	=	C.	,	Cn,	not	all	0,	such	that	C1u(t)	+	·,	·	+	C	11	u	11	(t)	=0	for	all	t	Equivalently,	at	least	one	of	the	functions	can	be	wdtten	as	a	linear	combination	of	the	others.	In	this
problem,	Ko	is	given,	whereas	AO	is	determined	by	the	requirement	lhat	limt-+oo	A(t;	Ko,	A0	)	=	5:.	Inada,	who	introduced	them	into	growth	theory,	SECTIOI\I	5.7	/	QUALITATIVE	THEORY	AI\ID	STABILITY	215	General	Results	on	Autonomous	Equations	Figure	3	shows	some	wlution	curves	for	the	equation	j;	=	F(x)	which	is	graphed	in	2.	(:Kt	2:	0	(10)
r-+oo	Suppose	that	any	admissible	sequence	(x1	,	ui}	is	required	to	satisfy	additional	constraints.	(See	(6.5.8),)	Using	(6.4.2)	and	(6.4.3),	we	obtain	the	following	result:	REM	6.61	Suppose	that	!Al	/=	0.	Then	find	the	general	solution	of	this	eqmition.	Then	V(x0	)	=	lirn;	V(i;)	=	Iim;	f(x;,	y(x;))	=	f(x	0	,	y'),	soy'	also	solves	the	maximization	problem	for	x	=
x	0	.	,T	,	u;,	Pr)	(3)	=	0.)	(4)	~HJH.:	·1	In	Theorem	12.4.1	there	are	no	terminal	conditions.	,	gm	are	defined	on	a	set	S	in	rr:gn,	and	that	x*	=	(x	1,	...	The	answer	is	given	in	Theorem	4.2.1.	1	(Recall	that	a	function	of	n	variables	is	a	ck	function	if	it	and	all	its	partial	derivatives	up	to	and	including	order	k	are	continuous.)	Suppose	that	f	(x,	t)	and	f~	(x,	t)
are	continuous	over	the	rectangle	determined	by	a	S	x	Sb,	c	St	S	d.	Conclusions	about	local	(	or	global)	extreme	points	of	functions	of	several	variables	cannot	always	be	based	only	on	what	happens	to	the	function	along	each	straight	line	through	a	stationary	point	For	instance,	f	(x,	y)	(y	-	x	2	)(y	-	2x	2	)	has	a	saddle	point	at	(0,	0)	even	though	the
function	has	a	local	minimum	along	each	straight	line	through	the	origin.	(i)	(x(t),	u(t))	=	(e	1	-	1,	1)	is	admissible;	(ii)	N(t,	x)	is	the	rectangle	{(r,	s):	r:;::	x,	x	-	I	S	s	S	x	l},	which	surely	is	convex.	TI1e	maximum	value	of	the	objective	function	is	15	/2.	If	we	know	that	f	has	a	minimum	point,	a	completely	analogous	procedure	will	give	us	the	minimum
point	or	points.	Suppose	that	Fis	not	u.h.c.	at	x	0	in	X.	These	solutions	exist	if	and	only	if	(b	-	1)	2	=::	4ac,	and	they	are	distinct	jf	and	only	if	(b	-	1)	2	>	4ac.	1	In	(5)	WC	say	nothing	about	the	sign	of	an,	But	if	GJ	1a22	-	ar2	-ar	=	2	>	0,	then	a	11	a22	>	af2	:::	O,andsoa11a22	>	0.	Lyapunov	demonstrated	in	the	late	1890s.	This	implies	in	turn	that	cf	=
a1,61ei/a1	f31e1	and	a1fhe1/a1	=	fhei.	The	necessary	first-order	conditions	for	optimality	are	then:	8£(x)	=	3f(x)	Bx·l	Bx·l	_	~	-	Lm.	,'.·"'i	3g1(x)	·	}=!	ax	O,	i=l,	...	Thus:	NOTE	6	(8)	Examine	the	concavity/convexity	of	the	following	functions:	(a)	f(x,	y,	z)	=	ax	2	+	by	2	+	cz	2	(b)	g(x,	y,	z)	=e	(c)	h(x1,	...	Distinguish	between	the	cases	HARDER
PROBLEMS	6.	If	F(x,	y)	=	¾(2-	e-T)(2	-	e-Y)	we	easily	find	that	F{	2(x,	y)	=	¼e-xe-Y	=	¼e-x-y	6.	Then	the	total	output	is	=	Y,	which	is	produced	at	1	total	cost	:[~=I	1;C(y;).	The	equation	is	not	1.	1	l	Existence	of	Lagrange	Multipliers	44	50	104	110	115	125	129	135	139	143	148	150	153	4	53	6J	68	77	4.1	Review	of	One-Variable	Integration	4.2	Leibniz's
Formula	4.3	The	Gamma	Function	80	4.4	Multiple	Integrals	over	Product	Domains	89	4.5	Double	Integrals	over	General	Domains	93	4.6	The	Multiple	Riemann	Integral	4.7	Change	of	Variables	4.8	Generalized	Double	Integrals	98	157	159	164	166	171	175	178	186	vi	CONTENTS	,,	C)rlS	,,,	SJ	Introduction	5.2	TI1e	Direction	is	Given:	Find	the	Path!	5.3
Separable	Equations	5.4	First-Order	Linear	Equations	5	•.J~	Exact	Equations	,md	Integrating	Factors	5.6	Transformation	of	Variables	5.7	Qualitative	Theory	and	Stability	5.8	Existence	and	Uniqueness	a	"''J	190	193	194	200	206	208	211	217	H:	t::.	Figure	1	shows	how	the	arc	length	x	can	be	used	instead	to	measure	the	angle	AO	Px.	TI1en	it	is	said
that	the	angle	is	measured	in	radians.	SECTION	8.3	/	WHY	THE	EULER	EQUATION	IS	NECESSARY	295	Indeed,	looking	at	(3	),	note	that	to	calculate	/	1	(a)	requires	differentiating	under	the	integral	sign.	Then	f	is	one-to-one	in	Q	if	one	of	the	following	conditions	is	satisfied	for	all	x:	(a)	f'	(x)	has	only	positive	principal	minors.	The	solution	in	this	case
is	illustrated	in	Fig.	Note	that	the	length	of	this	interval	is	2r,	where	r	is	the	smaller	of	the	numbers	a	and	b	/	M.	2	Suppose	x	0	is	given.	The	next	two	chapters	deal	with	optimal	control	theory,	which	is	a	modern	generalization	of	the	classical	theory	that	offers	a	unified	method	for	treating	very	general	dynamic	optimization	problems	in	continuous
time.	We	find	aHe	/Bx	=	0	and	BH"'jau	=	-2u	+	).,e-at.	If	A	0,	then	is	a	simple	root	of	the	eigenvalue	equation	and	all	other	eigenvalues	are	strictly	smaller	in	absolute	value.	·1	(CONTINUOUS	FU,NCT!ONS	ARE	U	H	C.	We	prove	only	(b).	Solve	the	problem	in	Example	3	when	f	(T,	xr)	What	happens	as	a	--+	O?	If	x(t	1)	is	fixed,	condition	(ix)	is	not	valid
(and	not	needed),	We	have	shown	that	(x)	=	-fl*(to),	v;D	=	p(to)	V/o	In	fact,	the	first	equality	follows	from	(iv)	and	the	second	one	from	the	definitions	of	the	functions	and	p.	In	order	to	be	admissible	a	function	x(t)	must	then	satisfy	h(t,	x(t),	i(t))	>	0	for	all	tin	[to,	t	1].	1	It	is	easy	to	see	that	the	only	point	that	satisfies	the	first-order	conditions	for	the
problem	local	max	(min)	.f(x,	y,	z)	is	P	=	=	x	2	+	y2	+	z2	s.t.	{	g1(x,y,z)=x+2y+	z=30	gz(x,	y,	z)	=	2x	-	y	-	3z	=	10	(10,	10,	0).	Using	the	gradient	concept	from	Section	2.1,	condition	(4)	can	be	expressed	as:	=	)q	V	g1	(:x'')	+	...	u~,	v~,	aud	is	=	5/2,	4.	Prove	that	for	the	sequence	{xkl	in	Example	2,	lxk+	1	-	21	<	{lx1c	that	xk	->	2	ask-'>	oo.	TH	M	2	t.2
TH	(THE	MEAN	RE	Suppose	that	f	:	!l	11	-+	[R;	is	C	1	in	an	open	set	containing	[x,	y].	T	-	1	(*)	t=O	with	xo	given	and	with	u1	in	[0,	l]	fort	=	0,	...	,	l	(7a)	i=l+l,	...	y)	=	=	{	x	E	rRt	:	f	(x)	?:	Y)	is	definitely	unbounded,	Thus,	even	though	it	is	closed,	it	is	not	compact	So	let	us	turn	to	Note	1.	The	speed	of	motion	decreases	as	one	gets	closer	to	the	origin.
The	problem	of	existence	and	uniqueness	of	solutions	to	(1)	becomes	more	complicated	when	n	2:	2.	If	the	function	H(t,	x,	u,	p(t))	is	strictly	concave	in	(x,	u),	then	(x*(t),	u*(t))	is	the	unique	solution	to	the	problem.	According	to	(6),	the	homogeneous	system	has	the	solution	x(t)	=	A'x(O).	(a)	Maximum	1	at	(-3.JT6/l	0,	.;To/10,	0)	and	at	(3M/10,	-.;To/10,
0)	with	'A	1	=	1,	A2	(b)	,6,f*	R::	1	·	0.05	+	0	-	0.05	=	0.05.	As	a	sum	of	concave	functions,	f(x,y)	is	concave.	In	order	to	determine	the	sign	in	(b),	the	functions	involved	must	be	further	specified.	,	Xn	are	state	variables	for	some	economic	(or	biological	or	physical)	system,	imd	(1)	is	satisfied,	then	a	is	an	equilibrium	state.	(9)	SECTION	1.7	/	QUADRATIC
FORMS	31	In	order	to	generalize	(4)	and	(5)	we	need	a	few	new	concepts.	In	fact,	a	subsequence	can	be	viewed	as	the	result	of	removing	some	(possibly	none)	of	the	terms	of	the	original	sequence,	For	example,	xs,	X6,	X7,	...	1	1	1.	rses	1.9	Partitioned	Matrices	and	Their	I	Some	applications	oflinear	algebra	deal	with	matrices	of	high	order.	Following
the	discussion	of	upper	and	lower	limits	in	Sections	A.3	andA.4,	define	F(t)	inf	{.f	(-r)	:	r	::':	t	).	Al4.4.4.	y	2	-	r	-	-	-	,	-	-..	It	is	reasonable	to	assume	that	the	function	f	is	increasing	in	the	sense	that2	u	~	v	:=}	f(u)	~	f(v)	The	vector	of	net	outputs	left	for	consumption	and	investment,	the	final	(net)	supply,	is	y	=	X	-	f(x).	C	l	s	A~B	(b)	Convex	(a)	Convex	(c)
Not	convex	(d)	Not	convex	Figure	1	Convex	and	non-convex	sets.	If	f	and	g	are	strictly	concave,	then	pf(x	1	,	y	1)	+	qg(x	2	,	y	2	)	is	strictly	concave.	:S	0.	The	Value	Function	An	ingenious	argument	for	the	Kuhn-Tucker	conditions	is	based	on	studying	the	(01>timal)	value	function	for	problem	(1).	,	p~)	satisfies	(a')	p!r	no	conditions	(b')	p~	~	0,	(c')	p~
with	p~	i	=	0	if	.x;fi	>	ii	=	1,	...	What	sre	the	possible	values	of	(b)	Put	p	=	0,	f(k)	=	ak,	a	>	0,	o	=	0	and),	=	0.	(b)	Let	B	be	an	n	x	n	matrix.	5	/	SI	M	U	LT	AI\I	EO	U	S	EQ	U	AT	I	O	N	S	I	N	TH	E	PLA	N	E	241	In	fact,	we	obtain	the	following	explicit	formulas	for	the	solution	of	system	(3):	=	Aui(t)	+	Bu	2	(t)	+	u*(t)	1	y(t)	=	P(A,	B)u	1(t)	+	Q(A,	B)u2(t)	+	-
[1t'(t)	-	x(t)	(6)	a11u*(t)	-	bi	(t)]	012	where	the	functions	u	1(t),	u	2	(t),	P(A,	B),	and	Q(A,	B)	are	defined	as	follows:	H	A1	and	A2	denote	the	roots	of	the	charactelistic	polynomial	of	equation	(4),	then:	=	e	1•	11	,	u2	(t)	=	ei,	21	,	then	(a)	If	Jc	I	and	Jc2	are	real	and	different	and	u	1	(t)	P(A,	B)	=	A(Jc1	-a11)	and	Q(A,	B)	B(),2	-	a11)	=--a12	a12	(b)	If	A1	=	Jc	2
is	a	real	double	root	and	u	1	(t)	=	e1·u·,	u2(t)	=	teiqt,	then	A1A+B-a11A.	--	..	Substituting	these	into	x	=	Av~	1	•	,	v~	11	gives	•	••	v~	11	=	q(v;/a;.	Envelope	Result	Consider	the	following	version	of	the	general	Lagrange	problem	(1):	max	f	(x,	:r)	subject	to	gj(X,	r)	X	'•I	=	0,	j	=	I,	...	The	excess	demand	522	CHAPTER	14	/	CORRESPONDENCES	AND
FIXED	POINTS	functions	referred	to	above	are	then	given	by	Now,	the	total	value	of	consumer	j's	initial	endowment	at	the	p1ice	vector.Pis	so	the	budget	constraint	is	n	r:,7=	1	Pi	w(,	n	LP,x((p)	=	LP,w(	i=l	(1)	i=l	1	to	j	This	is	valid	for	each	consumer,	so	summing	(1)	from	j	definitions	of	the	aggregates	w;	and	x;(p),	we	obtain	m	and	using	the	n	II	LPiX;
(p)	=	i=l	LP;W;	(Walras'sLaw)	(2)	i=l	Thus,	the	value	of	the	aggregate	excess	demand	vector	g	1(p)	=	"f:,;1=	1	(x;	(p)	-	w;)	at	prices	p	is	identically	zero.	SEC	T	I	O	~I	1	1	.	Because	9-'	(x	0	)	5-'	0	(x	0	),	there	exist	vectors	yj	in	9-'	0	(x	0	)	such	that	IIYj	-	y	0	11	<	1/j	for	j	=	1,	2,	....	(a)	Replace	the	utility	function	in	Problem	2	by	lr-1	(x),	and	u}_	1(x)	for	x
c::	0.	Now,	if	x*	+	h	belongs	to	U,	then	so	do	all	the	vectors	x''	+	ch	and	x*	+	qh,	k	=	1,	...	(b)	Let	1o(x,	u)	=	e-w	2	-	(u	-	x)	2	,	so	that	V2	(x)	=	max	11	E~	cp(x,	u).	Using	elementary	physics	one	can	show	that	the	brachistochrone	problem	reduces	to	the	problem	of	minimizing	an	integral	of	the	type	appearing	in	(2),	1	The	word	"brachistochrone"	is
derived	from	two	Greek	roots	meaning	"shortest"	and	"time".	+	(	-X	+	(t	-	2)u,	which	is	if	t	E	[0,	l]	1	if	t	E	(1,	2]	For	each	tin	[O,	2],	the	maximized	Hamiltonian	is	linear	in	x,	hence	concave.	,	u;	sc=0,1,	...	(a)	(x,	y)	=	(-¾ifs,	-{v'l5)	(b)	f(x)	=	=	x	5	-x3,	x	+	s	1.	Check	(if	possible)	the	stability	of	the	following	systems	by	using	Theorem	6,6.1:	,Y	(a)	=	x-	•	8y
(b)	4	C	y=2x-	y	x=	x	-	4y	+2	j1	=2x-	y-5	(c)	=	)'	=	x	'	-x	-	3y	+	5	2	2	X	-	2y	+	C	2.	atx	=	-i--/13.	-	/	\	/\,	,	\	f\	\	1	/	/L\,	\	I	I	\	I	I	I,/	,,	/.,_	\	r	',	,,.,.~"'	,,ra...,	_,	"-o	0	I	Ci	"	Cl	2	()	a	xo	>	x	*	3	=	4	5	6	7	2	b	O	1,	then	the	absolute	value	of	a'	tends	to	oo	as	t	--,.	Differentiating	this	equation	w.r,t.	=	-w	2	/c	0,	so	by	Olech's	theorem,	(0,	0)	is	globally	asymptotically
stable.	Indeed	x1	=	axo	+	b	x2	=	ax1	x3	=	ax2	+	+	b	b	=	a(axo	+	b)	+	b	=	a	2	xo	+(a+	l)b	=	a(a	2xo	+(a+	l)b)	+	b	=	a	3xo	+	(a	2	+a+	=	O.	To	examine	the	properties	of	the	solutions	to	(1	),	it	is	useful	to	study	its	phase	diagram.	2"	Suppose	the	national	economy	in	Note	4	has	two	industries,	whose	unit	cost	functions	take	the	Cobb-Douglas	form
c1(w1,	w2)	=	y1wfwtlY	and	c2(w1,	w2)	=	y2wf	wtil,	respectively.	Examine	the	stability	of	the	equilibrium	point	(0,	0)	for	the	system	x=y	y	=	-2x	-	y	SECTION	6.6	/	EQUILIBRIUM	POINTS	FOR	LINEAR	SYSTEMS	245	The	coefficient	matrix	has	trace	-1	and	determinant	2,	so	according	to	Theorem	6.6.1	the	system	is	globally	asymptotically	stable.
Integratingi*(t)	=	½(t*-t)yieldsx*(t)	=	-¼(t*-t)2+Con[0,t*),	Since	x*(t*)	=	1,	we	get	x*(t*)	=	C	=	L	But	x*(0)	0,	sot*	=	2.	The	coefficient	f3	is	the	subjective	discount	rate.	Each	control	u	1	,	t	=	0,	1,	2,	...	As	a	result,	\vhen	a	differential	equation	is	used	to	describe	some	particular	economic	phenomenon,	the	typical	situation	is	as	follO\vs:	(A)	It	is
impossible	to	obtain	an	explicit	solution	of	the	equation.	:rt	a	a-b	b	a-b	--e	0,	so	(	l,	1)	is	not	locally	asymptotically	stable.	Hence,	lleg(k(h))ll/llhll	-+	0	ash-+	0.	Then	f	is	concave.	So	even	when£	is	not	concave,	x*	solves	(1)	if	it	is	a	global	(unconstrained)	maximum	point	for£	that	happens	to	satisfy	g(x'))	=	b	for	the	given	AJ,	...	(To	see	why	the
conespondence	in	Fig.	We	get	v;(s,	r)	=	-y(s)	+	1T	y(t)re-r(t-s)	dt	=	-y(s)	+	rV(s,	r)	where	the	last	equality	was	obtained	by	moving	the	constant	r	outside	the	integral	sign.	)'	I	0	and	b	0	in	(-rr	/2,	1T	/2)).	Our	suggestion	is	therefore:	=	=	½t,	x*(t)	=	1	-	In	[O,	2]:	u*(t)	=l	In	(2,	4]:	u*(t)	=	0,	x*(t)	=	-	¼(2	-	t)	2	,	p(t)	=	-t	-	2,	and	q	=	0.	We	conclude	that	(1,	1)
solves	the	problem.	This	is	a	first-order	differential	equation.	µ(t),	where	=	0	this	is	(t,	x*	(t),	x*	(t)),	so	+	F;(t,	x*(t),	.f*(t))	·	/J(t)]dt	to	or,	in	more	compact	notation,	lit	r·	=	I'	(0)	IQ	aaF*	µ(t)	"	+	a~-*	µ(t)]	dt	X	(i)	OX	where	the	asterisks	indicate	that	the	derivatives	are	evaluated	at	(t,	x*,	To	proceed	further,	integrate	the	second	term	of	the	integrand	by
parts	to	obtain	1	aa~*it(t)dt=	111(aa~*)µ(t)-j'1	acl(aa~-*)µ(t)dr	11	to	X	X	II)	.I	10	X	Inserting	this	result	into	(i)	and	reananging	the	tenns	gives	/	1	(0)	=	.	For	the	oil	extraction	problem	in	Example	9.1	Fig.	6	=	3i	.	To	do	so,	define	the	functions	f(K,	'A)=	aK	-bK	2	->c-l/v	andg(K,	A)=	2bA(K	-(a-r)/2b)	corresponding	SECTION	9.12	/	PHASE	DIAGRJ.\MS
357	to	the	right-hand	sides	of	(iii)	and	(ii)	respectively,	Then	atthe	point	(.K,	i)	one	has	of/	aK	=	a-2bK	=	r,	Bf/B°A	=	(l/v)X-	1/v-	1	,	Bg/8K	=	2b'A	and	3g/8A	=	2b(K	-(a	-r)/2b)	=	0.	By	Brouwer's	theorern	there	exists	an	x*	in	S	such	that	Ax*	and	x*	is	an	eigenvector.	-"'	,.	The	implication	(c)	=>	(d)	is	immediate.	Hence	A	is	productive	by	the	definition	in	(
1).	So	the	Kuhn-Tucker	conditions	reduce	to	£~	£;.	The	argument	above	also	holds	if	the	control	region	is	a	closed	set	that	depends	on	t	and	x-for	example,	if	U	=	U(t,	x)	=	{u:	h;(t,	x,	u.)	:SO}	where	the	functions	ht	are	continuous	in	(x,	u).	5	In	case	(III),	only	the	second	constraint	is	active,	and	we	need	only	look	at	\I	g2(x,	y)	=	(0,	-1),	which	is	linearly
independent	since	it	is	not	the	zero	vector.	E2	Let	U	(x)	=	U	(x1,	...	The	function	f*	(c)	is	defined	as	a	maximum	value	whenever	there	exists	at	least	one	x	satisfying	g(x)	~	c,	which	is	certainly	true	when	c	~	g(z).	The	examples	above	indicate	that	general	systems	of	nth-order	differential	equations	can	usually	be	reduced	to	the	norn1al	form	(1).	or	Bx
CHAPTER	1	I	TOPICS	IN	LINEAR	ALGEBRA	Define	the	symmetric	determinants	Br=	0	0	bll	b1r	0	b11	0	bml	bmr	bm	1	a11	air	bi,	bmr	Cir\	arr	r	=I,	...	To	show	l.h.c.,	for	any	y	0	Yn	=	min{y	0	.,	1/xn)	(let	)'11	=	y	0	if	x	11	=	0).	On	the	other	hand,	if	x	(t)	starts	close	to,	but	not	at	a2,	then	x	(t)	will	move	away	from	a2	as	t	increases.	By	expanding	the
determinant	below,	it	is	easy	to	verify	that	al1b~	-	2a12b1b2	+	a22bf	=	-	0	b1	b2	bi	ai	1	a12	h2	a12	a22	(1)	Combining	this	with	(*)	gives	the	following	equivalence:	;o	(2)	This	is	also	valid	when	b1	=	0	but	b2	f	0.	=	E3	=	Show	that	the	substitution	z	=	x	+	t	2	transforms	the	differential	equation	.	Problem	l	concerns	an	example	of	a	correspondence,
some	of	whose	values	are	not	compact,	that	has	the	closed	graph	property,	but	is	not	upper	hernicontinuous.	John	R.	l(d)	as	A(t)e-rt	(x(t)	-	x1)	+	A(t)e-rt	(x1	-	XJ.	lf	a	12	<	0,	then	choosing	x	1	as	a	large	positive	number	makes	Q(x	1,	1)	negative.)	Thus,	a11a22	-	ar2	=	0.	But	this	latter	problem	is	geometrically	to	find	the	point	in	the	shaded	constraint
set	in	Fig.	,	x	11	(0)	are	specified,	then	x1	(1),	...	By	the	supporting	hyperplane	theorem	(Theorem	13.6.2)	there	exists	a	vector	q	0	=	(p	0	,	r)	#	(0,	0),	with	p	0	E	IR"	and	r	E	IR,	such	that	(p	0	,	r).	If	we	let	m	->-	oo,	then	1c	111	a	-,'-	0,	because	A	E	(0,	1).	6.7	Phase	Plane	Analysis	The	solution	procedures	studied	in	this	chapter	give	explicit	answers	only
for	quite	restticted	and	exceptional	classes	of	differential	equations.	It	is	considerably	easier	to	understand	the	modern	methods,	howeve1·,	if	one	knows	something	about	the	prior	calculus	of	variations	theory.	Thus	(-Ii	/'.,k	:::	0	for	all	principal	minors	!:lk	of	order	le	(k	=	I,	2,	3)	in	the	matlix	k	It	follows	from	(d)	that	Q	is	negative	semidefinite.	We	call
this	inverse	the	arcsh:1e	function.	Then	a	slight	reformulation	of	the	maximum	principle,	called	the	current	value	formulation,	is	frequently	used.	Find	an	expression	for	C/	C.	But	both	u'''(t)	=	l	and	=	-2	maximize	3u	-	u	3	subject	to	u	E	[	-2,	(See	Fig.	Let	the	corresponding	state	variable	be	x"	(s)	for	s	in	[t,	t	+	Ll.t].	,	,	0)	that	can	be	produced,	and	for
which	the	final	supply	y	=	a-f(a)	is	~	0.	TI1e	following	important	fact	follows	immediately	from	the	definition	of	convergence:	Every	subsequence	of	a	convergent	sequence	is	itself	convergent,	and	has	the	same	limit	as	the	original	sequence.	(IV)	Both	constraints	are	inactive.	Fortunately,	(2)	is	one	extra	condition.	(See	Section	1.2.)	We	now	offer	one
possible	interpretation	of	(8)	in	the	problem	maxf(x,y,z)	subjectto	g1(x,y,z)=b1,	g2(x,y,z)=b2	assuming	that	f(x,	y,	z)	measures	the	temperature	at	the	point	(x,	y,	z)	in	space.	On	the	other	hand,	if	u*	(t)	=	u	1,	then	u*	(t)	-	u	=	u	1	-	u	>	0	for	all	u	in	[uo,	iq	),	so	(3)	is	equivalent	to	aH*	;au::::	o.	One	could	also	have,	for	example,	x*(t)	=	-8i	in	[O,	1/9]	with
u''(t)	=	-2,	and	x*(t)	=	t	-	I	in	(1/9,	l]	with	u*(t)	=	1.	,	m	(3)	Finally,	of	course,	the	inequality	constraints	themselves	have	to	be	satisfied.	Lucas,	Jr.	(2001)	This	book	is	intended	for	advanced	undergraduate	and	graduate	students	of	economics	whose	mathematical	requirements	go	beyond	the	material	usually	taught	in	undergraduate	courses.	The
solution	is	x	+	C.	The	following	theorem	can	often	be	used	to	show	that	a	matrix	has	only	eigenvalues	with	moduli	less	than	l	(see	e,g,	Corollary	6,1.5	in	Horn	and	Johnson	(1985)):	EOREM	1	.3	Let	A	=	(aiJ)	be	an	arbitrary	n	x	n	matrix	and	suppose	that	n	L	lau	I	<	1	for	all	i	=	1,	.	In	this	case,	(9)(c')	yields	p(t1)	=	0,	and	then	po=	1.	TI1ese	two	equations
detemtine	A	and	and	they	yield	A=	2xoe-rT/[r(erT	+	e-rT)]	and	B	=	-2xoerTJ[r(erT	+	e-rT)].	f"	Jif	0	4.	I'fote	that	minimizing	f	(x)	is	equivalent	to	maximizing	-	f	(x).	=	c,	=	(xo	-	c/a)eur	+	c/a,	p(t)	=	eaU'-n,	q1(t)	=	ea	0,	There	exists	a	natural	number	K	such	that	for	all	k	>	K,	xk	lies	in	B(x:	r/2).	HenceA2	=	l-.A.1	and.A.1Xt	+Ji.	2	x2	=	A1x	1	+(I	with	>-.1	E
[O,	1).	Next	4.	,	T	-	l,	the	Euler	equation	gives	J3	----=0	Solving	this	for	x	1_	1	gives	the	(reverse)	second-order	difference	equation	x	1_	1	=	2j3x1	f3	2xr+l	·	In	particular,	fort	=	T	-	2	this	gives	xr-2	=	2f3Xr-1	-	{J2xr	=	4fl2xr	-	f3	2xr	=	3{3	2	XT.	The	drop	of	water	will	converge	to	the	centre	of	the	saddle	if	it	hits	precisely	on	the	ridge	of	the	saddle,	but
wiH	fall	to	the	ground	if	it	hits	in	a	different	place.	After	all,	wo	invested	initially	becomes	wo(l	+	ri)	after	one	period,	then	wo(l	+	ri)(l	+	r2)	after	two	periods,	and	so	on.	0	for	all	(large	enough)	t.	At	each	point	(x,	y,	z)	on	K,	f	(x,	y,	z)	records	the	temperature	at	that	point.	We	can	then	divide	each	successive	cube	Kj-!,	j	=	1,	2,	...	Figure	1	F	is	a
correspondence	from	A	0	where	F,	a,	and	c	axe	positive	constants	with	P	>	a.	These	depend	only	on	the	coefficients	a1,	az,	...	Then	if	r	>	0	is	small	enough,	the	ball	B(x*;	r)	s;	S.	Substituting	u	=	.Ji	t	leads	to	J~;:	=	0,	it	follows	(4)	(A>	0)	Now	(3)	allows	us	to	compute	fa°°	r	r(½),	using	the	substitution	t	=	u	2	.	3	/	C	ON	CAVE	AN	D	C	ON	VEX	FU	NC	TI
ON	S	I	59	the	same	result	holds,	hut	a	proof	based	on	Theorem	2.3.3	would	be	quite	messy.	But	then	J*(g(x))	:s:	f*(g(x)+b-g(x))	since	g(x))	~	b	and	f*	is	nondecreasing.	Most	of	Sections	7.1-7.3	present	rather	simple	generalizations	to	nth-order	equations	of	the	theory	of	second-orde1·	equations	that	was	discussed	in	Chapter	6.	This	subsequence	also
converges	to	x	0	.	In	a	paper	on	growth	theory,	the	following	equation	is	studied:	v	+	(µ,	-	A	-)v	a	+	)c.	solutions	are	obtainable	only	in	special	cases.	(x(t)	-	x*(t))	dt	~	x*(t))	-	~	1	i·/1	p(t).	Define	x	=	supm	x	111	(meaning	that	for	i	=	I,	...	Then	Al	is	the	vector	of	row	sums	in	A,	so	Al	«	1.	A	business	cycle	model	by	N.	Then	A	is	called	the	symmetric	matrix
associated	with	Q,	and	Q	is	called	a	symmetric	quadratic	form.	Then	the	pair	(qr,	Pt)	oscillates	perpetually	between	the	two	values	(y	-	8po,	po)	and	(8(po	-	a),	a+	y	/8	-	po)	in	evenand	odd-numbered	periods,	respectively.	=	l,	...	NOH.	,	Xn	(to))	is	given.	The	first	solution	is	optimal	and	the	value	function	is	3.029.	Since	(po,	p(t	1))	cannot	be	(0,	0),	we
conclude	that	in	this	case	Po	=	l	and	Theorem	9.2.1	is	cmTect	as	stated,	Po	=	=	0.	TI1en	llbll	=	(l	2	+	32	)	112	=	/TO.	The	state	at	some	initial	point	to	is	typically	known,	x(to)	=	xo.	0)	and	consider	the	difference	equation	X1+1	=	f(x	1)	=ax?+	bx1	+	c	(4)	The	equilibrium	states	of	(4	),	if	any,	are	the	solutions	X1	=	1-	b	+	/(b	2a	l	-	b	-	J	(b	-	1)	-	4ac	=-----
-2a	2	1)	2	-	4ac	X?	Wealth	x,.	The	simplest	nonlinear	case	is	the	case	of	a	quadratic	polynomial.	340	CHAPTER	9	/	CONTROL	THEORY	BASIC	TECHNIQUES	The	current	value	Hamiltonian	is	He	=	4K	-	u	2	+	A(-025K	+	u)	(with	Ao=	1),	and	so	aHe	/Bu=	-2u	+	Jc	and	aHe	/BK=	4	-	025A.	Example	14.3.	l	gives	a	well-known	proof	based	on	Picard's	method
of	successive	approximations,	explained	below.	Frcof:	Let	U	be	a	open	set	containing	f(x	0	)	and	let	N	be	a	neighbourhood	of	x	0	.	If	f	is	not	continuous	at	x0	,	then	there	exists	ans	>	0	such	that	for	every	k	=	1,	2,	...	The	characteristic	equation	is	+q	=	0	has	two	different	real	roots	not	equal	to	Oprovided	p	2	>	4q	and	q	f-	0.	ft	LOCAL	EXT	RENIE
CONDITIONS	Suppose	that	f	(x)	=	f	(xi,	...	If	a	practical	problem	appears	to	have	no	solution,	the	fault	may	lie	with	the	mathematical	description	used	to	model	it.	,	db	111	are	small	in	absolute	value,	then,	according	to	the	linear	approximation	formula,	f*(b+db)-	f*(b)	R:!	(af*(b)/clb1)	db1	+	·	·+(Bf*(b)/	Bbm)	db	111	and,	using	(9),	f*(b	+	db)	-	F'(b)	R:!
)q(b)	db1	-1-	·	·	·	-1-	(b)	dbl/I	(10)	120	CHAPTER	3	/	STATIC	OPTIMIZATION	This	formula	makes	it	possible	to	estimate	the	change	in	the	value	function	when	one	or	more	components	of	the	resource	vector	are	slightly	changed,	i	I	i	Consider	Example	l	and	suppose	we	change	the	first	constraint	to	x	+	y	+	z	=	0.98	and	the	second	conslrnint	to	x	2	+	y2
+	z	=	1.80.	g)/	a(u,	v)	=	(sin2	V	+	cos	2	v)	=	e2"	=I=	0.	a,,	-x)	(5)	296	CHAPTER	8	/	CALCULUS	OF	VARIATIONS	However,	the	fonctions	x*(I)	and	x(t)	both	satisfy	the	boundary	conditions:	x*(to)	and	x*(t1)	=	x(t1)	(=	x	1).	,n	(4)	l	Then	equations	m	(4)	and	them	equations	in	(1)	are	to	be	solved	simultaneously	for	the	n	+	m	variables	x	l	.,	...	This	is	a
first-order	equation	because	it	relates	the	value	of	a	function	in	period	t	(1)	+	l	to	the	value	of	the	same	function	in	the	previous	period	t	only.	Suppose	the	country	is	small,	and	faces	a	fixed	price	vector	pin	at	which	it	can	import	or	export	then	goods	it	produces.	We	now	define	precisely	the	concepts	of	stable	and	locally	asymptotically	stable
equilibrium	points:	STABlU	The	equilibrium	state	a	=	(a	1	,	.•.	Consider	two	intersecting	straight	lines	in	IR	2	.	Study	the	stabillty	of	(a)	t	2	x	+	3ti	-j-	¾x	=	3	(b)	x	+	2i	+	5x	=	e'	(c)	x+x-	+	2.x	=	3t	2	+	2	(a)	This	is	an	Euler	equation	whose	general	solution	is	x(t)	=	At-	112	Bt-	312	+	4.	396	CHAPTER	11	/	DIFFERENCE	EQUATIONS	4.	Suppose	that
savings	are	proportional	to	national	income,	and	that	investment	is	proportional	to	the	change	in	income	from	period	t	tot	+	l.	TI1e	sale	prices	are	p	and	q,	respectively.	,	v	11	)	and	the	linear,	hence	concave,	function	-qi	vi	-	,	·	·	-	q,,	v	11	•	It	follows	from	Theorem	3.	,	T	with	C	DYNJ\MIC	PROGRAMMING	429	we	=	-1/3	+	ln(3/2),	and	uL1Jx)	=	1/2x	So
far	we	have	been	working	backwards	from	time	T	to	time	0.	Continue	in	this	way,	dividing	each	successive	square	into	smaller	and	smaHer	"subsquares"	K3,	...	Suppose	that	a	and	bare::::	0.	Thus	t	=	0	is	a	global	minimum	point,	and	5.	Solve	the	following	problem:	T-1	max(	L	-fu	x	1	1	+	lnxT	),	Xr+l	=	x	1	(1	+	u	1x	1),	xo	positive	constant,	u	1	~0	(1'-)
t=O	Because	xo	>	0	and	u	1	~	0,	we	have	x	1	>	0	for	all	t.	Even	so,	there	is	often	much	that	can	be	said	about	the	nature	of	any	solution	to	1l1e	differential	equation.	,	m)	(5)	X	In	the	following	argument	we	assume	that	f*(b)	is	differentiable.	f	(x)	=	1	if	x	::::	0	3.	TI1en	ii(s,	y)	is	the	required	Markov	control.	lof	min	11(/)E(-00,00)	0	lo{	1	=	-u(t),	x(O)	=	0,
=	x(t)	+	u(t),	x(O)	=	[e	1x(t)	-	u(t)	2	]	dt,	x(t)	[1	-	u(t)	2	]dt,	x(t)	[x(t)	1	[1	+	u(t)2]	dt,	x(t)	=	-u(t),	10	4.	Because	A	is	a	symmetric	matrix	with	real	entries,	one	has	A	=	A	and	(Ax)'	=	(Ax)'	=	(Ax	)	1	=	x.1A'	=	x'	A.	A~	/	X	B	F	F(x)	-,--"'-=:::::::=::7.,___	__,,.	Then	akx	---+	x	as	k	-+	oo.	(See	also	Problem	1.)	-(b	+	1)/a	and	l;1s2	=	(ac	+	b	+	l)/a	2,	a	=	4ac	-	(b	-	1)
2	+	5.	For	the	case	of	a	"call	option",	offering	the	right	to	buy	a	stock	at	a	fixed	"strike	price",	the	constant	bis	usually	negative.	,	J,;;,	To	study	the	behaviour	off	in	an	arbitrary	direction,	define	the	function	g	by	g(t)	=	f(x*	+th)=	f(xf	+	th1,	..	Then	for	k	f.	Consider	the	following	differential	equation	for	p	>	0:	lj	=	a(b/	p	-	c),	where	a,	hand	care	positive
constants	Find	the	equilibrium	poiut	and	prove	that	it	is	locally	asymptotically	stable	by	using	Theorem	7.5.2.	(Hint:	V(p)	(p	-	b/c)2.)	=	3.	Let	x	0	Pr.•;,of	=	y.	Let	the	profit	flow	at	time	t	be	f	(t,	x(t),	u(t))	per	unit	of	time,	so	that	the	total	profit	in	the	time	period	[to,	ti]	is	1	ft	f(t,	x(t),	u(t))	dt	IQ	The	rate	of	change	in	the	capital	stock	depends	on	the
present	capital	stock	as	well	as	on	the	value	chosen	for	u	(t)	at	time	t.	Because	u	E	[0,	1],	the	first	equation	then	gives	a	unique	value	of	v.	Let	g	=	(g	1,	...	Note	that	p2(t)	>	-1	iff	1,	u*(t)	+	+	t	>	4-	-½Ct	-	,/2	.)	2.	An	alternative	way	of	formulating	(a)	and	(b)	in	TI1eorem	3.2.	l	is	as	follows:	=2	(5)	(6)	By	Theorem	3.2.	l,	stationary	points	x*	for	f	where	D11
(x*)	/	0	are	now	fully	classified	as	either	local	maximum	points,	local	minimum	points,	or	saddle	points.	(a)	x*	is	a	local	minimum	point	==}	{	(b)	x*	is	a	local	maximum	point	==}	{	(-.	=	Ae	+	(l	-A)e1	1,	=	0,	with	general	solution	x(t)	=	so	an	optimal	solution	of	either	=	Ae	1	-	(l	-A)e-1	.	0).	1111	60	C	H	A	PTE	R	2	/	M	U	LT	I	VA	RI	A	B	L	E	C	A	LC	U	LU	S
Suppose	the	functions	f	and	F	in	(a)	are	c	2	functions	of	one	variable,	and	that	U(x)	=	F(f(x)).	In	this	case	neither	the	conditions	in	part	(a)	of	the	theorem	nor	the	conditions	in	part	(b)	are	satisfied.	Define	f3	=	1/(1	+	r),	where	r	is	the	rate	of	discount.	1,	...	Caratheodory's	Theorem	Ann-dimensional	simplex	in	IR	11	is	a	set	S	=	co(V),	where	V	is	a	set
consisting	of	n	+	I	points	of	IR",	called	the	vertices	of	S,	such	that	S	has	a	nonempty	interior.	The	moment	generatnng	function	of	a	random	va1iable	X	with	density	function	f	is	M(t)	=	1	00	e	x	f	(x)	dx.	Hence,	a	stationary	point	will	maximize	I.	(5)	The	following	result	is	an	immediate	implication	of	definition	(5):	THEOREM	·14.	A	general	quadratic
form	in	two	variables	is	(1)	It	follows	from	the	definition	of	matrix	multiplication	that	a12)	(XI)	Xz	(2)	a22	Of	course,	x1x2	=	x2x1,	so	we	can	write	a12x1x2	+	a21x2x1	=	(a12	+	a21)x1x2.	then	U'(x"(t))	=	b'(x*(t))	+	ag(T	-	I)	(b)	Prove	that	a	solution	of(*)	with	x''(t)	>	0	must	solve	the	problem.	2	and	3	near	x	=	a2,	Hence	a	is	unstable.	Then	xr	=	xf	(xr_i)	is
inserted	into	the	expression	SECTIOr,I12.3	/	INFINITE	HORIZON	435	F	(t,	x	1	,	X1+1)	+	F	(t	+	1,	x1+1	,	x	1+zJ	fort	=	T	-	2,	and	this	expression	is	maximized	w.r.t.	yielding	xf	_	1(Xr-	2),	using	(3)	at	time	t	=	T	-	2.	SECTIOI\I	11.1	/	FIRST-ORDER	DIFFERENCE	EQUATIONS	391	A	Simple	Case	Consider	the	difference	equation	=	0,	1,	...	(See	the
argument	for	(2.1.7).)	Suppose	f(x)	?::	f(x	0	).	Fore	>	0,	f*(e)	=	ex*+	y*	=	(,./6/3),./3e	2	+	l	-;.	Examine	the	definiteness	of	the	following	quadratic	forms	subject	to	the	given	linear	constraint	using	Theorem	1.8.	l:	(a)	2xf	-	+	xl	+	4x2	=	0	subject	to	3x1	subject	to	5x1	-	2x2	=0	3.	Then	i=l	j=l	(7)	80	C	H	A	PTE	R	2	/	M	U	LT	I	VA	RI	A	B	L	E	C	A	LC	U	L	U	S	If
we	let	x	0	=	(x?,	..	The	same	notation	could	also	be	used	when	V	is	a	countably	infinite	set.	NOH:	5	Because	a	sum	of	concave	functions	is	concave,	the	concavity	condition	(15)	is	satisfied	if	f	and	p1g1,	...	In	this	particular	problem	A(O)	can	be	determined	as	follows:	If	>c(O)	is	large,	the	point	(K(t),	)c(t))	starts	high	up	on	the	line	K	=	Ko	and	moves
along	a	curve	like	that	marked	I	in	Fig.	We	denote	this	value	by	(r)	and	call	f*	the	value	function.	y	y	f(x,y)=O	/	YI	Yo	Yo	----------------0-R	R	'''	'	X	figure	1	The	graph	of	f(x,	y)	=0	X	Figure	2	f	(x,	y)	=	0	defines	y	as	a	function	of	x	in	the	rectangle	R.	t0	.	A2S6.	Consider	the	system	of	differential	equations	X;=u;(x1,	...	etc.)	=	3.	Because	:P	has	a	closed	graph,
it	has	the	closed	graph	property.	The	only	possible	solution	is	therefore	Because	F(t,	x,	x)	2	=	x*(t)	1	=	-	2--((2e	-	1-	-	,i	2	is	concave	in	e	-	1	1)/	+	(e	2	-	2e)e-	1	)	the	solution	has	been	found.	(I)	Using	(11.1.	8),	the	solution	of	(	1)	is	t	Wt	=	(]	+	ri	wo	+	L)l	+	r)r-k	(Yk	-	q),	t	=	I,	2,	...	The	corresponding	result	is	not	valid	for	quasiconcave	functions	(see
Problem	6):	70	C	HAP	TE	R	2	/	MULTI\/	AR	I	ABLE	CALCULUS	RN!NG	A	sum	of	quasiconcave	functions	need	not	be	quasiconcave.	<	O)forallx	i=,	Oifandonlyify'P'APy	>	0	(resp.	In	Problem	4	you	are	asked	to	prove	that	co(S)	is	always	convex.	According	to	the	argument	above,	g	is	concave.	In	the	same	way	we	see	that	BW*	/Be2	=	.Jc2.	,	Xn	and	)q,	...
2	/	EC	ON	OM	I	C	APPL	IC	AT	IO	1~	S	This	is	a	special	case	of	equation	(1	l.L4),	with	Pt	replacing	x	1	,	with	a	with	b	=	(c;N	+	2f3y)/2f38.	Show	that	£(x,	l)	has	a	saddle	point	at	(x*,	A')	in	this	case.	for	y	yields	(	**).	p	p	T	T	t*	Figure	1	Two	possible	paths	for	p(t).	and	neg.	,	An)	p-	1	.	,	T	-	l,	xo	=	0	.f;::::::Q	(b)	Prove	that	the	value	function	for	the	problem
is	given	by	n	h-n(X)	=	(2	11	+	1	-	l)x+	I)21	-1)	2	,	n	=0,	l,,.,,T	/=0	Determine	the	optimal	controls	ur	=	and	the	maximum	value	V	=	J0	(0).	(3)	Intuitively,	continuity	off	at	x	0	means	that	f(x)	is	close	to	f(x	0	)	whenever	xis	sufficiently	close	to	x	0	.	,	t}.	We	find	that	x*	=	m/(l	+	r)	and	y''	=	nn/(1	+	r),	so	f*(r,	m)	=	1	-	rm	2	/(l	+	r).	,	n,	j	=	1,	...	the	quadratic
form	(x)h;hj	1	1	is	positive	definite	for	all	x	in	B(x*;	r).	Then:	(a)	D1c(x*)	>	0,	k	=	l,	...	But	the	only	value	of	k	that	satisfies	this	equation	is	k	=	(1	-	p	)-Y,	as	found	above.	We	say	that	Z	has	a	saddle	point	at	(x*,	l	*),	with	x*	::;:	0,	A*	::;:	0,	if	Zcx,	l	*)	::::	:lex*,	;I..*)	s	Zcx·t,	A)	for	all	x	::;:	0	and	all	l	s;:	0	(a)	Show	that	if	Z	has	a	saddle	point	at	,	)..*),	then	x*
solves	problem	(	I).	Once	the	values	of	in	(0,	1]	are	known,	the	functional	equation	(2)	allows	us	to	find	r(x)	for	every	positive	x.	,,1n	with	11h11	=1	(9)	i=I	j=l	This	is	an	equality	if	h	=	0,	and	if	h	=	(h	1	,	...	let	the	control	uk(x,	v)	be	one	that	a	maximum	at	step	1	k	because	it	satisfies	h	=	T(h-i)	=	ru	Ch-1).	=	-(Yu(x))	2	<	0	fan:	f	o.	z	~	(p	0	,	r)	·	(x0	,	f(x	0
))	for	all	z	in	Mt	Given	any	v	>	0,	one	has	z	=	(x	0	,	J(x..°)	-	v)	EM;,	so	p	0	·	11:	0	+	rf(x	0	)	-	1"1'	:S	1?°	·	x	0	+	rf(x	0	)	by(*).	1111	74	CHAPTER	2	/	MULTIVARIABLE	CALCULUS	A	stronger	property	than	quasiconcavity	is	strict	quasiconcavity:	A	function	f	defined	on	a	convex	set	S	s;	[W	is	called	strictly	quaskoncave	if	(9)	f('Ax+	(1-	A)y)	>	min{f(x),	f(y)}
for	all	x	and	y	in	S	with	x	f:	y	and	all	A	in	(0,	1).	We	conclude	that	x	=	Ct	-	C	2	is	not	the	general	solution.	For	every	t,	the	pair	(x	(t),	i(t))	is	a	point	on	the	curve	in	the	phase	diagram.	Similarly	for	commodity	2.	Inserting	these	m	variables	into	the	criterion	function,	the	problem	is	reduced	to	seeking	first-order	conditions	for	an	unconstrained	maximum
of	the	new	objective	function	of	n	-	m	variables.	The	conclusion	in	Theorem	10.1.3	is	then	valid	,	and	x	r+	H	(t,	x,	p(t))	need	only	be	concave	in	the	set	A	(t).	Certainly,	the	optimal	k*(t)	is	positive	for	all	t,	so	we	can	impose	the	constraint	that	k(t)	E	A(t)	without	affecting	the	solution.	-	3(1	+	k))	=	0.	Here	the	random	variables	Vi+i	(t	=	0,	l,	2,	..	Then	(v)
reduces	to	13T	xf	-	2)(v	-	1)	::::	0	for	all	v	in	[O,	l],	which	is	impossible	because	w	-	2	<	0	(put	v	=	0).	Then	lim1c-,	00	Xk	=	b*	if	and	only	if	the	following	two	conditions	are	satisfied:	(a)	For	every	c	>	0	there	exists	an	integer	N	such	that	k	>	N.	Moreover,	consumer	demand	functions	were	singlevalued.	This	implies	the	functional	equation	=	r(x+	1)
=xf(x)	for	X	=	-	I~	e-	tx	+	fa°°	e-	xtx-I	dt	1	=	(n	-	1	(2)	>	0	for	the	gamma	function.	It	is	the	number	of	oscillations	per	radian.	Thus	f(x)	is	well-defined	for	all	x	>	0.	An	exception	occurs	in	Example	4	where	we	show	the	type	of	argument	needed	to	prnve	that	po	=	1	(Almost	all	papers	in	the	economics	literature	that	use	control	theory	assume	that	the
problem	is	"normal"	in	the	sense	that	Po	=	L)	If	x(t1)	is	free,	then	according	to	(7)(c1),	p(t	1)	=	0.	Here	]y(xr)	=	,BT	Axty	exactly	as	in	(ii)	in	Example	l2.1.4.	Because	the	random	variables	2	1	are	independently	distributed,	the	value	functions	take	the	form	lt(x).	Let	b	=	(b	1	,	•••	,	b11	)	be	a	given	vector	and	define	the	function	f(x)	=	f(x	1	,	.	Let	F(t,
x(t))	denote	the	vector	with	components	J~	x(t))	=	f;(t,	x1	(t),	...	For	r	=	m+	1,	...	The	determinant	of	the	matrix	A	in	Theorem	6.9.1	is	therefore	(1/v)'A-1/v-l	0	I	=	--,\	2b	-1/v	<	O	V	This	confirms	that	(.K,	X)	really	is	a	saddle	point.	When	choosing	u	1,	we	simply	maximize	f(l,	X1,	u1),	assuming	that	X1	is	known	before	the	maximization	is	cmried	out.	We
conclude	that	the	maximum	value	of	x'	Ax	subject	to	x'x	=	1	must	be	the	largest	eigenvalue	of	A,	whereas	the	minimum	value	must	be	the	smallest	eigenvalue.	By	the	mean	value	theorem,	for	each	k	=	I,	2,	..	Then	there	are	two	possible	paths	for	p(t),	which	are	shown	in	Fig.	It	follows	that	Jcy	+	(l	-	'A)y'	E	/P	0	(x)	for	all	Jc	in	(0,	1).	It	follows	that	r	2:	0.
Problem	6	indicates	a	proof	of	the	following	result:	(4)	If	Sis	an	arbitrary	set	in	1R	11	,	the	convex	hull	of	S,	denoted	by	co(S),	is	defined	as	co(S)	A	point	in	Sis	=	the	set	of	all	convex	combinations	of	points	from	a	convex	combination	of	itself,	because	x	S	(5)	=	1	·	x.	The	existence	of	an	equilibrium	in	the	pure	exchange	economy	is	thereby	established.
,rn	(lOc)	i=m+l,	...	(a)	The	gamma	distribution	with	parameters	'A	>	0	and	ex	>	0	is	given	by	Ar,	f(x)	=	--x"-	1e-!cx	f'(cx)	Prove	that	f_°00	f	(x)	dx	=	for	x	>	0,	f(x)	=0	for	x	:S	0	l.	What	is	the	optimal	choice	for	Us?	g	1,	(a)	A=	(	-	1~2	~}	Since	IAI	=	-1/2	<	0,	the	equilibrium	point	(4,	2)	is	a	local	saddle	point.	(a)	u~	=	3/2,	v~	=	5/(6	ln	3)	I	(1)	2:	0.	=a	',,'	'"
()	°'·	C,	"-',	\·¾	J.,	·.···"f	0	(8)	Xi	We	prove	that	if	f	is	quasiconcave	then	(8)	is	valid.	We	wish	to	maximize	the	integral	of	this	quantity	over	[0,	T],	i.e.	to	maximize	total	consumption	over	the	period	[O,	T].	__,__	_	_	_	_	__,__	.X	-l	=	-1	~/	-1	Figme	A2.5.6	Figure	A2.S.4	5.	X	X	'	c:i	~	"	....	The	function	U	is	increasing	and	concave,	so	U	(f	(K)	-	K)e-rt	is	also
concave	in	(K,	K)	(see	Theorem	2.3.S(a)).	The	latter	is	equal	to	the	total	demand	for	commodity	i	by	all	consumers.	Such	problems	are	discussed	in	Sections	3.3	and	3.4.	In	addition	to	the	standard	results	for	the	general	Lagrange	problem,	sensitivity	results	are	discussed	in	some	detail.	Hence	/j	is	continuous	at	x	0	for	j	=I,	...	It	is	more	difficult	to
compute	r(x)	if	x	is	not	a	natural	number.	One	can	prove	that	th,:	solution	depends	continuously	on	to	and	xo,	so	that	small	changes	in	to	and	xo	cause	small	changes	in	the	solution.	Then	find	the	associated	value	of	u*.	At	each	step,	we	find	all	the	vectors	x,	with	associated	values	of	the	Lagrange	multipliers,	that	satisfy	all	the	relevant	conditions-if
there	are	any.	Suppose	now	that	fort	=	0,	I,	...	(o)	Positive	definitcsi	""	x,	+	xl	~	•	x/.	,	x,,	(t)	are	uniquely	detem1ined	for	all	t	(assuming	that	f	1	,	...	(x''(t)	>	0	and	p(l)	=	0,	so	there	must	be	an	interval	(t*,	l]	where	u*(t)	=	0.	,	Xn)	denote	the	number	of	units	of	the	final	output,	and	let	gj	(x)	be	the	con-esponding	number	of	units	ofresource	number	j
required,	j	=	l,	...	This	shows	that	maxv~o	:rr(v)	=	maxvEKo	rr(v).	,	x~	are	the	row	vectors	of	the	transposed	matrix,	P'.	this	yields	(BF	/8i)	1=ti	S	0.	By	assumption	{xlc}	has	a	subsequence	{Xk;}	that	converges	to	a	limit	x'	in	S.	The	size	of	the	rectangle	R	is	constrained	by	the	requirement	that	each	straight	line	through	R	parallel	to	the	y-axis	must
intersect	the	curve	in	only	one	point.	In	economic	applications	the	initial	point	is	usually	fixed	because	it	represents	a	historically	given	initial	situation.	Then	according	to	(3),	an*(p,	q)	ap	=	an(v*,	p,	q)	ap	=	F(v*),	7f	wr.t.	v,	and	let	an*(p,	q)	_	3n(v*,	p,	q)	_	*	-	-	-	-	-	-	-	-	-	-	--V,	1	aqi	aqj	This	is	intuitively	understandable:	when	the	price	of	output	increases
by	fip,	the	optimal	profit	increases	by	approximately	F(v*)~p,	since	F(v*)	is	the	optimal	number	of	units	produced.	(7)	400	C	H	A	PTE	R	1	1	/	D	I	FF	ER	EN	C	E	EQ	U	AT	I	O	N	S	The	interpretation	in	terms	of	present	discounted	values	(PDV	s)	is	exactly	the	same	as	before	(see	formula	(3)).	:fri/1.i	5.	Important	Special	Cases	If	the	integrand	F(t,	x,	i)	in
(l)	does	not	depend	on	x,	then	the	Euler	equation	reduces	to	(d/dt)Fl(t,	x,	i)	=	0,	so	F_[(t,	x,	i)	=	C	for	some	constant	C.	In	this	case	inf	g(x)	=	-1.	If	IAI	f-	0,	this	system	has	a	unique	solution	(x*,	y*),	which	is	called	an	equilibrium	point	(or	an	equiiibrium	state)	for	the	system	(l).	By	induction,	f(n)	165	1).	The	relevant	transversality	condition	is	spe11ed
out	in	the	next	theorem.	Let	B	=	{x	E	IR11	•	V(x)::::	V(xo)}.	In	the	maximization	case	it	is	defined	as	j*(b)	=	max	{	f	(x)	:	gj(x)	=	b1	,	j	=	,	...	(b)	f	x(x)	=	¾(l-x	2	),wherea=Jl-x	2	.	218	CHAPTER	5	/	E	1,	but	this	is	not	part	of	the	solution	satisfying	x(0)	=	L)	X	3	X	b	:	:	M'	xo	+x:	.......................	2,	f'	(x*)	is	negative	and	we	get	a	cobweb-like	behaviour	with	x
1	alternating	between	values	above	and	below	the	equilibrium	state	x*	=	lim1--+	00	x	1	.	Then	x	n	matrix	A1	is	said	to	converge	to	On	xn	as	t	-+	co	if	and	only	if	each	component	of	N	converges	to	0.	(See	e.g.	EMEA,	Section	13.6.)	If	f	(x)	is	not	concave	(convex),	then	the	transformed	function	F(f	(x))	may	be	concave	(convex)	for	a	snitably	chosen
strictly	increasing	F.	At	times,	the	business	owner	earns	y(s),	and	the	DV	of	future	profits	is	increasing	at	the	instantaneous	rate	Vj(s,	r).	Therefore	Juk	=	T"	1(Jl'k),	But	then	the	definition	of	T	implies	that	T(Juk)	;:;	Tuk(Jllk)	=	J''k,	Because	the	operator	Tuk	is	monotone,	one	has	T	11	"+	1	(T(JTTk))	;:;	T"H	1	(Juk)	=	T(Juk)	;:;	Juk,	then
rw+1(Tuk+1(T(Juk)));:;	r1k+1(Juk)	=	T(Jllk);:;	Ju",	and	generally	(Tuk+1)n(T(Jllk));:;	Juk,	where	(TuHi	)'1	denotes	the	iterated	operator	that	results	from	applying	Tui+i	iteratively	n	times.	f(xo	+	h,	Yo+	k)	where	i	SECTION	2.6	/	TAYLOR'S	FORMULA	=	=	2,	x0	yo	=	0,	and	h	=	x,	k	remainder,	this	gives	the	following	qmidratic	approximation	to	In
formula(*),	let	us	put	n	=	79	y.	Proof:	Let	N	be	as	in	the	theorem,	and	let	B(x0	;	a)	c;	N.	Compute	N(t)	under	appropriate	conditions	on	the	functions	n	and	T.	For	example,	(X	(	A.11	(2)	A21	The	following	example	shows	how	to	multiply	partitioned	matrices.	supxEB	f(x)	Example	1	illustrates	an	important	point:	infxEB	e-x	=	0,	f	(x)	=	0,	but	for	no
number	x	is	f	(x)	=	If	a	function	f	is	defined	over	a	set	B,	if	infxEB	f	(x)	=	y,	and	if	there	exists	a	c	in	B	such	that	f(c)	=	y,	then	we	say	that	the	infimum	is	attained	(at	the	point	c)	in	B.	(c)	Classify	the	stationary	points	by	using	(1)-(3).	Proof	We	consider	only	the	(usual)	special	case	where,	for	all	c	in~"'.	By	(,t),	(x1,	x2).	3.	According	to	definition	(2.3.	l	),
E	(i)	for	all>,,	in	(0,	1].	In	both	cases	JV	depends	on	both	N	and	t.	(x0	(t)	=	1,	x	1	(t)	=	1	+	J;;	ds	=	1	+	t,	x	2	(t)	=	l	+	f~	(1	+	s)	ds	=	I	-1-t	+	tit	2	,	etc.)	5.	Mifffoes,	a	function	N	is	defined	by	=	N(t)	i	t	n(r)e-o(I-T(t))	dr	1-T(t)	where	T	=	T(t)	is	a	given	function.	As	c	becomes	small,	the	costs	become	negligible,	so	x*(t)	gets	adjusted	to	Oalmost	immediately.
(Note	that	in	this	example	xis	the	free	variable	and	y	is	the	unknown	function,	and	we	write	y'fordy/dx.)	If	z	=I	0,	differentiating	y	=	x	+	1/	z	w.r.t	x	gives	y'	=	I	-	z'	/	z2	•	When	we	insert	this	into	(*)	and	reorganize,	we	obtain	an	equation	that	reduces	to	z'	=	2x,	with	general	solution	z	=	+	C,	We	are	looking	for	the	solution	with	y	=	-1	/2	when	x	=	0,
This	gives	z	-2	when	x	=	0,	so	C	-2.	~	5,	=	y,	-1	-2	.	0	as	t	-Je	oo	(choose	A=	0,	B	=	l	).	Then	the	given	equation	=	Yn,	Yn	=	F(t,	YI,	Y2,	·	·	·,	Yn)	This	is	a	normal	system	of	n	first-order	equations.	Cramer's	rule	tells	us	that	the	equilibrium	point	is	a21b1	-	a11b2	IAI	IAI	(3)	244	C	H	A	PTE	R	6	/	D	I	FF	ER	EN	T	I	A	L	EQ	U	AT	I	O	N	S	11	SEC	O	N	D	-	O	RD	ER
EQ	U	AT	I	O	f\l	S	The	pair	(x(t),	y(t))	=	,	y*)	with	(x(t),	)'(t))	=	0)	will	then	be	a	solution	of	(1).	The	equilibrium	state	is	b	/	(	l	-	a)	=	3	/	(	1	-	1/2)	=	6.	That	is,	the	derivative	of	F	-	i	aF	/	ai	must	be	O	for	all	t.	,	x	11	Xn	(t)	=	an	is	then	a	solution	of	the	system.	,	Tin	almost	every	state	(x1	,	v	1)	that	has	a	positive	conditional	probability	density	given	7r*	and
the	initial	state	(xo,	vo).	,	n	(8)	,	i=l,	...	Can	you	find	a	necessary	and	sufficient	condition	on	B	for	A	to	be	positive	definite,	not	just	semidefinite?	y)	>	0	in	all	of	IR	2	IR	2	or	J;(x,	y)g;	(x,	y)	f.	Let	R(t)	denote	the	rental	price	per	unit	of	capital.	The	ordinary	Hessians	used	in	Section	2.3	to	examine	the	concavity	of	a	function	are	"bordered"	by	an	extra	row
and	column	consisting	of	the	first-order	partial	derivatives	of	the	function.	V(p)	>	0	for	pf.	We	assume	that	f	and	all	the	gi	functions	are	C	1.	This	box	consists	of	all	(x,	y,	z)	such	that	(x,	y)	E	R	and	O	:::	z	::s	f	(x,	y	).	But	these	four	constants	cannot	all	be	chosen	independently	of	one	another,	Once	we	have	chosen	the	constants	for	x,	say,	the	constants
for	y	are	completely	determined,	because	(4)	gives	y	=	(l/al2)(x	-	a	11	x	-	b1	(t)).	z::;;=	66	C	H	A	PTE	R	2	/	M	U	LT	IV	A	RI	A	B	L	E	C	A	LC	U	L	U	S	There	is	also	a	continuous	version	of	Jensen's	inequality	that	involves	integrals.	.CH	ON	F	R.H	ONTlNUlTY	A	c01Tespondence	F	:	X	--w,	y)	=	JcC(w,	y)	for	all	A	>	0.	x''(t))	cit	~	(ii)	f)	:::	-	p(t),	(x(t)	-	x'(t))	dt	io
To	explain	the	last	inequality,	note	first	that	because	x(t0	)	=	x*(t0	)	we	get	/J	1	II	p(t)	·	(x(f)	-	x*(t))	=	p(t1)	·	(x(t1)	-	x*	Ct1))	~	=	L	Pt	(t1)(x;	(ti)	-	x;1'(t1))	(iii)	l=l	We	claim	that	this	sum	is	::=::	0,	which	will	imply	the	inequality	in	(ii).	For	each	1	in	[0,	l],	we	have	to	show	that	h	1	+	(1	E	H+,	i.e.	that	p	-	(Ax	1	+	(1	-	;qx	2	)	2:	m.	(Substitute	.	Write	its
characteiistic	polynomial	(1.5.10)	as	10()..,)	=(-I)"().,"+	an-1A	11	-	1	+	·	·	·	+	a1A	+	ao)	Prove	that	A	is	negative	definite	if	and	only	if	a;	>	0	for	i	=	0,	1,	...	That	is,	K	=	sY.	Pick	one	of	these	terms,	say	Xkt.	To	prove	that	the	cmTespondence	is	lower	hemicontinuous	when	m	>	0,	because	of	Example	5	it	is	enough	to	show	that	!B(p,	m)	~	:B	0	(p,	m),	where
!B	0	(p,	m)	=	{x	~	0	:	p	·	x	<	m}.	Suppose	the	firm	can	choose	its	control	variable	u(t)	within	certain	limits,	so	that	u(t)	E	U	=	[uo,	ui].	+	The	right-hand	side	is	a	polynomial	of	degree	2.	Some	of	the	more	notable	changes	from	the	first	edition	include:	(1)	Answers	are	now	given	to	(almost)	all	the	problems.	A	proof	of	che	next	theorem	is	indicated	in
Problem	4.	THEQ	.r	(H	RD)	Let	f	,	a:;gn	->	rr;gn	be	a	C	1	function,	and	suppose	that	there	exist	numbers	h	and	k	such	that	for	all	x	and	all	i,	j	=	I,	.	Arrow	has	suggested	a	weakening	of	this	concavity	condition.	Some	of	its	main	results	were	established	by	Euler	and	Lagrange	as	early	as	in	the	18th	century.	If	dbi,	...	Equation	(iv)	is	now	i(t)-rA(t):::::	cu*
(t)	-	A(t)[a	-	be	st	/u*(t)],	which	reduces	to	(b)	We	have	g'.Jt,	u)	i(t)	=	(r	-	a)A(t)	+	2-~	e½	st	(A(t))	112	(vii)	Finally,	(v)	reduces	to	A(T)	=	ao	+	a1x*(T)	+	a1x*(T)	=	ao	+	2a1x*(T)	(viii)	The	standard	trick	for	solving	the	Bernoulli	equation	(vii)	is	to	introduce	a	new	variable	z	defined	by	z	=	A11	2	.	Figure	2	All	convex	combinations	Of	XJ,	X2,	X3,	figure	3	If
S	is	the	unshaded	set,	then	co(S)	includes	the	shaded	paiis	in	addition.	,	m	(13)	where	x	=	(x	1	,	...	2	Some	authors	use	a	weaker	definition	of	strict	quasiconcavity	and	only	require	(9)	to	hold	when	f	(x)	I=	f	(y).	In	general,	assume	that	u(t)	takes	values	in	a	fixed	subset	U	of	the	reals,	called	the	control	,·egion.	,	,	T	-	l,	and	ur	(xr,	vr)	satisfies	(7).	,	11	(7c)
i	One	can	show	the	following	theorem	(Halkin	(1974)):	THE	PR	JO	3.1	--00	Then	the	pair	(x*(t),	u*(t))	is	CU	optimal.	According	to	Theorem	8.3.1,	the	function	x*(t)	must	then	satisfy	the	Euler	equation,	111e	condition	x*	Cto)	=	xo	places	one	restriction	on	the	constants	in	the	general	solution	of	the	Euler	equation.	In	economics,	the	number	>cj(b)	is
referred	to	a	shadow	price	(or	demand	price)	of	the	resource	j.	,	Tis	0	U(t,	u1x1	).	Hence,	for	all	8	>	0	that	are	small	enough,	g1(x	-	8z,	y)	<	0	for	all	i	in	I,	and	also	for	the	other	i's,	soy	E	.'P	0	(x).	(a)	If	f	(x)	is	concave,	for	what	values	of	the	constants	a	and	b	can	one	be	sure	that	af	(x)	+	b	is	concave?	Even	easier	is	the	proof	of	the	sufficiency	of	the
Euler	equation	when	appropriate	concavity	conditions	are	imposed.	As	usual	in	economic	analysis,	assume	that	it	is	possible	to	measure	the	benefits	associated	with	each	path.	(b)	The	two	eigenvalues	are	9	and	-5.	Solve	the	problem	max	t	xdt,	Jo	l	(This	model	h1(t,x,u)=l-uc::O	;i;	=	x	+	u,	x(0)	(Hint:	See	the	solution	to	Example	9.4.	l.	This	shows	that
S;;;	S,	hence	Sis	closed.	294	CHAPTER	8	/	CALCULUS	OF	VARIATIONS	Suppose	that	Fis	a	C	2	function	of	three	variables.	H.4.RDER	PROBLEMS	8.	But	sf(k*)	=	)..k',	so	when	k	=	k*	we	have	c	=	f(k'')	-	U''.	For	example,	suppose	that	a	national	economy	has	n	different	industlies	each	102	CH	APTER	2	/	MULTI	VAR	I	ABLE	CALCULUS	producing	a
positive	amount	of	a	single	output	under	constant	returns	to	scale,	using	other	goods	and	scarce	primary	factors	as	inputs.	Integration	(with	x	>	0,	y	>	0)	yields	ln	y	-	(l/	Q)	ln	11-ayQ	I	=	In	x	+	C	1•	Multiplying	both	sides	by	Q	kads	to	ln	yR	-	ln	II	I	=	lnx	0	+	C	1Q,	or	ln	lyu	/	(1	-	ayO)	I	=	In	ee	1Rx'?.	They	exchange	two	goods,	labelled	j	=	l,	2.	Suppose
that	r	is	the	instantaneous	rate	of	interest	on	savings,	and	that	the	consumer	is	not	allowed	to	pass	time	T	in	debt.	In	the	first,	V	1+1	is	a	random	variable	that	takes	values	in	a	finite	set	V.	S	E	CT	ION	1	2	6	/	ST	O	C	HAST	IC	O	PT	I	MI	Z	AT	ION	455	In	this	example,	=	0,	1,	,	,	,	,	T	and	fort	-	1	we	have	Here	equation	(9)	becomes	-2(xr+l	-	xr)	=	0,	so
xr+1	(xr,	vr)	=	xr,	Next,	fort=	T,	equation	(10)	becomes	E[-xr]	-	2(xr	-	½xr-1	+	vr-1)	=	0,	so	xr	=	½xr-1	-	~vr-1,	Furthermore,	fort	=	T	-	l,	equation	(10)	yields	SO	XT-1	=	A(XT-2	-	2VT-2	+	½),	We	will	now	prove	by	backward	induction	that	the	optimal	policy	takes	the	form	where	a1	,	b1	,	and	c1	are	suitable	constants.	Note	that	part	(b)	of	the	theorem
does	not	require	the	rank	of	g'	(x*)	to	be	m.	In	addition,	w(O)	::;c:	wo	is	given,	and	there	is	the	terminal	constraint	w(T)	2:	0	preventing	the	consumer	from	ending	in	debt.	,	x11	>	0,	with	A	and	a1,	...	Likewise,	g;(o,	0)	=	0.	Suppose	(p	0	,	q	0	)	is	an	equilibrium	point	for	system(*)-	By	our	assumptions	on	Hi	and	H2,	we	have	Di(p	0	,q	0	)	=	S1(p	0	,q	0	),
D2(p	0	,q	0	)	=	S2(p	0	,q	0	).	x/	PPENDIX	•s.Ers,	AN£)	c··	_,;_	'';ccrs··:·	'fr~---···_·,	-·.·."_·_-.·E'-;	..	According	to	(1).	Section	3,6	goes	on	to	discuss	sufficient	conditions,	in	particular	quasiconcave	programming,	of	particular	importance	to	economists.	-.	Show	that	if	(a	-	l	)	2	=	4b,	then	u	2	([@	=	(ln	t)t(l-a)/Z	is	a	solution	of	(8).	In	this	subsection,	we
describe	two	different	approximation	methods.	l(d).	Part	(b)	is	shown	in	a	similar	way,	reversing	appropriate	inequalities,	especially	the	one	in	(iv).	Suppose	J,,,	be	concave	functions	defined	on	a	convex	set	Sin	IR"	and	let	F(u	1,	...	According	to	(3),	the	equation	is	stable	iff	µ	>	Jc/a	and	AJI	>	0.	,	a	11	(t)	are	all	constants,	independent	oft.	Hence,	V(x)	=
f(x,y)=	Thus	the	value	function	is	discontinuous	at	x	is	not	compact.	(a)	(x	0	,	y0	)	=	(4/3,	f'	(k*)	=	r	+	8,	c*	=	f	8/3).	1	Find	the	quadratic	approximation	around	(0,	0)	for	f	(x,	y)	=	c'	ln(l	+	+	We	find	that	f{(x,y)	=	exln(l	+	y),	f~(x,	=	ex/(1	Moreover,	f{~(x,y)	=	exln(I	+y),	f{	2(x,y)	=	ex/(l+y),	andf~2(x,y)	=	·-e'/(1+	,H	follows	that	f(O,	0)	=	0,	f{(O,	0)	=	0,
f~(O,	0)	=	1,	f{~	(0,	0)	=	0,	f{~(O,	0)	=	1,	and	!	22	(0,	0)	=	-1.	)	Clearly,	u(t)	=	0	gives	an	admissible	solution,	and	the	set	U	The	set	N	=	N(t,	x)	is	here	N(t,	XJ,	x2)	=	{(x2	+	y,	aux1,	a(l	-	u)x1)	:	Cti1,	b	g3)	in	with	~t	::::	xz	and	that	joins	(0,	ax	1)	to	.	T	AUD	Uf'HQUENESS	n}	2	Consider	the	initial	value	problem	i	=	F(t,	x),	x(to)	=	xo	(1)	Suppose	that	F(t,
x)	and	F~(t,	x)	are	continuous	over	the	rectangle	r	=	{(t,	x)	:	It	-	tol	:'.'::	a,	Ix	-	xol	:'.'::	b}	and	let	M	=	(/,X)Ef	max	IF(t,	x)I,	r	=min(a,b/M)	(2)	Then	(1)	has	a	unique	solution	x(t)	on	(to	-	r,	to+	r),	and	lx(t)	-	xol	:'.'::bin	this	interval.	See	Berman	and	Plemmons	(1994)	or	Hom	and	Johnson	(1985)	for	more	infonnation.	Then	R(x;,	xi)	is	a	quadratic	form	in	the
two	variables	x;	and	x1	with	associated	symmetric	matrix	B	=	a;.,·).	and	,:p(x	1	,	x	2	)	is	a	certain	differentiable	function	of	x	1	and	x	2	.	Thus,	Finally,	for	s	u2	lo(x)	=	2f	+	In	this	particular	case	the	optimal	choices	of	the	controls	are	constants,	independent	of	the	states.	Then	again,	u;(x:D	is	the	best	choice	of	u2,	and	so	on.	Find	the	only	possible
solution	to	the	following	variable	final	time	problems:	(a)	max	u,	T	f	T	(x	lo	1	t3	-	x	=	u,	½u	2	)	dt,	-	T	(b)	max	u,	T	.	Because	F	(t,	x,	i)	is	concave	in	(x,	x),	Theorem	2.4.1	implies	that	F(t,	X,	.	(Hint:	Argue	why	u*(t)	can	only	take	the	values	0	and	2,	and	why	any	admissible	x(t)	is>	0	in	[0,	l].)	10,5	A	Heuristic	Proof	of	the	Maximum	Principle	A	full	proof	of
the	general	maximum	principle	is	quite	demanding	a_nd	draws	on	several	advanced	results	in	the	theory	of	differential	equations	which	are	not	in	the	toolkit	of	most	economists.	Using	these	results,	the	objective	function	becomes	the	following	function	of	uo,	u1,	u2,	and	u3.	,	bm	),	the	=	b.)	The	standard	procedure	for	solving	this	problem	is	first	to
define	the	Lagrang{~	function,	or	Lagr::mgi:m,	(3)	116	CHAPTER	3	/	STATIC	OPTIMIZATIOI\I	where	At,	...	It	is	a	shadow	rather	than	an	actual	price	because	it	need	not	correspond	to	a	market	price.	0,	A111	such	that:	=	x*	maximizes	shadow	profit	among	all	activity	levels	x.	2n	as	n-;.	IAI	f	0	7.	Then,	after	the	curve	hits	the	line	}(	=	0,	the	capital
stock	decreases	and	investment	is	reduced	until	it	eventually	is	0.	Equation	(4)	is	then	called	a	first	integral	of	the	Euler	equation.	Compare	this	result	with	the	remarks	following	equation	(5.4.3).	The	general	solution	is	then	x(t)	=	C1	(t)e	1	+	C2(t)e-	1	=	Ae	1	+	Be-	1	-	½te-	1	,	where	B	=	B1	+	¼,)	=	-½	.	(b)	Let	f	(t)	=	t	3	/	(t	4	+	2)	and	find	the	solution
curve	for	(*)	through	the	point	(1,	l).	y	g1	(x)g2(y)	X	/1	(x)h(y)	at	points	where	x	#	0	=	J	(g1	(x)	/	/1	(x))	dx	-	f	(h	(y)	/	g2	(y))	dy	is	constant	along	each	(b)	Show	that	for	the	Lotka-Volterra	system	(i)	in	Example	2,	H(x,	y)	is	given	by	(ii)	in	Example	2.	The	solution	of(*)	can	be	expressed	as	Pt=	p*	+	(-a/(po	-	=	-N	/2/38,	397	and	(a=	N	/2{38)	+	+	where	p''	is
the	equilibrium	price	p*	=	b/(1	-	a)	=	(aN	2.f3y)/(2f38	N).	If	we	divide	(1)	by	xr,	we	obtain	x-'ic	+	a(t)xl-r	=	b(t)	Now	introduce	the	transformation	z	=	X	l-r	of	the	variable	x.	Using	definition	(3)	again,	the	highest	obtainable	value	of	the	total	reward	I:,;=s+l	f(t,	Xr,	u	1	)	from	times+	I	to	time	T,	starting	from	the	state	Xs+l,	is	ls+J	(xs+I)	=	ls+!	(g(s,	x,	u
)).	SECTION	2.1	/	GRADIENTS	AND	DIRECTIONAL	DERIVATIVES	47	(g(h)	-	g(O))/	h	""	(f	(x	+	ha)	-	f(x))/	h.	We	see	that	:rr(Q*)	::::	0	if	and	only	if	(P	-	a)2	2:	(2Af	)	2	,	Le.	if	and	only	if	P	::::	a+	2	#	.	Aninteliormaximum	ThecmTentvalueHamiltonian	is	He=	!~v	of	He	requires	aHe	/oc	=	0,	Le.	c-v	=	Jc	The	differential	equation	for	A	=	A.(t)	is	i	?c·	Now	(i)
implies	that	C	=	J.(r	-	(i)	=	-Jc(a	-	a+	2bK)	2bK)	+	rt,	or	a	--r)	=	2b,\	(	K	-	2b	=	,\-J/v,	which	inserted	into	the	differential	equation	for	K	K	=	aK	-	bK	2	-	A-l/v	(ii)	yields	(iii)	r	-+----~-~----__.,	K	a/2b	Ko	Figure	2	K	a/2b	3	Figure	2	presents	a	phase	diagram	for	the	system	given	by	(ii)	and	(iii).	.3	/	CONTINUOUS	FUNCTIOI\JS	479	Sometimes	the	word
"relative(ly)"	is	replaced	by	the	expression	'·'in	the	relative	topology	of",	e.g.	"A	is	open	in	the	relative	topology	of	S".	,	Vn,	and	the	general	solution	ofx	=	Ax	is	Suppose	that	x0	is	an	equilibrium	point	for	(7)	in	the	sense	that	Ax	0	+	b	=	0.	,	T	-	1	are	inse1ted	successively.	The	general	solution	is	of	the	formx(t)	=	Au	1	(t)	+	Bu	2	(t)	+	u*(t),	where	A	and
Bare	arbitrary	constants.	The	function	uh"	e"	is	increasing,	so	f	(x,	y)	is	quasiconcave.	452	CHAPTER	12	/	,	DISCRETE	TIME	OPTIMIZATION	If	the	gambler"s	wealth	at	time	T	-	l	is	xy_	1	and	then	the	amount	bet	is	uxr-1,	the	resulting	expected	utility	of	terminal	wealth	will	be	p	ln(XT-1	+	UXr-1)	+	q	ln(xr-1	-	UXr-1)	where	A(u)	=	p	ln(l	+	u)	+	q	ln(l	-	u)
(because	p	+	q	the	optimality	equation	is	h-1(.xr-1)	=	lnxr-1	+	=	lnXT-1	+	A(u)	=	1).	Consider	the	macroeconomic	problem	of	Example	8.2.2,	but	now	assume	that	x(T)	is	unrestricted.	As	t	-	oo,	so	tr	-+	oo.	When	an	example,	note,	or	formula	is	referred	to	within	a	section,	we	use	just	a	single	number,	as	in	Example	4	or	formula	(12).	However,	when
there	are	terminal	restrictions	on	the	state	variables,	the	maximum	principle	is	often	preferable.	,	ak,	not	all	O.	½t	6,	.f	dx/(b	-	.f	dt	+	A,	or	(-1/a)	In	lb	-	=	t	+	A,	etc.	Moreover,	because	x1c	<	2,	one	has	X1	Jx1c	+	Xk	=Ac>	/4	=	+2	oo.	Finally,	if	x;*(t1)	=	xi,	then	x;	(t	1)	(t1)	::=::	0	and,	by	(9)(b'),	p;	(t	1)	:::	0,	so	the	coffesponding	tenns	are	:::	0.	,	T	-	1,	T,
let	ls(x)	be	the	value	function	(3)	for	the	T	max	L	f(t,	x	1,	u1	)	subject	to	X1+1	=	g(t,	x	1	,	u1	),	u1	EU	(5)	t=O	with	x	0	given.	TI1e	relevant	difference	becomes	t=0,1,2,	...	,	Xn	>	0,	is	that	xi	BP(x)	8x1	=	(	111	Bf.	._x)	_	VP.,	Bg1.(x)	L...J	a)(i	J=l	axi	=	O,	i=l,	...	(See	Problem	3.)	Nevertheless,	the	inverse	image	(or	preimage)	r-	1(U)	=	{x	:	f(x)	E	U]	of	an
open	set	U	under	a	continuous	function	f	is	always	open.	Evidently	J	11	(x)	::=:	0	for	all	policies	u	(x)	and	all	x	:::	0.	Both	a	maximum	and	a	minimum	value	exist	by	the	extreme	value	theorem.	ll(X)	of(X,	t)	,	ax	dt	(3)	Let	H	be	the	following	function	of	three	variables:	H(x,u,v)=.lv	f(x,t)dt	Then	F	(x)	=	H	(x,	u	(x),	v	(x))	and,	according	to	the	chain	rule,	F'(x)
=	H,~	+	H;u'(x)	+	H~v'(x)	where	H,;	is	the	partial	derivative	of	H	wx.t.	x	with	uh	and	v	as	constants.	Any	economic	model	is	based	on	a	number	of	assumptions.	We	introduce	the	following	boundedness	condition,	as	in	(12.3.2):	M1	:S	f	(x,	u)	::S	M2	for	all	(x,	u)	E	!Rn	x	U	(3)	where	M1	and	M2	are	given	real	numbers.	It	leads	to	the	atrophy	of
judgement	and	intuition.	,	f	111	(x))	is	quasi	concave.	(c)	Show	that	av	/8x0	=	1c(0),	where	Vis	the	optimal	value	function.	But	not	all	boundaxy	points	of	every	convex	set	are	extreme	points.	l.	,	l,	are	continuous	functions	from	X	x	Y	into	~,	where	X	s;;	~11	,	Y	s;;	~m,	and	Y	is	compact.	(In	fact,	(0,	b)	is	an	equilibrium	point	for	every	value	of	b.)	Find	the
unique	solution	of	the	system	that	passes	through	the	point	(1,	1)	fort	=	0.	HON	E	The	Cobb-Douglas	function	z	=	Axf	1	•	•	·xi",	defined	for	x1	>	0,	...	So	there	exists	a	unique	t*	in	[O,	T)	such	that	p(t*)	=	1.	Since	x*	?:	2,	(i)	implies	'A	=	2x'''	>	0,	:md	since	y*	?:	3,	(ii)	implies	µ,	=	>	0,	so	from	(iii)	and	(iv)	we	conclude	that	x*	=	2,	y*	=	3.	But	when	y	>--
llxll	+	(l	-	>--)	IIYII,	so	f	is	not	stiictly	convex.	Now,	according	to	the	existence	and	uniqueness	theorem	for	(1),	if	f;	and	Bf;/Bx1	are	continuous	for	all	i	=	1,	...	~	a11	~	0,	a22	~	0,	and	au	a22	-	af2	::::	0	(b)	Q(x1,	x2)	is	neg.	Replacing	F	with	-F	does	not	change	(2),	so	the	Euler	equation	also	represents	a	necessary	condition	for	solving	the	corresponding
minimization	problem.	0,	3/2).	Let	a	#	b	be	arbitrary	points	of	fl	Define	g(t)	=	ta+	(1	-	t)b,	t	E	[O,	l].	Then	the	value	function	V	(x)	is	continuous	over	X.	If	the	subset	F(x)	always	reduces	to	a	single	point,	the	correspondence	is	effectively	the	same	as	an	ordinary	function.	The	solutions	are	x	=	{(	l	±	-/7).	7	/	SU	FF	IC	I	El\!	T	C	ON	D	IT	I	ON	S	333	Here
is	an	important	generalization	of	the	theorem;	Suppose	the	problem	imposes	the	constraint	thatx	(t)	must	belong	to	a	convex	set	A(t)	for	all	t	.	or=,	the	set	is	still	closed,	The	set	S	is	bounded	if	it	is	contained	in	some	ball	around	the	origin,	(See	Section	13,	1	for	general	definitions	and	results	on	open	sets,	closed	sets,	and	related	concepts.)	Suppose	f
(x)	is	a	C	1	function	defined	on	a	set	Sin	!Rn,	and	suppose	too	that	we	know	that	f	has	a	maximum	point	x*	in	S-because	of	Theorem	3.13	or	for	other	reasons.	Finally,	(-1)3.t~	3	(-1)	3	D3	=	0.	(II)	Find	also	all	the	admissible	points	where	the	CQ	fails.	Then	the	homogeneous	differential	equation	(3)	has	n	linearly	independent	solutions.	This	proves	the
saddle	point	result	in	Theorem	32J.	If	the	control	variable	u	as	well	as	the	state	vector	x	appear	in	the	function	h,	the	restriction	is	often	referred	to	as	a	"mixed	constraint",	while	restrictions	of	the	type	h(t,	x)	~	0	are	called	"pure	state	constraints".	(See	Problem	2.4.6.)	2S(x,	NOTE	From	the	two	inequalities	specified	in	part	(c),	it	follows	that	f	y)	>	0
as	well.	Apply	(6)	witha(I)	=	2/t	andb	=	-1.	Because	g;	(x.0	,	yi)	<	b;	for	i	=	1,	...	(Note	the	analogy	with	the	one-varinble	case	in	which	"anything	can	happen"	at	a	stationary	point	where	f"	(x*)	=	0.)	The	following	function	has	stationary	points	(-2,	-2,	-2)	and	(0,	0,	0):	f(x,	y,	z)	=	x	3	+	3xy	+	3xz	+	y3	+	3yz	+	2	3	Classify	these	points	by	using	Theorem
3.2.1.	.5/Jfution,,	The	Hessian	matrix	is	!{3)	f"12	f"22	f"23	f"32	f''33	C	11	f	~~	!"31	c:	3	3	6y	3	3)	3	.	Assume	F(f1	(x),	...	(It	ls	quasiconvex	in	the	first	quadrant)	(d)	f	is	quasiconr:ave,	3,	(a)	a	=:::	0	(b)	g	is	concave	according	to	Theorem	2.3,5	(a).	SECTIOI\I	3,	/	EXTREME	POINTS	107	If	some	(or	all)	of	the	inequalities	are	replaced	.::.	Then	we	calculate
the	value	of	the	objective	function	for	these	values	of	x,	and	retain	those	x	with	the	highest	values.	Stability	Equation	(3)	is	globally	asymptotically	stable	if	the	general	solution	C1uPJ	+	·	·	·+	C	11	uj	11	)	of	the	associated	homogeneous	equation	(4)	tends	to	0	as	t	-+	oo,	for	all	values	of	the	constants	C1,	..	In	all	cases,	therefore,	one	has	Du	?:	0.
(Mortgage	repayments)	A	particular	case	of	the	difference	equation	(11.1.4)	occurs	when	a	family	borrows	an	amount	K	at	time	Oas	a	home	mortgage.	Thus,	given	a	subset	A	of	S,	a	relative	interior	point	of	A	is	a	point	a	in	A	such	that	Bs	(a;	r)	~	A	for	some	r	>	0.	From	(5),	it	follows	that	x1	moves	farther	and	farther	away	from	the	equilibrium	state,
except	when	xo	=	b/(1	-	a).	Passing	to	the	limit	as	t-+	oo	in	this	inequality	and	using	(d),	one	concludes	that	(x*(t),	u*(t))	is	optimal.	Thus	the	solution	of	the	problem	is	given	by	vT-k	=	(l/2)(w	-	qr-1c),	where	qr-k	is	determined	by	qT-(k+I)	=	13-CT-k)	PT-(k+l)	=	F(qr-1c),	with	qr=	0.	A	monopolist's	production	of	a	commodity	per	unit	of	time	is	x	=	x(I).
We	can	obviously	go	backwards	repeatedly	in	this	way	and,	for	every	t,	obtain	(vii)	From	(ii),	Cr	=	A,	while	C1	for	t	<	T	is	determined	by	backwaTd	recursion	using	the	first-order	difference	equation	C1l/y	-_	l	that	is	linear	in	+	(P.C	1-y)t/y	,.,	1+1°1	_	l	-	+	(/3	0	11-y)l/vcI/y	1+1	(viii)	c/lY.	(-l)1~	1	(x)	::::	0	for	all	x	in	Sand	all	ti,r(x),	¢::::::}	r	=	1,	...	(One	for
x(O)	<	4,	one	for	x(O)	>	4.)	2.	Then	u	(t)	will	be	left-contfrmous,	as	illustrated	in	Fig.	If	His	strictly	concave	in	(x,	u	),	then	the	inequality	(	**)	is	strict	for	(x,	u)	f=-	(x*,	u*),	and	so	D	1,	>	0	unless	x(t)	=	x*(t)	and	u(t)	=	u*(t)	for	all	t.	It	is	not	sufficient	that	all	the	first-order	partial	derivatives	Bf,	/Bx1	exist.	ls	f	concave/convex?	,	Ut-l·	Of	course	only	the
values	of	]	1	(x)	for	x	E	X	1	(xo)	are	relevant.	Solve	the	problem:	max.	Find	the	only	possible	solution	to	the	problem,	distinguishing	between	two	different	cases.	,	an)	is	called	an	equilibrium	point	for	(l)	if	fi(a1,	...	,	Xn	>	0	by	z"	=	A	"I	,.c•i	x	202	•	·	·	x""	11	(a1,	a2,	...	(c)	co(S)	=	the	set	of	all	points	in	the	triangle	with	vertices	at	(0,	0),	(a,	(d)	co(S)	is	the
closed	square	with	the	four	points	as	extreme	points.	Figure	3	shows	a	typical	case.	For	t	=	T,	condition	(v)	then	reduces	to	f3T	xf(w	-	2vf)	=	0,	and	so	=½w	(vi)	According	to	(4),	fort=	1,	...	At	time	T,	equation	(9)	is	trivially	satisfied	because	F(T,.)	is	independent	of	XT+l·	Fort	:::::	1,	2,	...	On	the	other	hand,	if	ot	<	0,	then	ecx	<	1	and	thus	a	=	e-cx	>	1.
(b)	;,,	(c)	Jc	=	4,	and	(2,	3,	1)'	is	an	associated	eigenvector.	(b)	Use	Theorem	9.7.2	to	prove	that	the	pair	found	in	(a)	is	optimal.	(a)	Cn	(b)	(1/3	1/2\	1/9	1/3)	(c)	(42	11	1)	1	I	O	2	Mathematics	is	like	an	addiction,	or	a	disease;	you	can	never	truly	shake	it	off,	even	if	you	want	to.	(c)	Tf	L~=l	a;	<	1,	then	(because	each	a	1	is	positive)	for	all	k,	so	the	sign	of
D1c	is	that	of	(-1)".	From	(4)	we	get	ex	ln(l	+	y)	R:::	+	xy	y	-	½Y	2	bles	Taylor's	Formula	with	n	We	briefly	explain	how	to	derive	Taylor's	formula	for	a	function	of	many	variables,	Suppose	we	want	to	approximate	z	=	f(x)	=	f(x1,	...	(ii)	u'.;,	(t,	x)	(a)	Show	that	for	every	a,	the	function	u(t,	x)	x	=	j:	2	/	x.	(a)	Solve	the	following	problem	when	r	>	a	>	0:	max.
Jumps	in	State	Variables	So	far	we	have	assumed	that	the	control	functions	are	piecewise	continuous	and	that	the	state	variables	are	continuous.	Now,	Du	(t)	r	=	(H")*	-	=	f	'A,g*	1'	Cf*	-	f)e-rr	dr	~	=	(He)*	-	'A,x''	and	f	1[(H'')*	-	Hc]e-rr	dr	+	~	=	He	-	AX,	so	1m	1	dr	A.e-rT	(x	-	By	concavity	of	He.	one	has	&(HC)*	D(H")*	(He)*-	H"	2:	-	-	-	(	x	-x*)	+	--au	.
Also,	Yk	belongs	to	5-'	(xk)	fork	::::	k	1	,	thus	confirming	lower	hemicontinuity	at	x	0.	F(t,	x)	2.	6	Prove	that	the	function	f	(x1,	x2,	x3)	=	100	-	2x?	As	u	varies	in	[-1,	2],	the	second	coordinate	takes	all	values	between	1	and	-3.	(b)	Solve	problem	(*).	If	x*	is	an	interior	point	of	S,	it	must	be	a	stationary	point	for	f.	Suppose	all	admissible	x(t)	are	continuous
elsewhere.	It	is	often	desirable	to	make	these	assumptions	as	weak	as	possible	without	losing	the	essential	aspects	of	the	problem.	Prove	that	A	is	positive	definite	{===?	The	optimal	value	function	V	for	this	problem	will	depend	on	v.	A.2.1.)	~M)	4.	111	2	1.	,	T	-	3,	assuming	that(*)	is	true	for	i	So	equation	(10)	becomes	or	a1	+	h1Xt	+	c1	-	½xi+	I	-
2x1	+	x,-1	-	2v1-1	=	0,	which	gives	It	follows	that(*)	holds	with	a,-1	=	bI	_1	(a	1	+	c	I	+	1),	where	bI	-1	=	2/(5	-	2b	I	),	and	with	c1-1	=	-2b1-1.	,	Vs,	for	each	s	=	t	+I,	..	Here	the	transfonnation	u	r+	e"	is	convex	and	increasing,	and	u	is	convex,	so	by	Theorem	2.3.S(b),	g	i.s	convex.	,	Xn	defined	on	a	set	Sin	IR	11	•	Suppose	that	the	point	x*	=	x,~)	belongs



to	S	and	that	the	value	of	f	at	x*	is	greater	than	or	equal	to	the	values	attained	by	f	at	all	other	points	x	=	(x1,	...	Note	that	f(N	n	X)	c;	U	{==:}	N	n	X	c;	r~	1(U).	At	each	point	on	the	nullcline	f	(x,	y)	=	0,	the	i	component	is	zero	and	the	velocity	vector	is	vertical.	Furthermore,	in	our	view	the	existing	economics	literature	has	paid	too	little	attention	to
some	of	the	subtler	issues	that	frequently	arise,	especially	when	the	time	horizon	is	infinite,	Some	early	chapters	review	and	extend	elementary	matrix	algebra,	multivariable	calculus,	and	static	optimization.	=	I,	5x	2	)	e-	1	dt,	x(0)	(i)	x(l)	is	free?	With	A"(t)	given	and	C*(t)	=	'A*(t)-lfv,	the	first-order	condition	for	a	maximum	of	He	is	satisfied,	and
because	J/C	is	concave	in	C,	it	reaches	a	maximum	at	C*(t).	7	/	11\J	FI	N	I	TE	H	O	RI	Z	O	N	ST	AT	I	O	N	A	RY	PRO	8	L	E	M	S	463	The	first	successive	apprnxbnation	method	can	be	formulated	as	follows.	Problem	(1)	can	then	be	formulated	as	follows:	Find	the	amounts	x1,	...	The	cosine	function	is	the	rule	that	maps	x	to	the	number	u.	Yet	for	some
control	problems	in	economics,	the	final	time	is	also	a	variable	to	be	chosen	optimally,	along	with	the	function	u(t),	t	E	[to,	t1].	Let	1r	=	{u,	(x	1,	v	1)	};=	0	be	an	arbitrary	control	sequence.	If	C(T*,	0)	>	0,	then	u*	(T*)	>	0,	because	u')	(T*)	=	0	contradicts	(iii).	We	begin	by	expanding	the	Lagrangian	cC	about	x*	using	Taylor's	formula	(as	in	Theorem
2.6.8),	and	including	terms	up	to	the	second	order,	With	h	=	(h	1,	.••	,	h,,),	we	get	n	,£.(x''	.	This	equation	holds	fort	=	0,	...	The	stability	properties	of	the	SECTION	6.8	/	STABILITY	FOR	NONLINEAR	SYSTEMS	253	equilibrium	can	be	examfoed	by	appealing	to	Theorem	6.8.	1:	the	equilibrium	point	(p	0	,	q	0	)	is	asymptotically	stable	for	system	(*)
provided	as1)	+	H~(o)(cJD2	ap	aq	H'(0)(3D1	_	ap	1	_	3S2)	<	0	aq	(a)	and	All	the	partial	derivatives	are	evaluated	at	(p	0	,	q	0	),	and	in	(b)	we	have	cancelled	the	positive	factor	H{	(0)fl:~(0).	But	these	conditions	do	not	say	much	about	whether	f	has	a	local	maximum	or	minimum	in	directions	through	x*	other	than	those	parallel	to	one	of	the	coordinate
axes.	It	follows	that	flu,	k,	p(t))	=	ap(t)k	fork	2':	0,	while	fl(t,	k,	p(t))	=	ak	fork	:S	0.	That	is,	£(x)	=	f	(x)	-	A\	(g1	(x)	-	bi)	-	·	·	·	-	1c	111	(g,,,	(x)	-	b111	),	where	AJ,	...	The	last	integral	is	simply	rp(t)K	(t),	so	solving	the	equation	for	R(t)	yields	R(t)	=	(r	K(t))	p(t)	-	-	K(t)	p(t)	Thus	the	rental	price	is	equal	tor	p(t),	the	interest	cost	of	each	unit	of	capital,	minus	p
K/	K,	which	represents	the	loss	from	depreciation,	minus	1,1,	because	increases	in	the	p1ice	of	the	capital	good	reduce	the	cost	of	holding	it.	The	solution	curves	are	ellipses	or	circles,	See	Example	3(b)	below.	In	this	case,	for	each	times	and	each	pointy	in	the	state	space,	we	specify	the	optimal	control	u	=	iics,yJ	to	use.	In	the	special	case	of	no
deposits	or	withdrawals,	equation	(5)	reduces	to	I	w1	=	wo	[l	(1	+	rk)	s=l	just	as	one	would	expect.	+A	1-	1	=	(I	-	A1	)(I	-	A)-	1	.	The	equation	is	clearly	globally	asymptotically	stable	and	x(t)	-,,.	,	x	11	)	E	IR	11	:	X1	:::	0,	...	9	/	CONCAVE	PRO	G	RAMMING	149	For	any	such	supergradicnt.,	if	c	~	b,	then	j'"(c)	::=:	j'"(b),	so	A·	(c	-	b)	::=:	0.	1.8).	578
ANSWERS	ti	2.	Relative	Topology	Sometimes	we	are	concerned	only	with	a	given	subset	S	of	ITi'I".	Indeed,	with	J(x)	=JI+	x	the	right-hand	side	of	the	Bellman	equation	becomes	max{l	-	u	+	,B[y	+	(1//3)(x	+	u)]}	=	1	+,By+	x	ll	independent	of	u.	r	11	SECTION	7.3	/	STABILITY	OF	LINEAR	DIFFEREl'IITIAL	EQUATIONS	267	To	check	if	(1)	is	globally
asymptotically	stable,	therefore,	it	suffices	to	find	the	roots	of	the	characteristic	equation.	Inserting	this	function	into	(1)	gives	a	first-order	differential	equation	for	x(t).	As	n	---+	co,	the	left-hand	side	of(*)	converges	to	x(t)	for	each	t	in	(t0	-	r,	to	+	r),	whereas	it	can	be	shown	that	the	right-hand	side	converges	to	x	0	+	J;~	F(s,	x(s))	ds	So	x(t)	=	x	0	+
J;~	F(s,	x(s))	ds	for	all	tin	(to	-	r,	to+	r).	y	'	3	/	/	l	:,	(2	'1)	\	"	'}	i	\	(f----2)-_....-.,/	/	----"'++...__..'	~-	________	,,.,;,.,,/,/	·1	--------2	;	I	/	/	3	4	X	Figure	1	Another	argument	is	this:	maximizing	-(x	-	2)	2	-	(y	-	3)	2	subject	to	the	constraints	must	have	the	same	solutions	for	x	and	y	as	minimizing	(x	-	2)	2	+	(y	-	3)	2	subject	to	the	same	constraints.	If	f	(t)	is	itself	a
solution	of	the	homogeneous	equation,	then	u*	=	At	sin	rt	+	Bt	cos	rt	will	be	a	particular	solution	for	suitable	choices	of	constants	A	and	B.	Suppose	there	is	a	fixed	total	endowment	ej	of	each	good	to	be	distributed	between	the	two	consumers.	,	0)	=	aux?	If	x	1	,	...	,f111	(x))=O	forallxinA	(4)	If	F	=	0,	then	(4)	is	satisfied	regardless	of	the	functions	f1,	...
Prove	that	(0,	0)	is	globally	asymptotically	stable.	Show	that	the	corresponding	path	does	not	converge	to	(0,	0).	2	Consider	the	simple	macroeconomic	problem	of	trying	to	steer	the	state	y(t)	of	the	economy	over	the	course	of	a	planning	period	[O,	T]	toward	the	desired	level	y,	independent	oft,	by	means	of	the	control	u(t),	where	_y(t)	=	u(t).	Then	h	=
f	+g	E	H(x.0	).	Consider	the	following	problem.	Next,	Section	7.4	introduces	systems	of	differential	equations	in	n	variables,	and	briefly	discusses	methods	of	solving	them	based	on	eigenvalues,	or	on	an	n	x	n	matrix	function	called	the	resolvent.	,	r1c),	where	x	E	S	c;	IR"	and	r	E	[Rk.	For	each	fixed	r	suppose	we	have	found	the	maximum	off	(x,	.r)	when
x	varies	in	S.	Then	Yk	E	A	and	g(x1c,	Yk)	;£	b.	Figures	l	and	2	show	two	possible	configurations	around	a	stable	equilibrium.	Suppose	too	that	there	are	equal	repayments	of	amount	a	each	period,	until	the	mortgage	is	paid	off	after	n	periods	(for	example,	360	months;::	30	years).	In	contrast	to	the	Lyapunov	theorem,	which	gives	local	stability,
conditions	(a),	(b	),	and	(c)	in	Olech's	theorem	are	required	to	hold	throughout	!R	2	,	not	on]y	at	the	equilibrium	point.	In	this	case	the	paths	that	approach	the	equilibrium	point	will	run	along	the	straight	line	corresponding	to	the	eigenvector	associated	with	the	negative	eigenvalue.	e	11	and	=	-7eu	58	C	HAP	TE	R	2	/	IVI	U	LT	IV	AR	I	AB	LE	CAL	C	U
LU	S	Theorem	2.3.1	(a)	and	(b)	can	also	be	generalized	ton	variables.	If	the	infimum	and/or	supremum	value	is	attained,	inf	and	sup	can	be	replaced	by	min	and	max,	respectively.	(c)	Not	separable.	F	has	the	closed	graph	prope6y,	but	has	no	fixed	point.	Suppose	that	the	elements	of	the	vector	F(t,	x)	and	the	matrix	F~(t.	Suppose	too	that	U'(C)	>	0,	U"
(C)	<	0	so	that	U	is	strictly	increasing	and	strictly	concave.	oo,	where	f(xo)	E	f(K)	because	xo	E	K.	Many	economists	have	also	looked	for	regular	periodic	patterns	in	macroeconomic	variables	like	national	output	or	interest	rates.	,	T,	and	the	corresponding	optimal	controls.	evaluated	atx	0	.	The	cosine	curve	can	be	obtained	by	translating	the	sine
curve	n	/2	units	to	the	left	This	follows	from	the	first	of	the	following	formulas:	sin(x	+	n/2)	=	cosx,	cos(x	+	rr/2)	=	-	sinx	(7)	(To	prove	these	formulas,	use	Problem	4	and	formula	(8).)	y	y	=	cosx	/	""/	/	/	1	'	/	/	-2n	/y	=	sinx	'-	/	JT	2	-I	'-	/	''-	'-	Tl	'-	,_/	/	3Jr	/_1/	2n	'-	X	Figure	5	The	graph	of	the	tangent	function	is	shown	in	Fig.	Determine	which	ofthe	equations
in	Problem	6.3.	l	are	globally	asymptotically	stable,	and	verify	(3)	in	this	case.	Xk	for	all	k	>	N.	3,	10	Precise	Comparative	Statics	Results	So	far	the	arguments	related	to	the	value	function	and	the	envelope	theorems	have	assumed	a	priori	that	the	functions	are	differentiable.	Such	problems	are	discussed	in	Section	9.8.	Note	9.8.1	points	out	that	the
conditions	in	the	Mangasarian	or	Arrow	theorems	are	not	sufficient	for	optimality	in	variable	time	problems.	=	-?	A	particulai·	example	is	the	simplex	T	=	{(x	1,	...	(b)	Determine	also	the	direction	ofmaxirnal	increase	from	the	point	(1,	1,	1).	y	-+-------------x	Figure	1	E1	Figure	2	shows	a	vector	field	for	the	system	studied	in	Example	6.6.2:	=	i	.ft	t	,	1	t	-3,
I	..,,.	Specifically,	both	the	conditional	probabilities	P(v1+1	I	v	1)(or	densities	p(v1+1	I	Vt))	and	the	transition	function	g(x1	,	U1,	Vt+	1)	are	independent	of	t,	whereas	the	instantaneous	reward	is	/3	1	f	(x1	,	u	1)	with	j3	E	(0,	1).	The	tangent	at	any	point	on	the	graph	will	lie	above	the	graph	.	,	Yk	in	IR:"+	1	are	linearly	dependent,	so	there	exist	scalars	a
1•...	The	matrix	A	in	(2)	is	then	the	1	x	l	matrix	(F'	(a)),	and	the	only	eigenvalue	of	A	is	'A	=	F'	(a)	.	The	quadratic	form	Q(x)	is	indefinite	if	there	exist	vectors	x*	and	such	that	Q(x*)	<	0	and	Q(y*)	>	0.	=	+	·	··	+	w'(t)	=	[h1f{(g(t))	+	···	+	h	11	J;;(g(t)]	·	g'(t)	=	[hif{(g(t))	+	·	·	·	+	hnf;(g(t))]	·	h	=	h'	·	f'(g(t))	·	h.	9.10	Scrap	Values	In	some	economic
optimization	problems	it	is	natural	to	include	within	the	optimality	criterion	an	additional	function	representing	the	value	or	utility	associated	with	the	terminal	state.	The	definiteness	of	a	quadratic	form	can	also	be	determined	from	the	signs	of	the	eigenvalues	of	the	conesponding	matrix.	(k*)	-	8k*.	In	the	above	formulation,	the	state	x	and	the	control
u	may	well	be	vectors,	in	say	!Rn	and	IR',	respectively.	,	1	11	(e)	Q	is	indefinite	¢=:}	A	has	both	pos.	Then	the	sequence	of	value	functions	satisfies	the	equations	1,(x)	=	max	[f	(s,	x,	u)	+	ls+!	(g(s,	x,	u))	],	uEU	fr(x)	=	max.	l	IS	·	I1ere	aA	(c	)	Th	__	e	mat11x	=	(-¾	2	¾\)	.	X1+1	=	xrCl	+	Ur),	t	=	0,	...	Therefore,	Am	-,.	f(x,	y)	•$~,	5.	But	that	would	imply
that	>	0	and	that	AA	1A	must	be	productive.	Whether	we	observe	(x,	v)	at	time	O	or	at	time	t	does	not	matter;	the	optimal	choice	of	u	should	be	the	same	in	each	case	because	the	future	looks	exactly	the	same.	f	in	S	if	and	(b)	If	f	is	convex	in	S,	then	x*	is	a	(global)	minimum	point	for	fin	S	if	and	only	if	x*	is	a	stationary	point	for	f.	t1	The	Jacobian
matrices	g'	(f(x)),	f'	(x),	and	(g	of)'(Xo)	are	p	x	m,	m	x	n,	and	p	x	n	rnat1ices,	respectively.	Suppose,	in	addition,	that	F(O,	...	The	Hamiltonian	is	H(t,	x,	u,	p)	=	=	-2x	and	H:,	=	-2cu	+	p.	(3)	,	,	Functional	Dependence	In	formulating	the	counting	rule	we	assumed	that	the	equations	were	independent.	The	conespondence	F	has	the	dosed	graph	property	if
it	has	the	closed	graph	(4)	property	at	every	point	in	X,	i.e.	if	for	every	convergent	sequence	{(xk,	Yk)}	in	graph(F)	whose	limit	is	a	point	(x0	,	y0	)	in	X	x	1fl111	,	one	has	y	0	E	F	(x0	).	1	+00	7.	-	F)dt	2:	1·	to	11	dd	[aF*	-y(x'.-x)	]	dt	=	t	X	1	1	1	to	-aF*._	(x'..	In	Example	1,	the	sequence	{xk}	converges	to	1	because	1/	k	tends	to	Oas	k	tends	to	oo.	For	those
x	to	the	right	of	x1,	there	is	no	suitable	y	at	all.	Solve	the	problem:	max	E	[	I:,~;01	2u)	12	+	aX	r]	subject	to	u	1	2:	0,	with	x	0	fixed	and	positive,	where	a	>	0	and	X	1+1	=	X	1	-	u	1	with	probability	1/2,	Xt+	1	=	0	with	probability	1/2.	Starting	from	Xr-	2	at	time	T	-	2,	next	period	the	gambler	ends	up	with	probability	pat	XT-1	=	xr-2	+	uxr-2,	where	h-1
(xr-1)	=	ln(xr-2	+	ur-2Xr-2)	+	B;	and	with	probability	1-	p	atxr-1	=	xr-2-ur-2xr-2,	where	h-1	(xr-1)	=	ln(xr-2	-uxr-2)+	B.	We	conclude	that	x*(l)	=	2,	with	A=	(2e	-	1)/(e	2	-	1).	Nevertheless,	the	following	formula	is	particularly	useful:	cos(x	+	y)	=	cosxcosy-	sinxsiny	(8)	(For	a	proof,	see	Problem	13.)	By	using	this	basic	equation,	similar	fonnulas	for	cos(x	-
y),	sin(x	+	y),	and	sin(x	-	y)	are	quite	easy	to	prove	(see	Problems	3	and	4).	For	instance,	if	f(x(t),	y(t))	>	0	and	(t),	y(t))	<	0	at	P	=	(x(t),	y(t)),	then	as	t	increases,	the	system	moves	from	the	point	P	down	and	to	the	right.	(Hint_·	Assume	x,	y	495	E	S	and	letxk-,,,	x,	Yk-,,,	y,	where:lh,	Yk	ES.)	(~Iii[:	3,	Prove	that	if	Sis	a	convex	set	in	IR",	and	xis	not	an
interior	point	of	S,	ihcn	x	1s	not	an	interior	point	of	S.	111is	plane	cuts	the	ordinate	set	of	f	into	two	parts.	(Existence	and	uniqueness	follow	from	Theorem	7.6.2	below.)	The	resolvent	of(*)	is	the	11	xn	matrix	Pll(t)	P(t,	to)	=	(	Pin	(t))	:	(10)	Pni	(t)	Pm~	(t)	whose	columns	are	the	solutions	PJ	(t).	The	common	limit	is	e,	and	so	(1	+	1/n)"	<	e	<	(l	+	1/n)"+	1
for	all	n.	If	(3)	is	replaced	by	the	requirement	x	·	F(t,	x)	:::	a(t)	llxll	2	+	b(t)	for	all	x	and	all	t	~	to	(4)	then	the	initial	value	problem	(1)	has	a	unique	solution	defined	on	[to,	oo).	u	=	{1	if	t	:S	1	O	if	t	>	l	'	*	(t')	x	*	(t·)	.	To	apply	the	stochastic	Euler	equation,	we	define	F(T,	xr,	xr+1,	vr)	=	/3T	u(xr)	and	F(t,	Xt,	Xt+l,	Vt)	=	/3	1	u(cr)	=	/3	1	u	(x1	+-	V1	-	a-	1	x
1+	1)	for	t	=	0,	1,	...	(b)	If	f	(x)	is	quasiconcave	(quasiconvex)	and	F	is	decreasing,	then	quasiconvex	(quasiconcave).	If	A	=	0,	then	z	=	y.	A	Determinant	Criterion	for	Quasiconcavity	For	C	2	functions	one	can	check	quasiconcavity	by	examining	the	signs	of	certain	detenninants,	called	bordered	Hessians.	Then	x	2	+	y	=	2	and	y	>	l.	(a)	l(x,	y)	RcJ	1	+	xy
2.	Find	the	solution	to	Example	9.2.2	using	the	current	value	formulation.	Note	that	for	the	optimal	solution	'A	=	0	and	x	2	+	=	1.	The	total	discounted	cost	of	planting	at	the	rate	u(t)	in	the	period	from	t	=	0	lo	t	=	5,	when	the	rate	of	interest	is	r,	is	then	necessary	conditions	for	the	problem	min	1	5	C(t,	x)e-rt	dt,	(b)	Solve	the	problem	when	r	g"(u)	>	0.
Decide	whether	they	are	stable	or	unstable.	Estimate	the	cmTesponding	change	in	the	value	function	by	using	(10).	It	remains	to	show	that	AA	is	an	eigenvalue	of	A	with	an	associated	nonnegative	eigenvector.	a	•	113	(b)	Show	that	if	A	is	a	nom1egative	n	x	n	matrix	with	all	row	sums	less	than	1,	then	A	is	productive.	Clearly,	x(t)	is	admissible,	because
it	is	C	2	with	x(to)	=	x*(to)	+	aµ,(to)	=	xo	+	ot	-	0	=	xo	and	x(t1)	=	x*(t1)	+	otµ,(t1)	=	x	1	a	-	0	=	x	1•	If	the	function	µ(t)	is	kept	fixed,	then	J	(x*	+	aµ,)	is	a	function	I	(a)	of	only	the	single	scalar	a,	given	by	+	1	11	l(a)	=	F(t,	x*(t)	+	aµ,(t),	x*(t)	+	aµ(t))	dt	(3)	to	Obviously	I	(0)	=	J	(x*).	avcx0,	x1'	to,	11)	-	-	-	-	-	-	=	-p;(t1),	ax/	-	-	-	~	-	-	=p;(to),	x	i	=	1,	"',	11
(4)	i	=	(5)	1,	...	,	,	But	it	is	a	long	lived	misconception	in	the	economic	literature	that	if	x*	solves	problem	(1	),	then	x*	necessarily	maximizes	the	Lagrangian.	The	same	result	extends	to	all	p	>	0	and	w	0,	since	p	0	and	w	0	were	arbitrary.	(As	a	function	of	ti	it	has	a	maximum	attn	Because	of	(xi),	thi~	implies	that	tr	,	p(tt))	This	equation	gives	an	extra
condition	for	determining	=	v,;	ut,	x*(t7))	=	0	(xii)	t;',	and	is	precisely	condition	(9.8.2).	Hence,	tr	ecxt	=	tr/	a	1	-+	0	as	t-+	co.	ofn:(a)	a1,\a)	OX]	OX	11	(2)	If	all	the	eigenvalues	of	A	have	negative	real	parts,	then	a	is	locally	asymptotically	stable.	Sox*	=	l.	We	conclude	that	the	only	possible	solution	candidate	is	(0,	-1/2,	3/2).	,	n	-1,	then	u	is	0,	oi	>	0,	i
We	have	z	=	Au-µ,/p	where	u	=	81x	P	+	82x	P	+	·	·	·	+	811	xi:/.	g;	g;	must	satisfy	-	v~	-	3w'c	=	0,	-2	+	u~	-	w~	=	0,	2	-	u~	-	v~	+	3w.~	=	0.	Trivially,	J!f.	For	details	we	refer	to	the	literature.	In	capital	theory,	one	principle	for	determining	the	acquisition	value	V	(t)	of	the	finn's	capital	implies	that	V(t)	=	p(t)K(t)	=	/	00	R(r)K(r)e-r(,-f)	dr	(for	all	t)	This
says	that	V	(t)	should	equal	the	discounted	present	value	of	the	returns	from	using	the	firm's	capital.	6	/	AD	JO	I	NT	VAR	I	AB	LES	AS	SHAD	OW	PR	I	C	ES	325	certain	conditions,	it	can	be	shown	that	V	as	a	f1mction	of	v	is	defined	in	a	neighbourhood	of	v	=	0,	that	V	is	differentiable	w.r.t.	v	at	v	=	0,	and	that	(3)	A	General	Economic	Interpretation
Consider	a	firm	that	seeks	to	maximize	its	profit	over	a	planning	period	[to,	t	1],	The	state	of	the	firm	at	time	t	is	described	by	its	capital	stock	x	(t).	We	assume	that	the	rate	of	change	of	x(t)	depends	on	t,	x(t),	and	u(t).	Find	the	general	solutions	of	the	systems	when	a	(a)	Xt+I	Y1+1	=	ayt	=	bx,	=	-	Y1	(b)	Yt+l	(b)	-	Zt	+I	-	Zt	+t	-	Yt	+	2t	,	xo	=Yo=	0	zo	=
l	>	0	and	b	>	0.	Hence,	by	Theorem	14.	In	fact,	(iii)	implies	that	L(x,	y)	is	constant	along	solution	curves	for	(i).	In	general,	they	are	definitely	not	sufficient	on	their	own	.	2.2.5.)	Let	F	be	the	closed	interval	[a,	oo).	Is	the	system	globally	asymptotically	stable?	semidef.	X3	Next,	we	want	to	generalize	the	definitions	after	(3)	and	the	associated	results	in
(4)	and	(5)	to	general	quadratic	forms.	Frequently,	the	easiest	way	to	show	that	a	transfonnation	is	continuous	is	to	use	the	following	condition.	TI1e	condition	for	negative	definiteness	is	that	the	determinant	on	the	right-hand	side	of	(2)	is	>	0.	,	Am	are	the	Lagrange	multipliers.	(b)	S	+	T	is	S	translated	so	that	its	south-west	comer	coincides	with	T-i.e.
S	+	T	is	the	rectangle	[b,	b	+	a]	x	[b,	b	+	a].	l	d	11	x	Prove	that	the	nth-order	differential	equation	dtll	transfonned	into	a	normal	system.	In	other	words,	x	1	f	xo,	but	xo	=	x2	=	X4	=	·	·	·	and	x	1	=	x	3	=	x	5	=	,	,	..	111	Extreme	Points	of	Convex	Sets	An	extreme	point	of	a	convex	set	S	in	[Rn	is	a	point	in	S	that	does	not	lie	"properly	inside"	any	line
segment	in	S.	X]	=	Ae-t	+	Be-	21	+Ce	2t,	X2	=	Ae-	1	+Ce	21	,	X3	=	-Ae-	1+2Ce	21	'	(We	find	that	::i:'1	+x1	1	2	with	charactetistic	polynomial	r:	+	r	-	4r	-	4	=	(r	+	l)(r	2	-	4).)	-4x,	-4x1	=	0,	l.	Since	p(t)	is	continuous	and	strictly	decreasing	with	p(O)	>	1	and	p(T)	=	0,	there	is	a	unique	t*	in	(0,	T)	such	that	p(t*)	=	1,	with	p(t)	>	l	in	[O,	t,,)	and	p(t)	<	0	in	(t,,
T].	Show	that	if	Q	=	x'	Ax	in	(8)	is	positive	definite,	then	(a)	at;>O,	i=1,	...	(b)	Insert	this	function	into	the	differential	equations	(2)	and	(6)	to	obtain	i(t)	=	g(t,	x(t),	au,	x(t),	p(t)))	and	p(t)	=	-Ii,~	x(t),	u(t,	x(t),	p(t)),	p(t))	This	gives	two	differential	equations	to	determine	the	functions	x(t)	and	p(t).	(In	fact,	the	second	inequality	implies	f	{'1	f	>	(f{2)2	:::,:
0.	SECTION	6.4	/	STABILITY	FOR	LII\IEAR	EQUATIONS	235	·10.	(See	Theorem	3.1.2.)	The	concavity	of	H(t,	x,	u,	p(t))	in	(x,	u)	is	satisfied,	for	example,	if	f	and	pg	are	concave	in	(x,	u),	or	if	f	is	concave	and	g	is	linear	in	(x,	u).	But	J"	(x)	=	0	for	all	x	:::	0	if	we	choose	u(x)	=	a.	Solving	the	first	equation	for	y	gives	y	=	,ie-1	-	2xe-	1	+	l.	This	supremum	is	a
function	of	x,	and	we	take	the	supremum	of	this	function	as	x	runs	through	A.	Second,	f(x*(r),	r)	changes	directly	because	the	variable	l'j	changes.	Some	infinite	sets	can	be	written	in	a	similar	way,	like	the	set	N	=	{l,	2,	3,	...	Differentiating	the	value	function	V(xo,	T)	from	Example	1	w.r.t.	T,	using	the	Leibniz	mle	(4.2,3)	yields	-av	aT	=	1	-	x0	T	4	-	.lr	4
+	+	.!y	4	12	lr	0	2	T	-	l(T	2	[lt	2	s	-	t	2	)2T]	dt	Integrating	and	simplifying	gives	av	=	1	-aT	xo	T	i	4	+	-T	6	Now,H*(T)	=	1-Tx*(T)-(u*(T))	2	+p(T)u*(T)	=	l-x	0	T+¾T4,becauseu*(T)	=0	and	x*	(T)	=	x	0	-	¾T	3	.	Another	example	is	the	minimal	time	problem	in	which	the	objective	is	to	steer	a	system	from	its	initial	state	to	a	desired	state	as	quickly	as
possible.	After	this	insertion,	since	x1	affects	the	expectation	of	11+	1	only	through	its	effect	on	X	1+	1	,	we	can	write	equation	(5)	as	Moreover,	when	t	=T	we	have	h(xr,	vr)	=	h(xr)	=	max	f(T,	ur	Xy,	Uy)	(7)	TI1ese	equations	are	similar	to	(6)	and	(7)	in	Theorem	12.1.	1	for	the	deterministic	case.	In	Section	3.10	we	discuss	sufficient	conditions	for
differentiability.	An	important	fact	about	strictly	quasiconcave	functions	is	that	they	cannot	have	more	than	one	global	maximum	point:	ih:	and	y	are	two	different	points	with	f	(x)	=	f	(y),	then	f	(z)	>	f	(x)	for	every	z	on	the	open	line	segment	(x,	y).	Now	direct	From	Example	1.5.l(a),	theeigenvaluesare)q	P	we	can	choose	P	=	(_	2	1)	3	1	multiplication
shows	that	p-l	AP	,	.	For	example,	A=	")	1	0	2	2	3	1	0	:	1	0	4)	1	2	:	1	3	4	(2-------~-----------	:	'	0	0	:	2	-	(	,	The	matnx	A	can	be	partlt10ned	A11	A21	A12)	A22	1	4	where	A	11	,	An,	A21	,	and	A22	arc	submatrices	of	dimensions	2	x	2,	2	x	3,	1	x	2,	and	l	x	3,	respectively.	More	generally,	y	=	sin(ax)	is	periodic	with	period	2n	/	a,	because	as	x	increases	by	2n	/	a,
so	ax	increases	by	2rr.	,	T-1,	withxo	a	positive	constant.	!B	be	the	operator	defined	so	that,	for	any	real-valued	bounded	function	I	(x,	v)	in	!B,	the	transformed	function	Tu(/)	of	(x,	v)	satisfies	T(I)(x,	v)	=	max	r(J)(x,	v)	=	max{J(x,	u)	u	uEU	+	f3E[I	(g(x,	u,	V),	V)	Iv]}	SEC	T	I	O	I\J	'I	2	.	In	the	case	when	D(p)	=	do+	dip	and	S(p)	=so+	s	1	p,	where	d	1	<	0
and	s	1	>	0,	differentiate(*)	w.r,t.	SECTIOI\I	'12.6	I	457	STOCHASTIC	OPTIMIZATIOI\I	2.	All	roots	are	real	(b)	P'	A3P	~	k:::	-13/12.	lf	it	is	not,	then	for	every	k	there	is	a	pair	xk,	y"	such	that	llxk	-	x	0	II	<	1/	k,	llyk	II	>	k,	and	:l	E	F(x")	But	{yk}	contains	no	convergent	subsequence.	An	important	aspect	of	the	book	is	its	systematic	treatment	of	the
calculus	of	variations,	optimal	control	theory,	and	dynamic	programming.	1	Let	f	be	a	function	of	n	variables	defined	on	a	convex	set	S	in	!Rn.	Then	f	is	quasiconcave	if	and	only	if	either	of	the	following	equivalent	conditions	is	satisfied	for	all	x	and	yin	S	and	all	A	in	[O,	l]:	f(h+	f	(x)	~	f	(y)	(1-	}l.)y)	~	min{f(x),	f(y)}	=>	f	(>..x	+	(1	-	)l.)y)	~	f	(4)	(5)	(y)
Suppose	that	f	is	quasiconcave.	(Remember	that	Xo	=	Xo	is	given.)	Hence,	(xj,	...	The	converse	is	also	true-that	is,	every	Cauchy	sequence	is	convergent:	A	sequence	is	convergent	if	and	only	if	it	is	a	Cauchy	sequence.	The	conditions	(a)	and	(b)	on	the	signs	of	the	determinants	are	refen-ed	to	as	the	(local)	second-order	conditions.	z):	y	2:	l,	z	2:	=	and
define	max	f(x,	y,	z)	(y,z)ES	1,	y	2	+z	2	:S	4}	~	IR	2	,	is	V	continuous?	Hence,	{xd	is	bounded.	,	n.	,.	Some	additional	concepts	like	the	control	region,	piecewise	continuous	controls,	and	requi1·ed	regularity	conditions	are	spelled	out	in	Section	9.3.	Section	9.4	goes	on	to	consider	different	alternative	terminal	conditions	on	the	state	variable.	So	g'(x)	=
1/	cosg(x)	=	1/,/1	-	sin	2	g(x)	=	1/,vl	y	x	2	.	Moreover,	k*(t)	is	an	interior	point	of	A(t)	for	every	t,	so	we	can	apply	Note	2	provided	that	fl(t,	k,	p(t))	is	concave	as	a	function	of	k	on	the	domain	A=	[O,	oo).	Hence	x*(l)	=	0,	and	so	A=	1/(e	2	+	1).	Because	f	is	continuous,	f(xk;)--,.	(c)	x(t1)	free	(Either	(a),	or	(b),	or	(c)	is	imposed.)	The	only	difference	from	the
standard	end-constrained	problem	is	that	t	1	can	now	be	chosen.	)	The	hyperplane	fl	divides	IR1	11	into	two	convex	sets,	H+	=	{x	E	IR1	11	:	p	,	x	:::	m}	and	1-L	=	E	IR"	:	p	·	x	:S:	m}	These	two	sets	are	called	ha(fspaces.	Putting	t	=	T	-	le	for	each	le,	we	find	that	J1	(x)	=	lnx	+	(T	-	t)C	and	u	2	=	1/2x	fort=	0,	1,	...	Under	certain	conditions	(see	Theorem
3.	(x*,	x*,	..	6	I	453	STO	C	H	A	ST	I	C	O	PT	I	M	I	Z	AT	I	O	N	1	The	sequence	of	policies	N.	The	problem	facing	the	individual	is	therefore	the	following:	I:,;=	T	max	L	U(t,	u	x1)	1	subject	to	x1+1	=	p(l	-	u1)x	1,	t	=	0,	...	(This	is	valid	only	for	autonomous	systems.)	For	the	autonomous	system	(1),	the	vector	(i(t),	y(t))	is	uniquely	determined	at	each	point
(x(t),	y(t)),	so	no	two	paths	in	the	xy-plane	can	intersect.	f(x,t)dt	•	ll(X)	I	==;-	F	(x)	=	/	/	f(x,	v(x))v	(x)	-	f(x,	u(x))u	(x)	1V(X)	+	.	1	/	49	GRADIENTS	AND	DIRECTIONAL	DERIVATIVES	4.	Because	p(l)	=	-1,	the	result	in	Note	9.4.2	implies	that	x*(l)	=	O.	,	T	-	1,	the	stochastic	Euler	equation	(10)	takes	the	form	As	in	the	general	problem	(8),	suppose	(**)	is
solved	backwards	to	find	successive	policy	functions	x	1+1	(x	1	,	v1).	We	show	this	by	applying	Theorem	6.9.	1.	Stewart	(1989)	A	function	f	from	a	set	A	to	a	set	B	requires	each	element	x	of	A	to	be	mapped	to	exactly	one	element	f(x)	in	8.	3.1	Extreme	Points	We	begin	by	recalling	some	basic	definitions	and	results.	(a)	x	-x	=	sint	,~iv(i	(b)	(e)	(b)	x	+	4i
+	8x	=	0	.Y	+	i	-	6x	=	8	x-	x	=	e-	1	+	Si	=	0	x	+	3i	+	2x	=	e	51	(c)	3,'\'	(f)	(c)	3.x	-	30i	+	7	Sx	=	2t	+	1	3.	By	Theorem	1.7.2.(b),	they	are	all	nonnegative	iff	A	is	positive	semidefinite.	The	following	charactctization	is	useful	and	quite	(6)	With	this	definition	the	requirement	in	(4)	can	be	formulated	as:	(x*(t),	u*(t))	is	CU	optimal	~	Jim	Du(t):::	0	for	all
admissible	1-+00	u(t))	372	CHAPTER	10	/	CONTROL	THEORY	WITH	MANY	VARIABLES	We	tum	next	to	the	behaviour	of	x(t)	as	t	approaches	infinity.	Furthermore,	let	u	(t)	denote	the	amount	of	fish	food	per	unit	of	time	measured	as	a	proportion	of	the	weight	of	a	fish,	and	let	c	>	0	be	the	constant	cost	of	a	kilogram	of	fish	food.	f'y	_2	4	4	-¾	-2	1e	_	2
_¾	1e	4	I	=	O,	1.e	.	On	the	other	hand,	ifwe	are	at	a	point	on	the	graph	below	the	then	x(t)	<	0,	and	x(t)	decreases	with	t,	so	we	move	from	dght	to	left.	.	(i	-	2x	-	3x	=	-·3t.)	2.	DIFFERENTIAL	EQUATIONS	Ill:	HilG	E.	Measuring	Angles	in	Radians	In	trigonometry,	it	is	common	to	define	the	sine,	cosine,	and	tangent	as	functions	of	the	angle,	which	is
often	measured	in	degrees.	Use	Theorem	6.8.2	to	show	that	(0,	0)	is	a	globally	asymptotically	stable	equilibiium	point	for	the	system	x	=	y,	y	=	-ky	-	(k	>	0,	w	f	0)	w2x	4.	(x	-	x	0	).	BASIC	TECHNIQUES	The	second	type	of	theorem	consists	of	sufficiency	results,	of	the	kind	originally	developed	by	Mangasarian.	I:7=	I:;=	J/1	(b)	This	follows	from	(a)	by
replacing	f	with	-	f	and	using	rule	(1.1,20)	for	evaluating	determinants.	,	n	-	I	we	have	u;"l	(0)	=	1	if	k	=	i	-	1,	and	u;kl	(0)	=	0	otherwise.	Such	functions	are	called	"policies",	or	more	specifically	Markov	policies	or	Markov	controls.	A	closer	study	of	the	vector	field	suggests	that	the	paths	spiral	towards	the	equilibrium	point	(0,	0).	!	j	-1	to	-	Figure	1	-£,	1
]	ro	to	+	-;&	Figure	2	The	following	more	precise	result	specifies	an	interval	on	which	a	solution	is	defined.	Choose	any	p	0	>	0	and	w	0	0.	4	Determine	the	Jim	and	lim	of	the	following	sequences:	(a)	{xd	=	{(-ll}	(b)	{xd	=	{(-ll(2	+	~)	+	l}	k	(a)	For	every	n	there	exists	a	number	k	2':	n	with	(-	Ii	=	1.	,	rk)	is	a	vector	of	parameters.	Then	there	exist
vectors	.Pr	in	IR	11	and	a	number	qo,	with	(qo,	Pr)	i=	(0,	0)	and	with	qo	=	0	or	1,	such	that	fort	=	0,	...	,	B11	are	continuous	functions	of	the	collection	of	vectors	(x0	,	:r.:	1	,	...	The	notes	to	Theorems	5.8.2	and	5.8.3	for	the	scalar	case	are	relevaJ1t	also	for	Theorems	7.6.1	and	7.6.2.	(For	proofs	of	these	theorems	and	of	Theorem	7.6.3	below,	see
Hartman	(1982).)	Condition	(3)	is	satisfied	if,	for	all	(t,	x),	sup	IIF~(t,	x)	YII	:::	c(t)	for	some	continuous	function	c(t)	(5)	IIYll=l	Dependence	on	Initial	Conditions	How	does	the	solution	of	a	differential	equation	change	when	the	initial	conditions	change?	(Hint:	You	need	to	solve	a	Bernoulli	equation.	Define	takes	the	form	YI	=	Y2,	YI=	=	F	x,	yz	=	dx/dt,
...	But	the	length	of	a	vector	still	suggests	the	speed	of	motion.	(b)	Let	1	be	then	x	1	matrix	(column	vector)	with	all	elements	equal	to	1.	Then	z	=	(1	-	(2)	r	)x-rx,	Substituting	this	into	(	*)	gives	1	.	Because	the	radius	of	the	circle	is	r	=	1,	the	circumference	equals	2nr	=	211:.	1	ln[y	-	a)'	-	zl	(t)]	dt	z	are	positive	constants	and	l	(t)	(b)	Suppose	that	/(t)	=
loecxt	is	a	given	positive	function.	First,	a	change	in	r1	changes	x*(r).	In	symbols,	f	f(x)	dx	=	F(x)	+	C	where	F'(x)	=	f(x)	For	instance,	if	a	f	-1,	then	I	xa	dx	=	-	1-xa+l	+	C	a+I	because	Two	other	importMt	indefinite	integrals	are	(a)	/	~	dx	=	In	Jxl	+	(b)	f	.	However,	transforming	the	vaiiables	sometimes	converts	a	seemingly	insoluble	differential
equation	into	one	of	a	familiar	type	that	we	already	know	how	to	solve.	We	see	that	rp"(x)	=	B	2	(x,	y)/(F~)	3	,	so	the	conclusion	follows.	,	a11	)	using	definition	(6).	Request	a	copy	Buy	this	product	Download	instructor	resources	Table	of	contents	:	TitleCopyrightContentsPreface1—Topics	in	Linear	Algebra2—Multivariable	Calculus3—Static
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£"zz	This	determinant	is	equal	to	150,	so	Pis	a	local	minimum	point	0	0	2	0	0	2	l	2	1	2	2	-1	-3	0	-1	-3	0	0	2	0	0	2	0	SECTION	3.4	/	LOCAL	SECOND-ORDER	CONDITIONS	Motivation	and	Proof	of	Theorem	3	127	1	To	give	some	explanation	for	the	rnnditlons	in	the	theorem	above,	suppose	for	the	moment	that	x*	is	a	local	extreme	point	for	the	Lagrange
function£	itself.	It	is	assumed	that	the	probability	that	V	1+	1	=	v	E	V	may	depend	on	the	outcome	v,.	(c)	If	f	is	homogeneous	of	degree	1	(constant	returns	to	scale),	then	f	is	not	strictly	concave.	m	tKJTF	'i	Condition	(3)	is	a	little	tricky.	In	fact,	if	A	is	an	n	x	n-matrix	and	t	is	any	number,	we	define	x0	eAU-tolx	0	.	Then	w(t)	=	r(t)w(t)	+	y(t)	-	c(t)	where	r
(I)	is	the	instantaneous	rate	of	interest	at	time	t.	Multiplying	each	tenn	of	by	the	discount	factor	D,	yields	I	[	Drw,=wo+L	k=!	.	(By	analogy,	many	non-concave	functions	of	one	variable	have	a	maximum.)	We	refer	to	Section	10.4.	R5	1.	(2004),	Chap.	8,	V(t)	=	(l/T(O))[G(t,	t)	+	(oG/Bt)	d,].	Now,	f{	(x,	y)	:::::	2x	+2y	and	f~(x,	y)	=	2x	+	3y2,	so	that	f[(l,	1)	=
4,	f~(l,	l)	=	5.	Specifically,	the	consumer's	objective	is	to	choose	consumption	c1	,	as	a	function	c1	(x	1	,	v1	)	of	wealth	x	1	and	current	income	v1	,	in	order	to	maximize	the	expected	discounted	sum	of	utility,	given	by	T-1	E[LfJ1u(C1	)	+	/3ru(Xr)]	t=O	s.t.	X1+1	=	a(Xi	+	V	1	-	C1),	t	=	0,	1,	...	A	business	cycle	model	due	to	F.	Finally,	it	is	assumed	that	the
instantaneous	utility	function	u	(C)	is	C	2	and	satisfies	u'	(C)	>	0,	u"	(C)	<	0	for	all	C	>	0.	Boundedness	follows	from	Theorem	13.2.4.	To	prove	that	S	is	closed,	let	x	be	any	point	in	its	closure	S.	AfterremTanging,	equation	(3)	then	takes	the	form	=	z-	2tz	=	-2t	3	This	is	a	linear	differential	equation,	and	we	can	use	formula	(5.4.6)	wit_h	a(t)	Because	f
a(t)	dt	=	f	-2t	dt	=	-t	2	,	we	get	z	=	Ce	12	-	2e	,2	I	t	3	e	-12	dt	-2t.	Because	Yk,.	(c)	Verify	that	Aj	=	BW*/Bej,	where	W*	denotes	the	maximum	value	of	W.	,,	Cn.	Then	the	effect	of	the	initial	conditions	"dies	out"	as	t-+	oo.	But	these	Markov	controls	are	only	conditionally	optimal.	Moreover,	if	the	maximization	problem	has	a	unique	maximum	y	=	y(x)	for
each	x	in	then	y(x)	is	continuous.	Say	x;	denotes	labour	and	Yi	energy.	(a)	fo-x	)2dx	(c)	(b)	[	ln(l	dx	e·'	+1	+	,/x)	dx	(c)	Jir5	x	~	d	x	1	27	(c)	,	0	-	-1-13	dx	1	+x	SECTION	4.2	4,2	/	LEIBNIZ'S	FORMULA	159	Leibniz's	Formula	Integrals	appearing	in	economics	often	depend	on	parameters.	It	follows	that	for	t	<	T	we	obtain	p	1	=	otT-t-I	PT.	(	r	b-	r	K-	b	-	-	-
K+--bK=O	,	For	b	V	V	-1-	(b	-	r)	/v,	this	second-order	differential	equation	has	the	general	solution	K	(t)	=	Aebt	+	B	/b-r)t/v	The	constants	A	and	B	are	detennined	by	the	equations	Ko	=	A	+	B,	KT	=	AebT	+	BeCb-r)T/v_	Because	f(K)	is	concave	and	U	is	increasing	and	concave,	the	function	K(t)	given	by	(*),	with	the	constants	determined	by	these	two
equations,	solves	the	problem.	This	yields	A+	B	=	1	and	A.Jle(·/2-l)T	-	B,JleC-./2-l)T	=	0.	(a)	Note	that	an	a11a22	-	ar2	=	(b)	011	=	-4,	a12	=	6	(not	12),	and	a22	=	-9.	e	At	,2	t3	2!	3!	r	2	··	,	=I+	tA	+	-A	+	-A-	+	..	,	rn),	11	11	11	,.	The	problem	is	that	"disturbances"	of	many	types	will	almost	always	occur,	which	will	divert	the	SECT	IO	I\J	1	0	,	8	/	G	EN	ERA
LIZ	AT	I	ON	S	387	system	from	the	optimal	path	initially	computed,	If	one	still	uses	the	"old"	control	u*(t),	the	resulting	development	of	the	economy	may	be	far	from	optimal,	and	it	may	end	up	at	an	undesirable	final	state,	This	problem	is	partly	resolved	if	we	are	able	to	"synthesize"	the	optimal	control,	in	the	sense	of	expressing	the	optimal	control	as
a	function	of	the	present	time	s	and	the	present	state	y.	That	is,	for	each	t	~	0	we	multiply	U(C(t))	by	the	discount	factor	e-rt.	Next,	define	x''(t)	=	.'i'(t;	to,	x	0)	and	u"(t)	=	1:i:(t;	to,	xo).	(a)	A	is	productive.	3,	the	length	of	PB	is	½.	Theorem	l.6,1	is	con	fumed.	According	to	Theorem	2.3.5(a),	the	function	h(x,	y)	is	concave,	so	G(x,	y)	=	g(x,	y)	+	y)	is
concave	as	a	sum	of	concave	functions.	in	the	equation	i	=	f	(t,	x,	y)	to	get	another	first-order	Of	course,	a	similar	approach	works	with	the	pair	of	equations	i	=	f	(t,	,	y	=	g	(t,	x,	y).	If	U	(t,	x)	is	empty,	then	by	convention,	the	maximum	over	U	(t,	x)	is	set	equal	to	-co.	The	intersection	of	this	plane	with	the	ordinate	set	is	the	shaded	plane	surface	P	QRS
in	Fig.	dt	ds	ds	ds	dt	ds	2	t	Inserting	these	expressions	into	(8)	yields	d	2x	ds	2	-	+	(a	-	dx	1)-	+bx=	0	ds	(14)	This	is	an	ordinary	second-order	equation	for	x(t)	with	constant	coefficients.	,	l	i=l+l,	...	Functions	Section	2.9	dealt	with	some	prope11ies	of	transformations	(i.e.	vector-valued	functions)	from	[Rn	to	!Rl"'.	It	is,	however,	still	continuous	at	the
kinks.	This	implies	that	g'(0)	=	V.f	(xY)	·	(x	-	x	0	)	2:	0.	(	aJia".	Hence,	u*(t)	=	1	for	tin	[O,	t'~].	=	b	·	x.	This	implies	that	repeating	any	listed	element	has	no	effect:	{	l,	3,	5,	1,	5,	2,	l}	=	{1,	2,	3,	5},	This	example	also	illustrates	that	the	order	of	the	elements	in	the	listing	makes	no	difference.	Since	xo	is	given,	we	can	work	forward	again	to	determine
first	x	1	=	x((xo),	then	xz	=	x	2(x1),	and	so	on.	If	p	:S	quasiconvex	(in	fact	convex	as	a	sum	of	convex	functions)	and	u	r-+	Au-i.i/p	is	increasing,	so	z	is	quasiconvex,	according	to	Theorem	2.5.2(a).	clusion	follows.	Note	that	this	is	entirely	different	from	the	set-theoretic	difference	S	\	T	=	{x	:	x	E	Sand	x	r/:-	T}.	You	should	now	give	two	different	examples
showing	that	a	c£1.n	be	locally	stable	or	locally	unstable	in	this	case.	He	created	the	layout	and	macros	for	the	book	and	many	of	the	figures.	Foralltwefindthatx(t)	2	+y(t)2	=	A	2	+B	2	,sothesolution	curves	in	the	xy-plane	are	circles	with	centre	at	the	equilibrium	point	(0,	0).	In	particular,	phase	plane	analysis	(see	Section	6.7)	can	be	used	to	shed	light
on	the	evolution	of	an	autonomous	system	even	when	explicit	solutions	are	not	obtainable.	If	the	student	acquires	some	economic	insight	and	intuition	at	the	same	time,	so	much	the	better.	Roughly	speaking,	f	is	continuous	if	small	changes	in	the	independent	variables	cause	only	small	changes	in	the	function	value.	HARDER	PROBLEMS	1~	6.
Suppose	that	f1,	...	Il1e	candidate	suggested	in	Example	9.6.3(b)	is	therefore	optimal.	We	put	X1	=	(x/,	...	If	we	define	x2(Y1,	yz)	x2(x1	(y1,	)12),	Y2),	then	x(y)	;;=:	(xi	(Y1,	Y2),	x2(Y1,	Y2))	is	a	solution	off	(x)	=	y.	Hence,	we	have	proved	that	if	p*	is	an	equilibrium	price	vector,	then	X1(p*)	0,	a	contradiction	of	Walras's	law.	(a)	Write	down	the	conditions
in	Theorem	10.1.J,	assuming	that	u	(t)	>	0	and	c(t)	>	0	atthe	optimum.	(a)	Formulate	the	welfare	maximization	problem	with	one	equality	constraint	for	each	of	the	goods.	The	condition	g'	(0)	=	0	for	each	h	l	affinns	that	f	must	be	stationary.	Theorem	3.1.2	does	not	apply	tog,	because	g	is	not	convex.	It	follows	that	F(f(x))	is	quasiconcave.	Most	kinds	of
differential	equation	do	not	have	this	nice	prope1iy,	however,	so	the	nature	of	their	solution	has	to	be	investigated	in	some	other	way.	This	implies	that	{f(xk)}	converges	to	f(x	0).	1	-	B(	../2	+	l)e-'121	.	Suppose	further	that	(x,	t)	is	integrnbly	bmmded	in	the	sense	that	there	exists	a	function	p(t),	independent	of	x,	for	which	p(t)dt	converges	and	IJ;(x,	t)I
::;	p(t)	for	all	t	>	c	and	all	x	in	[a,	b].	For	example.,	somebody	who	buys	an	apartment	worth,	say,	$200,000	will	expelience	a	coffesponding	downward	jump	in	their	bank	balance.	,	T	1.	In	this	normal	case,	we	see	that	l	r-	y	[	fT	_	£	A=	l	_	e-	0,	U"	<	0,	b'	>	0,	and	b"	>	0.	The	following	example	shows	that	it	actually	represents	familiar	formulas	from
calculus	written	in	matrix	form.	In	other	words,	each	consumer's	demands	represent	the	choice	of	commodity	bundle	that	maximizes	a	utility	function	subject	to	that	cons1.1mer's	own	budget	constraint.	1	First-Order	Difference	Equations	Let	t	=	0,	I,	2,	....	This	definition	allows	a	generalization	of	the	extreme	value	theorem	which	says	that,	if	K	£;	~"
is	a	nonempty	compact	set,	and	if	the	function	f	is	upper	semicontinuous,	the	f	has	a	maximum	point	in	the	set	K.	That	is.	Then	equation(*)	is	satisfied	for	all	t	only	if	C1	=	·	·	·	=	C	11	=	0.	But	then	f	is	not	necessarily	quasiconcave.	(3)	and	(4).	For	all	x	in	~	11	,	define	,f'(x)	=	{y	E	!Rm	:	g(x,	y)	:s:	O}	Show	that	the	correspondence	x	r»	/P(x)	has	the
closed	graph	property.	Itis	the	area	under	the	curve	connecting	Q	to	Rover	the	interval	[c,	d].	Anyway,	assume	that	the	goal	of	investment	policy	is	to	choose	K	(t)	fort	in	[O,	T]	in	order	to	make	the	total	discounted	utility	over	the	period	[O,	T]	as	large	as	possible.	X	X	.._	x'	2	+y2	=	4,	X	>	0	"	\	~	A5.2.1	I	I	I	I	I	I	I	I	\	\	I	/	1	figure	A5.2.2	\	\	\	I	I	//!	I	I	.	lE	n
,s	fOR.	II:	is	easily	seen	that	$(p,	m)	is	continuous	form	:::	0,	p	>>	0.	Try	with	u*(t)	x,	!	h2(t,	u):	+	1'.	For	example,	f	(x,	y)	=	x	4	+y	4	is	strictly	convex	in	the	whole	plane,	even	though	J{;	(0,	0)	=	0.	Now,	ifx*	solves	(1),	lhen	f(x*)	f'(b)	and	for	every	x	Jn	IR	11	,	=	f(x)	:'S	f''(g(x))	:'S	f'(b)+l-(g(x)-b),	so	f(x)-A·g(x)	:S	f"(b)-1-b	S	f(x*)-1-g(x*)	(*)	Thus	x*
maximizes	f	(x)	-	A	.	,	Xn.	If	all	the	coefficients	aiJ	(t)	are	constants,	aiJ	(t)	=	aiJ,	then	A(t)	is	a	constant	matrix	A.	Hence	f{~f22	-	U{2)	2	=	0.	Then	Theorem	9.	The	process	determined	by	O)	and	the	values	of	the	random	variables	V	1,	...	Case	3,	Negative	Exponential	Utility:	Here	u(c)	=	-e-ac	where	a	>	0.	So),.	(a)	Solve	the	problem	(where	T.	The
statement	is	false.	The	characteristic	polynomial	of	A	is	A2	+	A	-	6	=	-	2)(A	+	3),	so	the	eigenvalues	are	-3	and	2.	Consider	the	following	pure	state,constraiued	problem,	max	f	1	1	f	(t,	x,	u)	dt,	x	=	g(t,	x,	u),	x(to)	=	x0	,	u(t)	E	U	0,	k	=	1,	...	This	section	considers	two	of	the	most	common	terminal	conditions	that	appear	in	economic	models.	Then	(6)(b')
implies	that	xf	=	0.	,	gm	are	C	1	in	a	ball	around	x*,	and	that	them	x	n	matrix	of	partial	derivatives	of	the	constraint	functions	ag1	(x*)	g'(x*)	=	(	ax1	:	agm(x*)	ax1	Then	there	exist	unique	numbers	ag;,::·~)	l	has	rank	m	(7)	3gm.(x*)	axn	)q,	...	The	initial	wealth	together	with	the	present	discounted	value	(PDV)	of	future	income	is	w	7	=	w	0	f	07	e-rt	y(t)
dt.	Here	is	a	more	precise	argument:	Curve	I	was	obtained	using	a	high	initial	value	for	A(O).	Note	thatthere	are	two	equilibrium	points,	(0,	0)	and	(xo,	Yo)	=	(h/b,	k/a).	Note	that	the	sufficient	condition(*)	is	"unnecessarily	strong"	in	the	sense	that	it	considers	every	vector	.h	=	(h1,	...	Figure	3	For	Example	3.	In	case	A,	we	try	to	check	that	;u	=	J,	If	it
is,	then	the	optimum	has	indeed	been	found,	In	case	B,	after	first	checking	that	J	S	y(l	-	/3),	we	try	to	show	that	either	J	is	the	unique	solution	of	the	Bellman	equation,	or	J(O,	x,	v,	T)	-,-	i(x,	v)	as	T	-,-	oo,	If	either	of	these	tests	is	passed,	then	the	optimum	has	indeed	been	found,	:i,	(Transversality	conditions)	An	alternative	test,	based	on	a	transversality
condition,	is	sometimes	i1sefuL	Consider	a	pair	(i	(x,	v),	u(x,	v))	satisfying	the	Bellman	equation,	Note	that,	in	case	A	in	Note	3,	J	=	Ju	automatically	holds	(so	11(x,	v)	is	an	optimal	policy)	provided	that,	for	any	solution	sequence	X	1	,	t	=	0,	1,	,	.	In	the	same	way	we	write	max	instead	of	sup	when	the	supremum	of	f	over	B	is	attained	in	B,	and	so
becomes	the	maximum.	We	find	A	=	2	and	B	=	e-	2	,	so	the	solution	is	x	=	e	21	-	2	,	y	=	2e	21	-	2	.	One	possibility	is	Kr	=	0,	with	no	capital	left	for	times	after	T.	,	n	(3)	are	the	leading	principal	minors	off"(x)-see	Section	l.7.	Theorem	2.3.l(c)	and	(d)	can	then	be	generalized	as	follows:	R	T	COND	Suppose	that	f	(x)	=	f	(x1	,	...	Note	that	the	equation
defines	y	as	a	function	of	x	in	any	interval	J;	SECTIOf\l	2	7	/	81	IIVIPLICIT	AND	INVERSE	FUNCTION	THEOREMS	contained	in	(-oo,	x2J.	To	draw	a	phase	diagram	of	(1),	begin	by	drawing	the	two	nullclines.	Then	the	conditions	(9.4.5)-(9-4.7)	in	the	maximum	principle	are	still	valid	on	the	interval	[to,	t;"],	because	the	pair	(x*(t),	u*(t))	must	be	optimal
for	the	corresponding	fixed	time	problem	with	t1	=	t{.	(a)	x	=	Ae-	21	+	B	+	4t	(b)	x	=	=	7/2,	=	Ae	1	+	B	-	½t	3	-	t	2	-	2t	=>..,so	that	w'(y)	=	-;\.w(y),	which	has	the	solution	w(y)	=	Ae2t	+	B	+	te	2t	(c)	x	5.	Then	there	exists	a	square	Ko	so	large	that	Sis	contained	in	Ko.	Let	L	denote	the	length	of	each	side	of	Ko.	The	infinitely	many	terms	of	{xk)	then	all
lie	in	Ko.	Divide	Ko	into	four	equal	squares,	each	of	which	has	sides	of	length	L/2.	Figure	1	shows	the	graph	of	a	function	f	(x,	y).	For	a	definite	integral	the	formula	for	integration	by	substitution	is	l	b	f(x)	dx	=	1l/O	f(g(u))g'(u)	du	{/	(x	=	g(u),	=	a,	g(u1)	g(u2)	=	b)	(4)	u1	Note	also	the	following	implications	of	(3):	f	~	dx	S	llON	1x	f	(t)	dt	=f	d	__.:_	(x),
dX.	10.8	Generalizations	In	Chapter	9	and	the	previous	sections	of	this	chapter	we	have	discussed	how	to	solve	the	most	commonly	encountered	problems	in	optimal	control	theory.	Such	controls	are	called	dosed-loop	or	Markov	i;Ontrnls,	We	can	find	such	Markov	controls	by	solving	the	control	problem	with	an	arbitrary	start	point	(s,	y,),	s	E	[to,	t	1).
Prove	that	the	solution	of	the	equation	can	be	written	in	the	form	x	=	F(g(v	1	,	v2	))	where	g	is	homogeneous	of	degree	1,	while	Fis	an	increasing	function.	Such	"multi-valued"	functions	are	usually	called	correspondences.	£	A	correspondence	F	from	a	set	A	into	a	set	B	is	a	rule	that	maps	each	x	in	A	to	a	subset	F(x)	of	B.	Because	cos	f3t	does	not	tend
to	O	as	t	-	oo	for	any	value	of	/3,	the	condition	a	<	0	is	necessary	for	Uj	to	tend	to	Oas	t	-	oo.	The	area	of	this	shaded	surface	is	a	function	oft,	which	we	denote	by	A(t).	On	the	other	hand,	the	same	equations	are	necessary	in	the	sense	that,	for	every	pair	(x1	,	v	1)	that	occurs	with	positive	probability	(or	has	a	positive	probability	density	when	there	is	a
continuous	density	function),	an	optimal	control	u;'(x1	,	v	1	)	must	yield	a	maximum	on	the	right-hand	side	of	(6)	fort	=	0,	1,	...	Let	f:	1R	11	-+	!Rn	be	a	C	1	function	and	suppose	that	the	Jacobian	matrix	f'(x)	is	either	positive	quasidefinite	everywhere	in	a	convex	set	Q,	or	negative	quasidefinite	everywhere	in	:Q.	In	fact,	x	=	x(t)	=	Aui(t)	there	is	a	simple
method	of	undetermined	coefficients	that	works	in	many	cases.	(x*).	Is	HARDER	PROBLEMS	(s'M:	8,	Use	Theorem	2.3.l	to	show	that	the	CES	function	f	defined	for	v	1	>	0,	v2	>	0	by	(A	>	0,	p	:/=	0,	µ	>	0,	31,	82	>	0)	is	concave	for	p	c::	-	1	and	convex	for	p	:::;	-1,	and	that	it	is	sttictly	concave	if	O	<	µ	<	l	and	p	>	-1.	For	a	general	proof,	we	refer	to	e.g.
Fraleigh	and	Beauregard	(1995).	See	Section	9.12.	In	(d)	the	non-convex	set	is	the	union	S1	U	S2	of	two	ovals,	each	of	which	is	convex	on	its	own.	Formulate	the	problem	without	explicit	control	variables,	and	use	the	Euler	equation	to	solve	it.	It	would	be	fairly	easy	to	calculate	Jw	(x)	directly	by	taking	the	expectation	inside	the	sum	in	the	objective
and	summing	the	resulting	geometric	series.	(a)	Write	down	the	Euler	equation	associated	with	the	problem	max.for	U(c-xerr)dt,	x(0)=xo,	where	x	=	x(t)	is	the	unknown	function,	T,	given	C	1	function	of	one	variable.	Hence	y,,	=	sup{	(-1	l	:	k	2':	n)	=	],	and	so	limn-+	00	y,,	=	I.	,	x	111	)	=	(iJg	1(x1)/3x;	)mxn	for	arbitrary	vectors	x1,	...	THEOREM	1	6.2
£XIS	NE	NCE	AND	UN	Consider	the	initial	value	problem	(1).	Obviously,	our	economic	discussions	will	be	more	easily	understood	by	students	who	have	some	basic	familiarity	with	elementary	economics.	1	SECTION	3.5	I	INEQUALITY	CONSTRAINTS:	NONLINEAR	PROGRAMMING	131	we	have	also	indicated	some	level	curves	for	the	objective
function.	But	x*	=	a	is	the	only	point	where	V	=	0.	fisstrictly	Whenn	=	2andx	=	(x,y),thenD1(x,y)	=	f(1(x,y).	Bounds	on	available	resources	typically	lead	to	such	constraints.	The	terminal	conditions	are	assumed	to	be	xn,	where	O	:=::	l	:::	m	s	n.	Assume	that	A	is	partitioned	as	follows:	A12)	A22	'	where	A11	is	a	k	x	k	matrix	with	an	inverse	(3)	HenceA12
is	ak	x	(n	-k)	matrix,	A21	is	(n.-k)	x	k,	whileA22	is	an	(n-k)	x	(n-k)matrix.	(See	Olech	(1963).)	Consider	the	following	system,	where	f	and	g	are	C	1	functions	in	IR	2	,	i	=	f(x,	y),	)'	=	g(x,	:md	let	(a,	b)	be	an	equilibtium	point.	Then	fhS(x(t))	=	S'(x(t))i(t)	=	S'(x(t))g(t,	x(t),	u(t)).	By	the	Cauchy	property,	there	is	a	number	M	such	that	lxk-XM	I	<	l	fork	>	M.	IR
is	a	continuous	function.	The	following	result	is	also	rather	easy	and	we	leave	the	proof	to	the	reader:	If	the	sequence	{Xk}	is	convergent,	then	lim	xk	k-+oo	Conversely,	if	lim	k-+-c-o	Xk	=	lirn	Xk	=	lim	Xk	k-+oo	=	lim	Xk	k-+oo	and	both	are	finite,	then	{xd	is	convergent.	It	follows	that	the	only	possible	solution	to	the	problem	is	=	x*(t)	=	xo	erT	+	e-rT
[er(T-r)	+	e-r(T-t)]	Note	that	then	x*(T)	=	2x	0	/(erT	+	e-rT)	-+	0	as	T	---;-	oo.	We	note	that	both	operators	T	and	T"	are	monotone	in	the	sense	that	if	I	;:;	I',	then	T(I)	;:;	T(J')	and	Tu(/)	;:;	Tu(/').	there	exists	a	tk	in	(k,	k	1)	such	that	V(x(tk))	=	V	(x(k	+	1))	-	V	(x(k)).	(a)	Find	an	expression	for	u(y)	if	RA	(b)	Find	an	expression	for	i1	(y)	if	RR	k	=	1	and	k	fl.
Among	all	admissible	pairs	we	seek	an	optimal	pair,	i.e.	a	pair	of	functions	that	maximizes	the	integral	in	(1).	System	(2)	is	here	x	=	-0.4x	+	O.S>c,	i	=	0.5>c	-	1	x(O)	=	l	x=O	r	7	X	Figure	1	Phase	diagram	for	system(*)	in	Example	L	Figure	shows	a	phase	diagram	for(*)-	Any	path	(x(t),	A(t))	that	solves	the	problem	must	start	at	some	point	on	the
vertical	line	x	=	I,	but	no	restrictions	are	imposed	on	x	(t)	as	t	-+	oo.	The	quantity	(1	-	s)f	(k)	is	the	flow	of	consumption	per	unit	of	time.	Prove	that	if	every	convergent	subsequence	of	{xk}	has	the	same	limit	x	0,	then	{xk}	converges	to	x	0.	Use	the	formula	in	(a)	to	compute	y"	at	(x,	y)	the	result	by	differentiating	y	=	8/x	2	twice.	A	like	this	1hat	is
independent	oft	is	said	to	be	a	stationary	optimum.	Let	f	be	any	function	from	(all	of)	!Rln	to	lR	111	•	Then	f	is	continuous	if	and	only	if	either	of	the	following	equivalent	conditions	is	satisfied:	(a)	r-	1	(U)	is	open	for	each	open	set	U	in	lR"'.	By	the	extreme	value	theorem,	for	each	k	there	is	a	Yk	in	Y	such	that	V	(xk)	=	f	(xk,	Y1c).	2	JT	J'	2	X	2n:	figure	1
So	equation	(5)	has	a	unique	solution	x	in	this	interval	for	each	yin	[-1,	1].	The	sequence	property	described	in	the	problem	implies	that	F	has	a	closed	graph	at	x0	.	In	aggregate,	the	total	supply	of	pigs	from	all	JV	farms	is	the	function	S	=	N(p	-	a)/2/3	(p	>	a)	of	the	price	p.	,,	Xn)	is	a	C	2	function	in	a	open	convex	set	Sin	~n.	Thus,	letting	B	=	0	and	A	=
-1/4,	we	see	that	u*	=	(-1/4)	sin	2t	is	a	particular	solution	of	the	equation.	Haavelrno	leads	to	an	equation	of	the	type	p(t)	=	y(a	-	a)p(t)	+k	(a,	y,	a,	and	k	are	constants)	Solve	the	equation.	f(x)	=	Ix	-	x*I	is	single-peaked	and	concave,	but	not	strictly	concave.	Note	that	L~	=	b(l	-	xo/x)	and	L~,	=	a(l	-	yo/y),	so	(xo,	yo)	is	a	stationary	point	for	L.	,	0)	that
satisfy	(4).	The	direction	of	motion	is	given	by	the	tangent	vector	(x(t),	j1(t))	to	the	path	at	Pas	illustrated	in	Fig.	Show	that	f'(x)	=	[1	(!n(l	/z)	y-i	dz.	In	the	language	of	Section	13.3,	F	:	X	s;	lfln	--+>	lflm	has	the	closed	graph	property	if	and	only	if	graph(F)	is	relatively	closed	in	X	x	[Rill,	i.e.	if	and	only	if	graph(F)	is	the	intersection	of	X	x	1R111	and	a
closed	set	in	!fl11	x	!fl	111	•	In	particular,	if	X	is	closed,	then	F	has	the	closed	graph	property	if	and	only	if	graph(F)	is	closed.	Then	the	equilib1ium	point	(x*,	y*)	for	the	linear	system	x	=	a11x	-\-a12y	-i-b1	j	=	a21x	+	a22y	+	b2	1	is	globally	asymptotically	stable	if	and	only	if	or	equivalently,	if	and	only	if	both	eigenvalues	of	A	have	negative	real	part.
First	we	need:	REM	8	;L2	(THE	FUNDAMENTAL	HM	Suppose	that	f	is	a	continuous	function	on	[to,	ti],	and	that	fr~	1	=	f	every	functionµ	µ(t)	that	is	C	2	in	this	interval	and	satisfies	µ(to)	f	(t)	=	0	for	all	tin	[to,	ti].	Consider	a	strictly	increasing	sequence	of	natural	numbers	k1	<	k2	<	k3	<	···,and	form	a	new	sequence	{yj}r:	1,	where	Yi	=	Xki	for	.i	=	I,
2,	...	:B	(as	in	Note	12.3.4)	so	that,	for	any	real-valued	bounded	function	I	(x,	v)	in	:B,	the	transformed	function	Tu(J)	of	(x,	v)	satisfies	ri(J)(x,	v)	=	f(x,	u.(x,	v))	+	,BE[J(g(x,	u(x,	v),	V),	V)	Iv]	Also,	let	T	:	!B	-,.	respectively.	(In	fact,	from	Fig.	x	must	be	a	convex	combination	of	at	most	k	-	1	of	the	points	x	1,	..	Then,	for	each	t	=	0,	1,	...	The	(positive)	ratio	RA
=	-u"(y)/u'(y)	is	called	the	deg:ree	of	absolute	risk	aveniion,	and	RR	=	yRA	is	called	the	degree	of	relative	risk	aversion.	As	the	title	suggests,	this	is	a	mathematics	book	with	the	material	arranged	to	allow	progressive	learning	of	mathematical	topics.	ltfollows	from	this	observation	that	the	point	(x	x(t))	m.ovesfrom	left	to	right	in	the	diagram	ifwe	are
above	the	x-axis.	Furthermore,	assume	that	the	mappings	r	1-+	f	(x*(f),	r)	(with	f	fixed)	and	r	1-+	.f*C-r)	(defined	in	(2))	are	both	differentiable	at	r.	What	is	the	total	effect	on	F(x)	from	such	a	change	in	x?	Also,	l	-1i):	y::::	0,	u	E	[-1,	2]}	which	does	not	depend	on	t.	0	5.	E	[	L	-u;	-	X}	T-1	]	X,+1	subject	to	=	X	1V1+1	+	U;,	xo	fixed	1=0	where	V1+1	E	{0,
l}	with	Pr[V1+	1	=	1	I	Vi	=	1)	Try	J1	(x,,	1)	=	-aix,2	and	J1	(x	1	,	0)	=	-b1,1}.)	=	3/4,	Pr[½+	1	=	l	I	V1	=	0]	=	1/4.	lill	The	last	result	of	this	section	has	several	applications	to	economics.	For	functions	of	one	variable	you	have	probably	seen	the	approximation:	3	f'(a)	f"(a)	[f	11	l(a)	f(x)	~	f(a)+--(x-a)+--(x-a)	2	+·	·	·+-·--(x-a)	11	1!	2!	n!	(x	close	to	a)	(l)	The
function	f	and	the	polynomial	on	the	right-hand	side	have	the	same	value	and	the	same	first	n	derivatives	at	a.	With	a	mild	extra	condition	on	the	gj	functions,	we	shall	see	that	the	Lagrange	multipliers	obtained	from	the	recipe	are	unique.	=	J,x2	½t	2x	dt.	,n	(9)	if	h1c(t1,	x*(ti))	>	0,	k	=	1,	...	This	makes	sense	because	r	<	ex	is	the	case	when	the	agent
discounts	future	utility	at	a	rate	a	that	exceeds	the	rate	of	interest.	,	xk	in	IR:	11	•	Clearly,	this	process	of	eliminating	points	x1	one	at	a	time	can	be	repeated	until	xis	expressed	as	a	convex	combination	of	at	most	n	+	1	points.	,	Transform	the	following	second-order	system	into	the	form	(1)	u3	=	Introduce	new	unknowns	u1,	u2,	u3,	and	u4	defined	by
u1	=	x	1	,	u2	x2,	and	u4	=	iz.	(5)	SECTION	7.1	/	LINEAR	DIFFERENTIAL	EQUATIONS	261	The	proof	of	Theorem	7.	3	/	EQU,IUITY	CONSTRAINTS:	THE	LAGRANGE	PROBLEM	115	N	3.	Solve	the	problem	4	max/	(x	-	(u	-	2)	2)	dt,	i	=	u	E	R(,	x(O)	=	0,	x(4)	free,	x(t)	::;	1	0	The	Lagrangian	is£=	H	+	q(l	-	x)	=	x	-	(u	-	2)	2	+	pu	+	q(l	-	x).	For	each	resource	j,
specify	a	shadow	price	of	AJ	per	unit	To	produce	f	(x)	units	of	the	commodity	requires	gi	(x)	units	of	resource	j	at	a	shadow	cost	of	AJ	gi	(x).	,	(t))	is	the	velocity	vector	associated	with	x(t)	=	(x	1(t),	...	,	Am	as	those	associated	with	x*,	the	vector	x	will	also	satisfy	(A)-(C),	but	with	x*	replaced	by	x.	N(t)	[x(t)/A]	1fia-l),	X(t)	=	A[N(tW	IfO	0	and	Bk*	/o>c	=	-
k*	jp.	1	and	2.	1	/	54	7	BAS	I	C	D	EFI	N	IT	I	ON	S	AN	D	RES	ULT	S	how	to	convert	degrees	into	radians	and	vice	versa.	Consider	the	standard	end-constrained	problem	(10.1.	1)-(10.1.5)	and	assume	that	admissible	pairs	exist.	In	this	case	u(t)	is	piecewise	continuous,	with	a	jump	discontinuity	at	t	=	t',	By	definition,	a	function	of	one	variable	has	a	finite
jump	at	a	point	of	discontinuity	if	it	has	(finite)	one-sided	limits	from	both	above	and	below	at	that	point	A	function	is	piecewise	SECTION	9	3	/	REGULARITY	CONDITIONS	313	ccmthmous	if	it	has	at	most	a	finite	number	of	discontinuities	in	each	finite	interval,	with	finite	jumps	at	each	point	of	discontinujty.	A)	in	the	differential	equations	for	x	and	A
gives	Replacing	u	by	u	=	g	do	not	depend	explicitly	on	t.	If	we	drop	the	requirement	in	(a)	that	F	be	concave,	then	U	(x)	is	not	necessarily	concave.	Here	a	1	=	3	>	0,	a	3	=	5	>	0,	and	a	1a	2	-	a	3	third-order	equation	is	globally	asymptotically	stable.	Moreover,	the	time	t1	at	which	the	process	stops	is	not	necessarily	fixed.	(If	the	price	of	some
commodity	increases,	then	the	demand	goes	down	while	supply	goes	up.)	Because	H{	>	0	and	Hi	>	0,	we	conclude	that	(a)	is	"normally"	satisfied.	a,\	i=IJ	1--i(to)	(4)	/=to	However,	the	functionµ	satisfies	µ(to)	=	11,(t1)	=	0,	so	the	last	two	terms	of	(4)	are	zero.	Then	an	easy	modification	of	Theorem	2.7.2	shows	that	there	exists	a	ball	B	around	x0	in
which	system	(	1)	defines	x1i,	x;	2	,	•••	,	x;,,,	as	functions	of	the	other	n	-	m	variables.	(a)	See	SM.	A=	1.4	o~~	Figure	2	The	closed	segment	[x,	y].	Whereas	in	the	Lagrange	problem	the	number	of	constraints	were	assumed	to	be	strictly	less	than	the	number	of	variables,	in	the	present	problem	this	restriction	is	not	necessary.	Indeed,	take	any	x	in
int(S).	We	seek	sufficient	conditions	for	system	(3)	to	be	uniquely	solvable	for	x1	aml	x2,	so	that	x1	=	rp(y1,	Y2)	and	x2	=	y;(y1,	Define	where	we	implicitly	assume	that	the	corresponding	limit	exists	or	is	±co.	One	method	is	to	reduce	(	1)	to	a	second-order	differential	equation	in	only	one	unknown:	Use	the	first	equation	in	(	1)	to	express	y	as	a
function	y	=	h	(t,	x,	x)	of	t,	x,	and	,i.	The	rate	of	extraction	is	initially	a	constant	uo	on	the	interval	[O,	t'],	then	a	different	constant	u	1	(with	u	1	<	uo)	on	(t',	t	11	].	(With£	=	xy	+	x	+	y	-	A1	(x	2	y	2	-	2)	-	)"2(x	y	-	1),	the	first-order	conditions	are	(i)	8.£/Bx	=	y	1	-	2),	1x	-	A.2	=	0;	(ii)	8.£/By	=	x	1	-	2A	1	y	-	'A	2	=	0;	(iii)	'Ar	?:	0,	with	).	The	homogeneous
equation	(2)	is	the	special	case	with	b	Starting	with	a	given	xo,	we	can	calculate	x	1	algebraically	for	small	t.	Let	u*	=	A	sin	rt	+	B	cos	rt	and	adjust	the	constants	A	and	B	so	that	the	coefficients	of	sin	rt	and	cos	rt	match.	Note	that	in	equation	(2),	the	tem1	(d	/	dt)(a	F	(t,	x,	.ic)	/ax)	denotes	the	total	derivative	of	BF	/Bi	wr.t	t,	allowing	for	the	dependence
of	aF	/ax	on	all	three	variables	which	depend	on	t.	A	new	feature	is	many	simpler	problems	that	could	be	suitable	for	2-3	hour	exams.	Thus	the	solution	of	(1)	is	uniquely	determined	by	the	values	of	(0),	...	SECT	I	O	N	6	.	IR	by	f	(x,	y)	Show	that	V	(x)	=	=	ln(l	+	xeY)	-	y2	maxvEY	f	(x,	y)	is	a	continuous	function	of	x	for	x	>	0.	x(T)=0	c,	r,	and	x	0	are
positive	constants.,	and	U	is	a	(b)	Put	U(c)	=	-e-vc;v,	where	vis	a	positive	constant.	,	x11	),	ln	z	is	concave,	and	hence	quasiconcave.	Exam.ine	the	definiteness	of	.x	2	+	2.xy	+	y	2	+	z2	s.t.	5.	Prove	(under	suitable	conditions	on	f	and	t)	that	M'	(0)	=	J"'.':x,	xf	(x)	dx,	the	expectation	of	X,	and	generally	that	then	th	derivative	M(n)	(0)	=	00	x"	f	(x)	dx.	Kaldor
and	J.	Then	J	t+Llt	V(t,	x)	2:	1	f(s,	x"(s),	v)	ds	and	so	V(t	+	!-,.t,	x"(t	+	L'lt))	-	V(t,	x)	+	+	V(t	+	M,	x"(t	+	!',.t))	f	t+M	f(s,	x"(s),	v)	ds	:S	0	(v)	't	Dividing	this	inequality	by	b,,t	and	letting	flt---,.	l	.2(a)	that	the	stationary	point	(vf,	..	Jrs4	(	Jo	·	2xdx	)	dy	r3v/4,Lxdx	)	dy	=	+	Jor4	(Jo·	14/3	+	12	=	50/3	f	f	6"	See	Fig.	The	following	result	is	analogous	to	(5.7.2):	M
1L7.1	Let	x*	be	an	equilibrium	state	for	the	difference	equation	(1),	and	suppose	that	f	is	C	1	in	an	open	interval	around	x*.	Formula	(3)	yields	immediately:	(a)	x	=	ce-	1	+	10	(b)	x	=	Ce	31	-	9	1.	Adding	or	subtracting	partitioned	matrices	is	simple.	Let	A(O)	decrease.	In	the	language	of	Chapter	14,	x*	is	a	fixed	point	of	f.	But	it	is	very	useful	in	some
problems	where	explicit	solutions	are	unobtainable.	(a)	64/3	-	12y'3.	+	-	-	-	-	"	-	-	-	f	-	-	-	1..	,	n	{	~k	:::	0	for	all	principal	rnmors	of	order	k	=	1,	...	1	1	THEOREM.l	CONDITIONS)	OlWEXITY!CONCAVlTY:	N	Suppose	that	f	(x)	=	f	(x1,	...	The	rate	of	change	of	each	variable	depends	not	only	on	t	and	the	variable	itself,	but	on	the	other	variable	as	well.
Then,	if	H(t,	x,	u,	p(t))	is	concave	wx.t.	(x,	u)	for	all	tin	[to,	ti]	(	1)	the	pair	(x*(t),	u*(t))	solves	the	problem.	Hence	S	c;	co(S).	(c)	17,e	constraint	curve	is	an	ellipse,	and	the	problem	is	to	find	those	points	on	the	curve	that	have	the	smallest	and	the	largest	(square)	distance	from	(0,	0).	Hence	z	=	I::~:	1	J..;x;	is	a	convex	combination	of	the	points	x;.	6	6
There	are	G)	principal	minors	of	order	k,	but	only	one	leading	ptincipal	minor	of	order	k.	With	utility	given	by	(v),	equation	(i)	can	be	solved	explicitly	for	c*(t).	Thus,	at	prices	p	0	and	q	0	,	demand	is	equal	to	supply	for	each	commodity.	{1	3·	(a)	u'j(t)	=	0	xz'(t)=	(b)	u{(t)	{	t	T-5	if	t	E	[0,	T	-	2]	if	t	E	(T	-	2,	T]	'	.	t	+	B	cost+	sm	.	X1+l	=	ayt	+	ce	Y1+1	=
bx1	+	dk	t	(k	2	-/=	ab)	3.	AS.4.	J.	In	contrast	to	the	previous	problems,	the	admissible	control	functions	may	be	defined	on	different	time	intervals.	,	x	11	)	is	defined	on	a	set	S	in	IT;l1	11	and	that	x*	is	an	interior	stationary	point.	,	n	I	If	we	define	AJ	=	aj'*(b)	ab-_-	(6)	.1	then	then	equations	(	*)	reduce	to	(2).	(b)	½n	3/	2	7,	(a)	Jr.	+	r	2	)	312	)dr)d0
(Introducing	polar	coordinates	and	defining	An	as	in	Example	3,	we	get	J;"(J/111	(r	2	cos2	0)r-	3	rdr)d0	=	Jt	cos	2	0d0	J/111	dr	=	7r(l	-	x	1/n)-;.	This	is	also	an	equilibrium	of	supply	and	demand.	Let	x,	y	E	S,	)I.	Because	all	the	conditions	in	Theorem	9.7.2	are	satisfied,	this	is	a	solution.	Given	any	Oand	any	yin	y	=	[O,	y),	it	is	enouih	to	prove	continuity	of
C	and	upper	hemi~ontinuity	of	bn	a	neighbourhood	of	(W,	y)	such	as	W	X	Y,	where	W	=	{w	·	w/2	«	W	,	'if,)=	sup	XES	ll	0).	(a)	The	stationary	state	le*	defined	by	(4)	in	Example	3	depends	on	sand	A.	The	number	c	depends,	in	general,	on	x,	a,	and	n,	as	well	as	the	function	f.	NfY1	E	>.	.,,m	(iii)	where	we	have	used	the	fact	that	gk(x*)	=	bk,	k	=	1,	...	But
these	sufficient	conditions	are	rather	demanding,	and	in	many	problems	there	are	optimal	solutions	even	though	the	sufficient	conditions	are	not	satisfied.	Economists	usually	incorporate	equality	constraints	in	their	optimization	problems	by	forming	a	Lagrangian	function,	with	a	Lagrange	multiplier	corresponding	to	each	constraint.	Use	(8)	to	show
that	11	El,	f(v)	=	)'El;f(v)	t..-1	l=l	where	El;	f	(v)	denotes	the	partial	elasticity	off	w.r.t.	v;.	(c)	Compute	the	value	function	in	case	(b)	and	then	verify	the	relevant	equalities	in	(5).	We	have	the	following	well-known	theorem:	Let	f	be	defined	on	a	set	S	in	IR	11	and	let	x*	=	(xf,	...	It	turns	out	that,	provided	Vis	differentiable,	the	effects	on	V	of	small
changes	in	x1,	to,	and	t1	can	also	be	expressed	very	simply.	Then	fm(X)	is	functionally	dependent	on	fi,	...	(4)	lf	X"(t1)	>	X]	t=t1	and	we	require	F	(t,	x,	i)	to	be	convex.	Also,	(ii)	implies	that	x	;£	a.	Hence,	in	the	notation	introduced	above,	h(x)	=	1	+x,	with	(x)	="'	0	Fors=	2,	the	function	to	be	maximized	in	(6)	is	h2(u)	=	l	+x	-u	2	+h(x+	where(*)	2
impliesthat.h(x+u)	=	l+(x+u).	=	=	Iterative	Methods	One	way	of	finding	an	approximate	solution	of	an	infinite	horizon	dynamic	programming	problem	has	already	been	mentioned:	under	certain	conditions,	J(O,	x,	v,	T)	-,.	Integrate:	lnlxl	=	lnltl	-	t	+	Ci	Hence,	lxl	e	1"	l1H+C1	=	e10	l1le-	1ee	1	=	C	2	It	le-	1	=	Cte-	1	,	where	C	=	±C2	=	±ec1	.)	(b)	x	=	C
Vf'"+	t	3	;	C	=	2.	484	CHAPTER	13	/	1	TOPOLOGY	AND	SEPARATION	Let	us	now	extend	the	scope	of	the	maximum	theorem	by	allowing	the	fixed	set	Y	to	be	replaced	with	a	constraint	set	of	the	form	F(x)={yEY:g;(x,y):Sa;,	i=l,	...	+	a	11	<	1.	In	the	oil	extraction	problem,	then,	U	=	[O,	oo),	Actually,	an	impmtant	aspect	of	control	theory	is	that	the
control	region	may	be	a	closed	set,	so	that	u(t)	can	take	values	at	the	boundary	of	U.	This	gives	a	reason	lo	prefer	models	whose	solutions	are	not	very	sensitive	to	small	perturbations	of	the	parameters.	,	x,i)	in	IR1n	that	satisfy	=	p1x1	+	p2x2	+	··	·	+	PnXn	=	m	p	·X	where	p	f-	0,	is	a	hyperplane	in	1R1	11	•	(See	(	1.1	,43	).	By	letting	t	=	0,	1,	and	2	in
the	difference	equation	x	1+1	=	x	1	+	u1,	we	get	x1	=	xo	+	uo	=	uo,	x2	=	xi	+	u	1	=	uo	+	ui,	and	x3	=	xz	+	u2	=	uo	+	u.1	+	u2.	Similar	notation	is	also	used	for	higher	powers	of	the	trigonometric	functions.	Let	the	demand	function	for	pigs	be	given	by	D(p)	=	y	-	8p,	as	a	function	of	the	price	p,	where	the	constants	ot,	fJ,	y,	and	8	are	all	positive,
Suppose,	too,	that	each	farmer	behaves	competitively,	taking	the	price	pas	given	and	maximizing	profits	n:(q)	=	pq	-	C(q)	=	pq	-	aq	-	f3q	2	.	Quasiconcavity	entails	convexity	of	each	set	~(p,	m),	1	L	½	+	J)	=	x''	would	imply	x*	=	l.	Studying	the	curve	we	observe	that	for	x	>	x	I	there	is	no	y	such	that	(x,	y)	satisfies	the	equation,	If	x2	<	x	<	xi,	there	are
two	values	of	y	for	which	(x,	y)	satisfies	the	equation.	,	n,	then	the	inequalities	p(t)	~	0	for	all	t	?:	to	and	!O(a)	are	sufficient	for	(9)	to	hold.	Of	course,	in	practice,	one	can	draw	only	a	small	representative	sample	of	these	vectors.	subject	to	=	0.	For	example,	to	show	that	the	set	B'	=	B(x;	r)	=	{x:	d(x,	a)	<	r}	in	Example	U	is	open,	define	the	function	f	:
IR"	--+	IR	by	f	(x)	=	d(x,	a).	,	1/(k+l)	z2	>	z3.	aY1+1	From	(i)	and	(iii),	11	=	aY1	,	and	so	Ir+l	=	aY1+1-	Inserting	this	into	(ii)	yields	-	Y1),	or	(ex	-	f:3)Y1+1	=	-f:3Yr.	Thus,	=	,B(Yr+I	Y1+1	·	=	_f3_yt	(3-a	=	(1	+	_cx_)y	1,	(3-a	t	=	0,	1,	2,	...	(Proof'	Let	Xk	-+	x	0	,	Yk	-+	y	0	,	and	Yk	E	F(xk)-	Consider	any	y	r;j	F(x0	).	Show	that	f	(x.,	y)	in	IR1	2	.	The	Jacobian
determinant	is	ad	-	be	8.	What	is	the	limit	of	y1	as	t-+	oo?	Max.	In	many	economic	models	one	needs	a	global	version	of	the	theorem	(see	e.g.	Seierstad	and	Sydsreter	(1987),	Theorem	19,	page	256).	,	Vn	of	the	matrix	Pare	eigenvectors	of	unit	length	corresponding	to	the	eigenvalues	A1,	1c2,	...	'\\\\',,y	;y=O/	&	x=O	-	-	-	-	-	-	>	-	-	,	,	-	-	-	-	~	/_	___,..;;
Figure	1	Consider	system(*)	in	Example	6.7.3,	with	K	=	aK	One	equilibrium	point	is	P	A=	Thus	IAI	=	-wa	2	/2	bK	2	-	C,	=	(a/2b,	a	2	/4b).	For	a	=	l'(O)	J1	[F~(t,	x*(t)	.	The	definition	of	a	convex	set	in	IR	11	is	now	easy	to	formulate:	,t,,	C	EX	S	A	set	Sin	IR	11	is	called	convex	if	[x,	y]	::;	S	for	all	x,	yin	S,	or,	equivalently,	if	(2)	AX+	(1	-	.A.)y	E	S	for	all	x,	y	in
S	and	all	A	in	[O,	l]	SECTION	2.2	/	CONVEX	SETS	51	Note	in	pmiicular	lhat	the	empty	set	and	also	any	set	consisting	of	one	single	point	are	convex.	K(t)	=	[(Kt"	-	s/o)e-B-	(s/8)	1/(1-tl')	=	K*	as	t-'>-	oo.	Then	V(x0	)	=	lirni	f(xk,,	Yk)	=	Iimi	V(xk),	contradicting	(*).	The	indifference	surface	couesponding	to	a	is	the	set	u-	1((a}).	The	general	nonlinear
programming	problem	arises	when	5	consists	of	all	points	x	in	!Rn	that	satisfy	a	system	of	inequality	constraints.	SECTION	13	.	where	For	i	=	1,	...	£;	=	0	at	z	=	0,	and	the	constraints	give	the	same	solution	as	before.	(b)	Arguments	similar	to	those	in	(a)	yield:	limk-+oo	Xk	=	3,	limk-+o'.l	Xk	=	-	L	It	is	not	difficult	to	see	that	limk-+oo	Xk	:S:	limk--"oo	Xk
for	every	sequence	[xd.	But	fork	2':	0	we	have	~	H(t,	k,	p(t))	=	{	akp(t)	ak	if	p(t)	>	1	if	p(t)	:s	1	which	is	linear	in	k,	and	so	is	concave.	So	there	are	no	admissible	points	at	which	the	CQ	fails.	According	to	(8),	/	fa(l,	1)	/	=	f	1(1,	l)a1	I	+	fil,	·	l)a2	=4	1	11n,	vlO	+5	3	11n,	-v10	19	r;7,,	=	~·./	10	10	By	introducing	r.p	as	the	angle	between	the	vectors	V	f	(x)
and	a	(see	(Ll.40)),	we	have	...	However,	the	left-hand	side	depends	on	"own"	price	effects-how	p	affects	D1	and	S	1	,	and	how	q	affects	Dz	and	S2-whereas	the	right-hand	side	depends	on	"cross"	price	effects.	The	associated	matrix	A	has	characteristic	equation	-Jc(Jc	+	2)(>c	+	10)	=	0,	so	the	eigenvalues	are	0,	-2,	and	-10.	t	Consider	the	symmetric
matrix	A	and	the	associated	quadratic	form	11	Q(x)	11	=	LL	aijXiXj	i=l	j=l	Let	Dk	be	the	leading	principal	minor	defined	by	(10)	and	let	!:,,k	denote	an	arbitrary	principal	minor	of	A	of	order	k.	Then	IIYk	I	=	1,	and	the	sequence	{Yk}	has	a	convergent	subsequence	{Yk;};	converging	as	i	-i>	oo	to	some	y	0	with	lly0	II	=	1.	If	the	upper	limit	u*(t)	=	u1
maximizes	the	Hamiltonian,	then	we	see	in	a	similar	way	that	i:JH*	/au	::::	0.	Note	that	the	sign	factor	(-l)m	is	the	same	for	all	r	in	(a),	while	the	sign	factor	in	(b)	varies	with	r.	On	the	other	hand,	(b)	reduces	to	(-l)"B,.(P)	>	0	for	r	=	3,	Solution/	i.e.	B	3	(P)	<	0.	Suppose	the	consumer	wants	to	maximize	the	"lifetime	intertemporal	utility	function"	where
a>	0,	and	u'(c)	>	0,	u"(c)	<	0	for	all	c	>	0.	,	n,	the	corresponding	terms	in	the	sum	in	(iii)	are	0	because	by	(9)(c'),	p	1(t1)	=	0.	Find	the	general	solution	of	the	following	system	by	each	of	the	following	three	methods:	(i)	solve	a	third-order	differential	equation	for	x1;	(ii)	find	the	eigenvalues	and	eigenvectors	of	the	corresponding	matrix	A;	(iii)	find	the
resolvent.	Then	e(h)	=	g(f(x)	+	k(h))	-	g(f(x))	-	g	(f(x))	f'	(x)h	=	g	(f(x))	k(h)	+	eg(k(h))	-	g	(f(x))	f(x)h	=	g'(f(x))	er(h)	+	eg(k(h))	1	1	1	Hence	lle(h)ll/llhll	S	llg'(f(x))er(h)ll/llhll	+	lleg(k(h))ll/llhll-	The	right-hand	side	converges	to	zero	as	h	-+	0.	~	2	Slope	M	I	X=--	~	-2	-3	xo	-b	~Slope-M	:	'	.	Using	Theorem	L7.l	or	Theorem	1.7.2,	or	otherwise,	determine	the
definiteness	of	(a)	Q	=	+	8x1	(b)	Q	(c)	Q	=	-(xi	-	x2)	2	(d)	Q	6,	Let	A	=	=	5xf	+	2x1x3	+	2x?	3	shows	that	fl	is	convex,	and	not	concave.	,::EJ	'	I	I	'	I	I	-t--_.._	'	_	_	_	_	___.._---.s	'	'	s	'	Figure	for	Problem	5	E	!Pl"	.	Thus	x*	solves	problem	(1	).	Then	problem	(12.1.2)	becomes	precisely	the	same	as	problem	(1).	(6)	Lower	hemicontinuity	requires	a
correspondence	to	be	continuous	in	a	sense	that	is	almost	the	opposite	of	upper	hemicontinuity.	In	Example	2,	for	the	case	when	T	>	2/	a,	find	the	functions	xf	(t)	and	xl'	(t)	corresponding	to	the	control	function	given	in	(ii).	We	define	the	derivative	off	along	the	vector	a,	denoted	f~(x),	by	.	,	0	Controls	u,	(x)	that	depend	on	the	state	x	of	the	system	are
called	.,.'"""~,-.,.,,,,.,	controls.	But	by	definition,	V(x	0	)	:=::	f(x	0	,	y	0	),	so	V(x0	)	=	f(x	0	,	y	0	).	If	F(t,	x,	x)	is	concave	in	(x,	x),	the	argument	leading	up	to	(8.3.5)	is	again	valid,	and	the	last	expression	in	(8.3.5)	is	now	equal	to	BF*)	.	,	ur	P1)(u	-	u;')	:S:	0	for	all	u	EU	=	(Note	that	if	u)'	is	an	interior	point	of	U,	(3)	implies	that	H~	(t,	Furthennore,	p	1	is	a
solution	of	the	difference	equation	P1-1=H.:(t,x;',	,Pt),	t=l,	...	Write	Q(x1,	x2,	x3)	=	3x?+6x1x3	+x?-4x2x3	+8xl	in	matrix	form	with	A	symmetric.	For	a	sufficiently	large	number	Cl	0,	both	F(x	0	)	and	G(x	0	)	are	contained	in	the	ball	B(O;	a:).	SECTION	9.11	/	INFINITE	HORIZON	349	Because	the	discount	factor	e-rt	appears	in	the	problem	above,	it	is
convenient	to	use	the	current	value	formulation	with	the	cuffent	value	Hamiltonian	=	Aof(t,	x,	u)	+	Ag(t,	x,	u)	Hc(t,	x,	u,	;\,)	and	with	A	as	the	cmTent	value	shadow	plice.	This	gives	See	Fig.	,	x;)	and	nonnegative	shadow	prices	11,	..	More	specifically,	assume	that	the	benefits	can	be	measured	by	means	of	the	integral	1	/j	l	=	f(t,	x(t),	u(t))	dt	(2)	to
where	f	is	a	given	function.	,n	Multiplying	the	£th	equation	in(***)	by	v;	/a;	gives	px	=	pAv~	1	v;	=	a;	px	/	q;.	(c)	Let	a	=	-1,	a	=	-4	and	,B	=	-	L	Determine	a	solution	curve	that	converges	to	the	equilibiiurn	point.	Let	x(t)	=	(x	1	(t),	...	l	relies	on	the	following	existence	and	uniqueness	theorem	(see	Theorem	7.6.2	for	a	generalization):	7	1	..	Then	the	total
utility	over	periods	t	=	0,	...	Suppose	there	is	a	fixed	interest	rate	r	per	period	(usually	a	month	rather	than	a	year).	,	fm	and	F	together	satisfy	(4)	with	SECTION	2.8	I	DEGREES	OF	FREEDOM	AND	FUNCTIONAL	DEPENDENCE	91	A	=	IR1".	It	is	more	convenient	to	define	x(t)	as	the	difference	y(t)	-	5;	between	the	original	state	variable	and	the	target
level	y,	so	that	the	target	value	of	x	is	0.	(ii)	SECT	I	O	N	1	2	.4	/	T	H	E	M	AX	I	M	U	M	PRI	N	C	I	P	L	E	443	Because	of	restriction	(ii),	this	is	not	a	dynamic	optimization	problem	of	the	type	described	by	(1).	Du	(t)	Applying	the	arguments	in	the	proof	of	Theorem	9.	Frequently,	the	set	U	(t,	x)	is	determined	by	one	or	more	inequalities	of	the	fom1	h	(t,	x,	u)
::S	0,	for	some	function	h	that	is	conOnuous	in	(x,	u).	Section	11.2	starts	with	a	discussion	of	a	cobweb	model	of	the	hog	cycle	that	has	received	a	great	deal	of	attention	in	economics.	(In	Example	3	we	give	a	much	simpler	argument.)	l	Let	y	=	f(x)	be	any	function	of	one	variable	that	is	either	increasing	or	decreasing	on	an	interval.	)	radians	R:J	O.017
radians,	180	0	Ro	r;;	(4)	57.3°	and	radians.	(For	a	more	thorough	discussion	of	this	problem,	see	Seierstad	and	Sydsreter	(1987),	Section	2,9,	Example	1	J	.)	338	CHAPTER	9	/	CONTROL	THEORY:	BASIC	TECHNIQUES	@lO	1.	Bt)e	21	+	13	=	0	has	no	real	roots.	This	implies	that	if	there	is	excess	demand	for	commodity	1,	so	that	D	1	(p,	q)	-	S	1	(p,	q)	>
0,	then	p	>	0,	and	thus	the	price	of	commodity	1	will	increase.	,xr,xr+1	varyfreelyin	IR	(1)	t=O	Here	the	instantaneous	reward	F(t,	x1	,	x1+1)	at	time	t	depends	on	t	and	on	the	values	of	the	state	variable	at	adjacent	times	t	and	t	+	1.	Solve	the	problem	max	fo	1	x(t)	dt,	x(t)	=	x(t)	+	u(t),	x(O)	=	0,	x(l)	free,	u	E	[-1,	l]	Looking	at	the	objective	function,	we
see	that	it	pays	to	have	x(t)	as	large	as	possible	all	the	time,	and	from	the	differential	equation	it	follows	that	this	is	obtained	by	having	u	as	large	as	possible	all	the	time,	i.e.	u	(t)	=	1	for	all	t.	But	L(xo,	Yo)	=	0,	so	L(x,	y)	is	positive	definite.	=	(i)	U'	(	C)	f'	(K)	>	0,	and	(i)	is	SECTIOf\J	8.3	/	WHY	THE	EULER	EQUATION	IS	NECESSARY	1.	(Logically,	it
should	really	precede	Section	2.9.)	Consider	first	a	real-valued	function	z	=	f	(x)	=	f	(x1,	...	is	not	necessarily	strictly	increasing.	Sop	=	-oH/ox	takes	the	form	i	-	r	A	=	He	I	ax'	In	fact,	the	following	result	is	obtained:	-a	Suppose	that	the	admissible	pair	(t),	u*(t))	solves	problem	(1)	and	let	He	be	the	current	value	Hamiltonian	Then	there	exists	a
continuous	function	Jc(t)	and	a	number	Ao,	either	0	or	1,	such	that	for	all	tin	[to,	ti]	we	have	(Ao,	A(t))	::fa	(0,	0),	and:	(A)	u	=	u*(t)	maximizes	Hc(t,	x*	(B)	i(t)	_	rJc(t)	U,	A(t))	for	u	E	U	(3)	=	_	aHe(t,	x*(t),	u*(t),	A(t))	(4)	ax	(C)	Finally,	the	trnnsversality	conditions	are:	(a')	A(t1)	no	condition	(b')	A(t1)	~	0,	with	,\.Ct1)	=0	if	x*(ti)	>	xi	(5)	(c')	A(t1)=0	The
Mangasarian	and	Arrow	sufficiency	results	from	Section	9	.	(Hint:	Try	J1	(x)	=	2a	1x	1f2,	wherea1	>	0.)	7.	By	Theorem	13.2.3	there	is	a	sequence	{x1c}	in	S	with	limk-+oo	Xk	=	x.	FU	(x))	is	(a)	Suppose	that	f	(x)	is	quasiconcave	and	F	is	increasing.	7	/	ST	AB	I	L	I	TY	O	F	N	O	N	L	I	N	EA	R	D	I	FFER	E1\1	C	E	EQ	U	AT	I	O	N	S	421	Cycles	of	Period	2	A
cycle	or	periodic	solution	of	(1)	with	period	2	is	a	solution	x	1	for	which	x	1	+	2	=	x	1	for	all	t,	but	X1+1	:f=	x	1.	Suppose	x	equals	the	convex	combination	)qx	1	+	...	If	U	is	a	convex	set	and	the	function	H	is	strictly	concave	in	u,	one	can	show	that	an	optimal	control	u*(t)	must	be	continuous,	The	conditions	in	the	maximum	principle	are	necessary,	but
generally	not	sufficient	for	optimality,	The	following	theorem	gives	sufficient	conditions	(a	proof	of	the	result	is	given	in	Section	9.7,	see	Theorem	9,7,	{MAN	AN)	Suppose	that	(x*(t),	u*(t))	is	an	admissible	pair	with	a	corresponding	adjoint	function	p(t)	such	that	the	conditions	(A)-(C)	in	Theorem	9AJ	are	satisfied	with	Po	=	1.	Note	that	these
determinants	are	the	last	n	-	m	leading	principal	minors	of	the	"full"	determinant	Bn	(x*)	that	we	get	in	(6)	when	r	=	n.	3xf	-	2x1x2	+	4x1x3	+	8x1x4	+	x;	+	3x2x3	+	xf	-	2x3X4	+	\~I'	5.	Thus	(x,	y)	=	(-1	/2,	l)	with	A1	=	0	and	?c2	=	1/2	is	a	solution	candidate.	Suppose	that	(x'0	(t),	u*(t))	solves	problem	(10.1.1)-(10.1.5)	with	x	0	=	0	,	xl	=	1,	to=	i'o,	t1	=	ti
for	p	0	=	l,	with	c01Tesponding	adjoint	function	p(t).	,	Xn)	,jy	:S:	2)	in	IR	11	that	satisfy	all	them	inequalities	a111Xn	:'.::	b1	a21x1	+	a22x2	+	·	·	·	+	a2,,x11	:S:	b2	Gj]X]	+	a12X2	+	···+	and	moreover	are	such	that	x	1	2:	0,	...	Useformula(l)to	find	F'(a)	when	F(a)	=	J~1	dx.	(a)	Consider	the	problem	max	j	•OO	O	x	=	-bx+	u,	(ax	-	2I	u	2	)e	-rl	dt,,	x(O)	=	x0	,
x(oo)	free,	u	E	IR	where	a,	r,	and	bare	all	positive.	In	this	case,	the	jth	equation	is	superfluous.	Since	A;	cfa	"A1,	it	follows	that	are	orthogonal.	We	conclude	from	(7)	that	f	is	concave.	then	for	every	k	there	exists	a	point	x.1c	in	S	with	llxk	II	>	k.	A	function	f	from	S	~	IR	17	to	~m	is	continuous	at	a	point	x	0	in	S	if	and	only	if	each	component	function	/j	:
S-+	IR,	j	=	1,	...	,	an	are	positive,	with	a	=	a	1	+	...	390	CHAPTER	11	/	DIFFERENCE	EQUATIONS	11	.	Hence,	s	t,	t	I/:1	(X1-1,	V1-1)	::C:	f	(t	-	l,	X1-l,	l.11-l	(X1-J,	V1-1))	:::	max(f(t	-	1,	X1-1,	u)	u	+	E[	f1(X1,	V1)	I	X1-I,	V1-iJ	+	E[l1(g(t,	X1-1,	u,	V1),	V1)	I	V1-iJl	=	f1-t(X1-l,	V1-1)	+	with	equalities	if	u,	(Xs,	v.,)	satisfies	(6)	for	s	=	t	-	1,	t,	t	l,	..	An	important
observation	concerning	(1)	is	that	an	optimal	solution	to	either	of	the	two	problems	must	satisfy	the	Euler	equation:	Suppose	solves	either	problem,	and	let	i	=	x"(t1).	TI1ey	tell	us	which	control	to	use	after	a	disturbance	has	occurred,	but	they	are	optimal	only	in	the	absence	of	further	disturbances.	A4.5.6(b)).	If	mis	a	natural	number,	then	=P	A	111
diao().m	'	11.')	p-	1	0	1	'	_•	"}	1\.11	(4)	(See	Problem	3,)	This	provides	a	simple	formula	for	computing	A	111	when	A	is	diagonalizable.	Since	f/(x*)	=	0	for	i	=	1,	.	Then	w(k)	(0)	=	C1u;k\O)	+	···	+	C11	u~k\O)	=	C1	1,	or	complex	(fJ	f:;	0)	with	multiplicity	l	or	>	1,	the	corresponding	solution	u	i	is	one	of	the	following	functions:	r;	In	each	case,	uj	-	0	as	t	-
>-	oo	if	and	only	if	a	<	0.	L3	generaiizep,	Theorem	10.1.2.	!'-K1T[:	"l	Suppose	that	in	the	standard	end-constrained	problem	(1)-(5)	one	requires	that	x(t)	E	A	(t)	for	all	t,	where	A	(t)	for	each	t	is	a	given	convex	set	in	IRn.	Suppose	also	that	x*	(t)	is	an	intelior	point	of	A	(t)	for	each	t.	Thus	we	must	solve	the	equation	where	f	is	a	given	function.	,	xan-l)	be
n	given	numbers	and	let	to	be	an	arbitrary	number.	Suppose	then	that	sup	f	(x)	=	p	and	sup	g(x)	=	q,	where	p	and	q	are	both	finite	numbers.	Note	that	equation	(v)	is	the	same	as	equation	(iii)	in	Example	12.3,1,	except	thata	1-Y	is	replaced	by	D.	The	objective	function	is	now	the	expectation	T	E[	L	f	(t,	Xr	,	Ut	(Xr	,	V	1))]	(2)	t=O	Here	several	things
have	to	be	explained.	Thus	tr(A)	=	-(1	-	a)o	-	JI<	0	and	IAI	=	(1	-	a)oy	>	0,	so	(K*,	P*)	is	locally	asymptotically	stable.	By	Theorem	2.3.2	(b),	f	is	strictly	concave.	,	T,	and	also	u}(x1	,	vr)	maximizes	the	1ight-hand	side	of	(7),	then	u;	(x1	,	v1	),	t	=	0,	1,	..	In	this	case,	the	set	of	admissible	vectors	satisfying	the	m	constraints	is	convex.	On	the	basis	of	these
results	it	is	easy	to	find	a	necessary	condition	for	(l)	to	be	globally	asymptotically	stable:	+	+	If	(1)	is	globally	asymptotically	stable,	then	a1,	.	The	family	of	such	vectors	is	called	a	vector	field.	Thus	u*(t)	=	½p(t).	For	instance,	(3.6.2)	refers	to	formula	2	in	Section	6	of	Chapter	3.	If	demand	is	greater	than	supply	when	the	price	is	P,	then	D(P)	-	S(P)	>	0,
so	P	>	0,	and	the	price	increases.	In	both	cases	the	sequence	of	points	P1	=	,	x	1+1)	=	(x	1	,	f(x1	)),	t	=	0,	I,	2,	...	When	Vi	is	uncertain,	the	following	special	case	shows	why	it	matters	whether	we	can	observe	X1	before	choosing	u1.	Does	Note	2	then	apply?	Hence,	we	have	proved	that:	THE	A	subset	S	of	[R	11	is	bounded	if	and	only	if	every	sequence
of	points	in	S	has	a	convergent	subsequence.	x	=	x	(y	(b)	Introduce	the	transform	z	-	x	-	ln	x	-	l),	=y	y=l-x	(*)	-	ln	x,	and	show	that	(*)	becomes	z=	2	-	z,	Perform	a	phase	plane	analysis	of	this	system.	Prove	this,	and	apply	it	to	tx	=	x	-	(x	-	t)2.	Direct	application	of	Olech's	theorem.	Replacing	both	11	and	11+1	in	(12.6.5)	by	J,	we	derive	the	following
optimality	equation	or	Bellman	equation	J(x,	v)	=	max{f(x,	u)	+	/3E[J(X1,	V1)	II	Ix,	vl}	where	X1	=	g(x,	u,	V1)	(6)	SECTION	1	2.	Hence	y	0	¢	F(x0	),	contradicting	the	closed	graph	property	at	x	0	.	Suppose	x*	=	x*(t)	is	an	optimal	solution	to	the	maximization	problem,	and	let	µ,(t)	be	any	C	2	function	that	satisfies	1,t(to)	=	µ(1	1)	=	0.	Concise	solutions	to
almost	all	the	problems	are	suggested	in	the	answers	section.	The	appropriate	anows	are	drawn	in	Fig.	Euler's	Differential	Equation	One	type	of	equation	that	occasionally	occurs	in	economics	is	Euler''s	differential	equation,	t	2	x	+	ati	+	bx	=	0,	t	>	0	(8)	SE	CT	ION	6.	1	,	.•.	(Hint:	Differentiate	(*)	with	respect	to	t,)	324	CHAPTER	9	/	COl'HROL
THEORY:	BASIC	TECHNIQUES	9.6	Adj	int	Variables	as	Shadow	Prices	Like	the	Lagrange	multipliers	used	to	solve	static	constrained	optimization	problems	in	Chapter	3,	the	adjoint	function	p(t)	in	the	maximum	principle	can	be	given	an	interesting	price	interpretation.	(1962)).	Indeed,	suppose	one	can	find	a	point	x*	at	which	f	is	stationary	and	g1
(x*)	<	b1	for	all	j.	For	z	=	0,	one	has	A	=	C>-':).	,	T-1	456	C	H	,i;,	PT	ER	1	2	/	DISCRETE	TIME	OPT	IM	I	Z	AT	ION	with	xo	given,	where	a	>	0	is	the	return	to	saving.	The	finn	sells	all	it	produces	at	prices	13	per	unit	of	A	and	8	per	unit	of	B,	Find	the	profit	function	:rr(x,	y)	and	the	values	of	x	and	y	that	maximize	profit	·	12	I	f~~	(x*,	y*)	!~Sex*,	y*)
!1111	(x*,	y*)	y*)	>	0	&	<	0	&	I	/	1111	(x'i,	y*)	!]"1	(x*'	f1"2(x"''	y*)	I	>	0	y*)	.	J{'1	=	a(a	-	l)x	0	-	2	y'',	f{	2	=	abx	0	a	and	b	belong	to	[0,1],	one	has	f['r	:s	O	and	1yb-l,	f22	and	f~	2	=	b(b	-	l)xay/J-	2	.	But	xf	=	cxT	xo+	r,[=l	0/T-k+l(Yk-J	-uf-1)	=	0/T	xo+	cxT-k+l(Yk-1-(U')-l(pTaT	(a,B)I-r),	using	formula	(11.1.8).	Definer	=	xo	-	Yo	>	0.	,	v;;),	with	v1	'	>	0,	,	,	.	·
(9)	One	can	show	that	this	se1ies	converges	for	all	t,	and	that	(d/dt)eA	1	AeA	1	•	Since	1	1	1	1	(d/dt)(eA	c)	=	AeA	c	=	A(eA	c),	it	follows	that	eA	c	is	a	solution	to	x	=	Ax	for	every	constant	vector	c,	and	only	solutions	of	this	ldnd	are	possible.	denote	different	discrete	time	periods	or	moments	of	time.	If	Pa	is	empty	or	consists	only	of	one	point,	Pa	is
evidently	convex.	Thus	a11	<	0	and	a11a22	-	af2	=	6	-	1	=	5	>	0,	so	according	to	(5)(b),	Q(x	1	,	x2	)	is	negative	definite.	3	According	to	the	chain	rule	we	have	{hG(u(t),	v(t),	w(t))	follows	by	letting	G	=	Fi,	u	=	t,	v	=	x,	and	w	=	x.)	=	G~it	+	c;v	+	c;ui.	By	studying	a	phase	diagram	it	ls	easy	to	see	that	(0,	0)	is	not	stable.	,	gn(t,	x,	u))	:	y	:S	0,	u	EU}	(1)



This	is	a	set	in	[R;n+l	generated	by	letting	y	take	all	values	::S	0,	while	u	varies	in	U.	A(K*	P*)	.	,n	(12)	For	each	resource	price	vector	p	=	(p1,	...	Then	=	and	w	=	j,,	so	the	system(*)	is	transfonned	into	z	x	z=2(w-3)+6=2w	w	=	(z	+	6)	+	(w	-	3)	-	3	=	z+w	According	to	the	preceding	example,	the	general	solution	is	z	=	-2,	0)	Equilibrium	Points	for	Linear
Systems	Consider	the	linear	system	with	constant	coefficients	(1)	The	equilibiium	points	for	this	system	are	determined	by	the	equations	a11x+a12Y+b1	=0	a21x	+	a22y	+	b2	=	0	or	+	G12Y	=	-b1	a21x	+	a22y	=	-b2	Cl]	tX	(2)	which	result	from	putting	x	=	y	=	0	in	(I).	=	[(a	2	-	r	2	)/4brv.	f'(x)	f	O	for	all	x	implies	that	f	is	strictly	guasiconcave.	Moreover,
V(x)	that	O	is	locally	asymptotically	stable.	In	the	second	case,	x	1	exhibits	decreasing	fluctuations	or	damped	oscillations	around	x*.	500	CHAPTER	14	14.1	/	lI	CORRESPONDENCES	AND	FIXED	POINTS	Correspondences	!	This	section	considers	correspondences	and	in	particular	introduces	several	continuity	assumptions	that	have	been	found	useful
by	economists.	(Dxr	(!f	4	TI1eorem	12.1.	1	also	holds	if	the	control	region	is	not	a	fixed	set	U,	but	instead	a	set	U	(t,	x)	that	depends	on	(t,	x	).	111	SECTION	A.3	/	SEQUENCES	OF	REAL	NUMBERS	537	Cauchy	Sequences	The	definition	(1)	of	a	convergent	sequence	involves	the	specific	value	of	the	limit.	TI1en	u1	=	x1	-	Xt+l·	Let	C(t,	x1	,	u1)	denote
the	cost	of	extracting	u1	units	in	period	t	when	the	stock	is	x	1	.	3,	the	graph	of	f	near	the	equiliblium	is	too	steep	for	convergence.	Provided	that	-x*	I	<	E,	we	infer	from(*)	that	lx	1+1	-x*I	::::	klxr-x*	1-	By	induction	ont,	it	follows	that	lx	1	-x*	I	::::	k	1	lxo-x*	I	for	all	t	2".:	0,	and	so	x	1	-,,	x*	as	t	~-	oo.	To	use	a	common	analogy,	we	do	not	expect	to
encounter	an	unstable	equilibrium	in	the	real	world	for	the	same	reason	that	a	pin	will	not	balance	on	its	point	In	general,	we	say	that	a	point	a	represents	an	equilibrium	state	or	a	stationary	state	for	equation	(l)if	F(a)	=	00	In	this	case,	x(t)	=	a	is	asolutionoftheequation.	Hence,O	=	V(a)	=	V(x*)	=	lim1	V(x(tk;))	=	lim1-+co	V(x(I))	=	V*.	If	the	price	of
the	.}th	input	factor	qi	increases	by	/).qi,	the	optimal	profit	decreases	by	about	!:,.qi	units,	since	is	the	amount	of	factor	j	used	at	the	optimum.	A	subsequence	(f,,1	,	g,,;)	converges	to	some	point	(f,	g)	E	F(x	0	)	x	G(x0	).	So	is	the	alternative	requirement	that	limHcx,	x(t)	~	x	1	because	it	excludes	paths	where	x(t)	oscillates	indefinitely.	The	domain	!Rn	of
the	co1Tespondence	:P	is	closed.	This	section	considers	how	dynamic	programming	methods	can	be	used	to	study	the	following	infinite	horizon	version	of	the	problem	set	out	in	(12.1.2):	00	max	L/3	1	f(x	1	,	u.	y	S	0,	u	E	[0,	1]}	(b	~3)	lying	on	the	line	segment	!!g(t,x1,x2,u)II	=	ll(aux1,aO-·u)xi)II	=J(aux1)	2	+(a(l-u)x1)	2	=	alx11J2u	2-	2u	+	1	:s	alx1	I	=
a/ii	s	a/xr	+	Xi	=(/II	(x1,	x2)II	376	CHAPTER	10	/	CONTROL	THEORY	WITH	MANY	VARIABLES	using	the	fact	that	2u	2	-	2u	+	1	=	2u(u	-	1)	+	1	::-:_	1	for	all	u	in	[O,	an	optimal	control	follows	from	Theorem	10.4.1.	1l	The	existence	of	Precise	Sensitivity	Results	Here	we	shall	briefly	present	precise	conditions	for	the	sensitivity	results	in	(10.1.14)	to
hold.	,,n	For	any	inequality	in	(4)(b)	that	is	reversed,	the	corresponding	inequality	in	(9)(b')	is	reversed	as	welL	~tOTE	2	One	can	show	the	following	additional	prope11ies:	(a)	The	Hamiltonian	H(t,	x*(t),	u*(t),	p(t))	(b)	If	the	partial	derivatives	d	-H(t,	dt	is	continuous	for	all	t	(10)	aj/at	and	og;/ot,	i	=	l,,	..	111en	u(t)	=	x(t).	But	then	x*	=	l	and	y*	=	2,	and
from	(ii)	and	(iii)	we	find	.lc	1	=	A2	=	2.	The	brief	Section	14.3	formulates	and	proves	the	existence	of	a	fixed	point	for	a	special	type	of	contraction	mapping,	This	result	has	important	applications	to	problems	in	the	theory	of	differential	equations,	control	theory	and	to	infinite	horizon	dynamic	programming.	Section	9.6	is	concerned	with	sensitivity
results:	what	happens	to	the	optimal	value	function	when	the	parameters	change?	SECTIOI\J	9.6	3	(Economic	growth)	to	Shell	(1967):	/	327	ADJOINT	VARIABLES	AS	SHADOW	PRICES	Consider	the	following	problem	in	economic	growth	theory	due	max	for	(1	-	s(t))eP	1	f(k(t))e-	81	dt	s.t.	lc(t)	=	s(t)eP	1	f(k(t))	-	"Ak(t),	k(O)	=	ko,	k(T)	2:-	ky	>	ko,	0::::
s(t)::::	1	Here	k(t)	is	the	capital	stock	(a	state	variable),	s(t)	is	the	savings	rate	(a	r;;ontrol	variable),	and	f(k)	is	a	production	function.	It	is	called	the	barycentre,	or	centre	of	gravity,	of	the	x;	(with	weights	11.;=n;/N).	Theorem	3.	=	3,	4,	...	Since	In	is	strictly	increasing.	-$]/j)	3.	10.1	LUE)	Suppose	(x*(t),	u*	(t))	is	an	admissible	pair	for	the	scrap	value
problem	(1)	and	suppose	there	exists	a	continuous	function	p(t)	such	that	for	all	tin	[to,	t1],	(A)	u	=	u*(t)	maximizes	H(t,	x*(t),	u,	p(t))	wx.t.	u	E	U	=	-H~(t,	x*(t),	u*(t),	p(t)),	(B)	p(t)	p(t1)	=	S	(x*(t1))	1	(C)	H(t,	x,	u,	p(t))	is	concave	in	(x,	u)	and	S(x)	is	concave	Then	(x*(t),	u*(t))	solves	the	problem.	(Since	f(x,	y)	ls	strictly	concave	with	respect	toy	.	(a)
2500/3	(b)	0	(-2te-	2'	-	e-	21	)	=	l	-	21e-	20	(c)	320/3	+	11	ln	11	~	133,	(Introduce	u	variable,	oruse	polynomial	division:	(!Of"	-	t	3	)/(t	+	1)	=	-t	2	+	1	lt	-	11	+	11/(t	+	1).)	t·	=	t	+	1	as	anew	3.	An	optimal	pair	(x*(t),	for	this	problem	must	have	the	following	properties:	(a)	u	=	u"(t)	maximizes	H1	(t,	x*(t),	u,	q(t))	for	u	E	U	(b)	q(t)	=	-aH{'/ax,	q(t1)	=0	Define
p(t)	=	q(t)	+	S'(x*(t)).	Finally,	inserting	u;'	=	l/2x;'	in	the	difference	equation	gives	=	Sox;'	=	xo,	with	u1	=	(~}1	/2xo	as	optimal	control	values.	,	An	be	the	(real)	eigenvalues	of	A.	,	h	11	)	and	define	the	function	g	by	g(t)	=	f(x?	We	highly	recommend	that	the	reader	studies	the	illuminating	and	simple	proof	of	sufficiency.	This	equation	shows	111	NOTE
2	It	can	be	shown	that,	if	A	;;;	0,	then	IAI	:S	AA	for	all	eigenvalues	Aof	A,	whether	real	or	complex.	,	T	-	I,	are	i.i.d.	random	variables	with	E[½]	=	1.	If	k	is	even,	Yk	=	1	and	if	k	is	odd,	Yk	=	-1.	Collecting	like	terms	on	the	left-hand	side	4At	2	+	(4B	2	SA)t	+	(2A	-	4B	+	4C)	=	t	+	2.	Suppose	that	(a)	(x*(I),	u*(t))	is	a	unique	optimal	solution.	,	a,	1	are	all
positive	is	not	sufficient	for	stability	of	(1)	(see	Example	2	below).	This	implies	that	for	some	selection	of	m	of	the	variables	x;,	which	we	denote	by	x;	1	,	x;	2	,	•••	,	x;,,,,	the	Jacobian	determinant	o(fi,	h	...	Thus	x*	and	p	must	satisfy	the	system	(i)	For	every	tin	[O,	T],	u	X=	lj	X	+e	21	p	=	2e-21x	-	p	of	two	simultaneous	equations	in	the	plane,	which
appeared	as	Problem	6.5.3.	The	general	solution	is	x	=	Ae(1+,/2)t	+	Be0-./2)t	and	p	=	A.Jl	eC.J2-l)t	-	B.Jl	e(-./2-l)t.	Check	to	see	that	for	n	it	reduces	to	(1	)-(3).	L	Inequality	(l)	reduces	to	l	-	x	2	-	y2	-	(l	-	x	··	rt	n	ln(x	1x	2	•	•	·	x	11	)	l/n.	(The	Solow-Swan	grnwth	model)	This	"neoclassical"	growth	model	involves	a	constant	returns	to	scale	production
function	Y	=	F(K,	L)	expressing	national	output	Y	as	a	function	of	the	capital	stock	K	and	of	the	labour	force	L,	both	assumed	to	be	positive.	A4.5.8(a)	and	A4.5.8(b).	Hence	f{	1	:SO	iff	x	:::=	1/3.	Since	then	the	subject	has	formed	an	important	part	of	applied	mathematics.	An	entrepreneur	wishes	to	choose	x1,	x2,	Yl,	and	Y2	such	that	total	revenue	pf
(xi,	Y1)	+	q	g	(x2.	Hence:	Consider	system	(2)	and	suppose	the	C	1	functions	fi,	..	,	x	11	)	subject	to	l	g.1.(X·J·,··.·.·.·.x.·,.1)..=..	1,	p(t)	=	-4	(except	p(4)	=	0),	and	q(t)	=	J	with	,B	=	4.	Hence,	1	t1	V(t',	x(t';	t,	x))	=	f(s,	x(s;	t,	x),	ii(s;	t,	x))	ds	t'	Differentiate	this	equation	w.r.t.	t	1	at	t'	=	t.	Then	by	(5)	in	Theorem	2.5.l,	g(t)	?::	g(0)	for	all	tin	[0,	l].	Then	a
reasonable	guess	is	that	(4)	has	a	particular	solution	that	is	also	a	polynomial	of	degree	n,	of	the	form	u*	=	A	11	t	11	+	A.	For	the	case	of	two	variables	the	result	is	the	following	(see	also	Problem	9):	THEOREM	S	Let	f	(x,	y)	be	a	C	2	function	defined	in	an	open,	convex	set	Sin	the	plane.	The	suggested	substitution	implies	that	z-	2t	x	=	z-	2L	Inserting
this	into	(*)	gives	=	2t/z,	hence	i	=	2t	(	1	+	~)	=	2t	z	~-.-z±-~	This	equation	is	separable,	and	we	use	the	recipe	from	Section	5.3.	Note	the	constant	solution	z	=	-1.	But	if	i	=	0	on	some	interval,	then	x	may	not	solve	the	Euler	equation.	~nrr	If	S(x)	'=	0,	then	(2)	reduces	to	p(t1)	=	0,	which	is	precisely	as	expected	in	a	problem	with	no	restrictions	on	x
Cti).	(See	also	Fig.	In	other	words,	no	point	of	S	is	at	a	distance	greater	than	M	from	the	rnigin.	The	function	F(t,	x,	i)	=	(4	-	3x	2	-	16x	-	4i	2	)e-1	is	concave	in	J:),	as	a	sum	of	concave	functions.	Consider	the	standard	end-constrained	problem	(9.4.1)-(9.4.3).	Usually,	the	state	of	the	system	(x(lo),	y(to))	is	known	at	some	initial	time	to	and	the	future
development	of	the	system	is	then	uniquely	determined.	=	e1	(l	+x	2	)	and	g(x,	y)	=	ln(l	+x	2	)	+	y	are	functionally	dependent	Put	F(y1	.,	Y2)	=	ln	Yt	-	y2.	Specifically,	the	sequence	X	1	,	t	=	l,	.	For	a	counterexample	consider	what	happens	when	).,(t)	=	-1,	r	=	I,	x(t)	=	e	1	,	and	x*(t)	=	L	Then	A(t)e-t[x(t)-x*(t)]	=	-e-	1	(e	1	-1)	=	e-	1	-1--+	-1	as	t--+	oo.	Of
course,	one	cannot	expect	exact	methods	to	work	in	complete	generality,	but	explicit	solutions	can	be	found	in	some	important	cases.	(b)	Show	by	induction	that	A"'	=	PD"'P-	1	for	every	positive	integer	m.	J'(;	e-	1	t-	1l	2	dt	2	-+---+----+--+------,_,.x	2	3	4	Figure	1	The	gamma	function	The	gamma	function	is	continuous	in	the	interval	(0,	oo).	(ii)	second,
substitute	this	y	=	differential	equation	in	x(t).	Find	the	Euler	and	then	find	the	solution	of	the	equation	when	cw	#	L	8.4	Optimal	Savings	This	section	considers	in	more	detail	the	finite	horizon	optimal	savings	problem	of	Example	8.1.1.	l	Find	the	Euler	equation	for	the	Ramsey	problem	in	Example	8.1.	J:	max	1T	U(f(K(t))	-	K(t))e-rt	dt,	K(O)	=	Ko,	K(T)
=	Kr	Deduce	an	expression	for	the	c01Tesponding	relative	rate	of	change	of	consumption,	C/	C,	where	C	=	f	(K)	-	K.	Suppose	that	there	exists	a	commodity	vector	a	=	(a	1	,	a	2	,	...	It	also	avoids	having	the	horizon	as	an	extra	exogenous	variable	that	features	in	the	solution.	2	It	follows	from	Theorem	2.5.1(4)	that	a	strictly	quasiconcave	function	is
quasiconcave.	We	know	from	Example	6.6.2	that	since	(0,	0)	is	globally	asymptotically	stable,	all	paths	for	this	linear	system,	wherever	they	start,	tend	to	the	equilibrium	point	(0,	0)	as	t	-+	oo.	Let	us	show	that	K	0	contains	all	optimal	v.	4	/	I	N	FI	M	U	M	A	N	D	SU	PREM	U	M	O	F	FU	N	CT	I	O	1\1	S	543	converges	to	the	number	A	as	x	tends	to	x	0	,	if
for	each	e	>	0,	there	exists	a	number	8	>	0	such	that	llf(x)	-	f(i/l)II	<	e	for	all	x	in	M	with	x	f	x	0	and	llx	-	x	0	11	<	8.	In	particular,	>	0.	But	(ii)	must	be	valid	for	all	functions	µ,(t)	that	are	C	2	on	[to,	ti]	and	that	are	Oat	to	and	at	t	1•	It	stands	to	reason	then	that	the	bracketed	expression	in	(ii)	must	be	O	for	all	t	in	[t0	,	ti].	Since	Y	is	convex	and	any
maximum	of	a	strictly	concave	function	over	a	convex	set	is	unique	(if	it	exists),	in	this	case	there	is	a	unique	maximum	point	(xf,	,	y/,	y	wriich	must	be	a	continuous	function	of	(p,	q).	Suppose	Sis	compact	and	let	{xk}	be	a	sequence	in	S.	One	instance	is	the	optimal	extraction	problem	of	Example	9.	One	result	is	that	we	have	been	encouraged	to
produce	a	revised	edition,	so	we	have	gone	through	the	text	thoroughly.	(Looks	simple,	but	no	method	is	known	for	solving	this	equation,	except	numerically	or	in	special	cases.)	Vt	AnOlab	8.	This	is	because	as	b1	increases	with	all	the	other	variables	held	fixed,	the	admissible	set	becomes	larger;	hence	f*(b)	cannot	decrease.	i:	=	u,	=	xo,	x(O)	x(l)	=	Xt,
u	E	(-oo,	oo)	=	p(O)	and	8V/ih	1	=	-p(l),	where	Vis	the	optimal	value	function.	Over	this	time	interval,	tu	~	g(t,	x,	u)	M	and	so	H	1':,.t	=	f(t,	x,	u)	!':!.t	+	p(t)g(t,	x,	u)	M	~	f(t,	x,	u)	!':!.t	+	p(t)	b.x	Hence,	H	/::;.tis	the	sum	of	the	instantaneous	profit	f	(t,	x,	u)	!'!,.t	earned	in	the	time	interval	[t,	t	+	!::,,.t]	and	the	contribution	p(t)	!:,.x	to	the	total	profit
produced	by	the	extra	capital	l:!.x	at	the	end	of	this	time	period.	,	bm),	where	b.;	E	(gj(X),	b1),	Then	g(x)	~	b'	~	b.	The	calculus	of	variations	actually	has	a	rather	long	history.	Assume	that	there	exists	a	vector	a	~	0	such	that	a	~	f(a).	The	part	of	the	graph	of	the	function	x	given	by	L	=	f	1	1	/I+	i	2	dt.	10.4	Existence	Theorems	and	Sensitivity	At	the	end
of	Section	9.3	we	mentioned	the	role	played	by	existence	theorems	in	optimal	control	theory..Not	every	control	problem	has	an	optimal	solution.	111en	Xk	=	f(xk-1)	+	y	~	f(xk)	+	y	=	Xk+l	and	also	Xk	=	f(xk-d	+	y	~	f(a)	+	y	~	a,	so	(ii)	is	also	true	when	m	=	k	+	I.	For	instance,	u(t)	2:	0	was	a	natural	restriction	in	the	oil	extraction	problem	of	Section	9
.1;	it	means	that	one	cannot	pump	oil	back	into	the	reservoir.	If	we	redefine	the	Hamiltonian	accordingly,	then	is	replaced	by	Pt	-	Pt-I	=	-H~(t,	x;i,	u;',	Pr),	which	corresponds	to	equation	(9.2.5).	0,	so	f*	is	continuous	also	ate	=	0,	Note	that	df*(c)/de	=	x*	in	both	cases,	so	(3.705)	holds,	4,	(a)	With£	=	ln(l	+x)+y-A(px+	y-m),	the	Kuhn-Tucker	conditions
are:	(i)	1/	(l	+x'')-Ap	:::	0	(=	0	if	x*	>	0);	(ii)	1	-	A	:::	0	(=	0	if	y*	>	0);	(iii)	A	c:::	0	with>-.	Consider	first	a	two-stage	decision	problem	with	one	state	variable	x	and	one	control	variable	u.	The	existence	of	a	solution	is	secured	by	Theorem	10.4.1.	The	solution	is	u*(t)	=	1	if	t	E	[O,	1/2],	u*(t)	=	0	if	t	E	(1/2,	1].	Smolensky	uses	the	system	Yr	=	0.49)'1-1	+
0,68i1-1	,	i1	=	0,032yr-1	+	0.43i1-l	where	y1	denotes	production	and	i	1	denotes	investment	at	time	t.	2	x'x	Sincex'xis	a	positive	real	number,	"A	2	is	real	and	2::	0.	434	C	H	A	PTE	R	1	2	/	E	D	I	SC	RETE	TI	M	E	O	PT	I	M	I	Z	AT	I	O	N	Consider	the	problem	T-1	max{Llnc	+lnxr}	1	subjectto	x	1+i=a(x	1	-c	1	)	fort=O,	...	X	x	=	F(x)	--i---------~a-------,,.x	Figure
1	Any	solution	x	=	x(t)	of	(1)	has	an	associated	x	=	i(t).	According	to	Theorem	10.1.3	and	Note	10.1.7,	the	solution	to	the	two-sector	problem	has	been	found.	If	U	(x	0	)	=	a,	then	r	a	consists	of	all	vectors	that	the	household	values	at	least	as	much	as	x	0	.	If	f(x)	=	x	and	g(x)	=	-x	in	(0,	l],	then	whereas	inf(f(x)	+	g(x))	=	infO	=	0.	Its	applications	include,
for	instance,	economic	growth,	inventory	control,	taxation,	extraction	of	natural	resources,	irrigation,	and	the	theory	of	regulation	under	asymmetric	information.	Thereisaurtiqueequilibriumstate,	atx	=	b/a,	where	F'(x)	=	-a.	So	F(r,	s,	m)	is	compact,	and	therefore	Theorem	13.4.2	already	implies	that	the	maximum	revenue	is	a	continuous	function	of
SECTION	13	4	/	MAXlfVIUfVI	THEOREMS	485	(p,	q).	Thus	the	condition	in	(b)	evidently	imp	Hes	that	the	sufficient	conditions	for	a	strict	local	maximum	in	problem(*)	are	satisfied	at	x0	(see	Theorem	3.6.4).	Show	that	x*(t)	is	strictly	increasing.	v	f(z).	To	avoid	this	unsatisfactory	assumption,	however,	we	need	a	restriction	on	the	constraint	functions
made	precise	in	the	following	theorem:	4	We	assume	that	the	maximum	value	always	exists.	There	is	a	closed	ball	B	around	y	which	is	small	enough	not	to	intersect	the	closed	set	F(x0	).	K	=	a	Solving	for	K	yields	n	-[1	-	(1	r	1	+	r)-n]	=	a	~(l	L	+	r)t=I	The	original	loan,	therefore,	is	equal	to	the	present	discounted	value	of	n	equal	repayments	of	amount
a	each	period,	struiing	in	peliod	1.	Then:	(a)	f	(x)	concave,	F(u)	concave	and	increasing	=}	U(x)	(b)	f	(x)	convex,	F	(u)	convex	and	increasing	-;'	U(x)	(c)	f	(x)	concave,	F(u)	convex	and	decreasing	=}	U	(x)	(d)	f	(x)	convex,	F(u)	concave	and	decreasing	=}	U(x)	(a)	Let	x,	y	U(h	+	(1	-	E	Sand	let	'A	Jc)y)	=	E	F(f(h	=	F(f(x))	concave.	It	follows	that	u*	=	½).,e-
01	.	In	particular,	equating	the	partial	derivative	w.r.t	xr	to	O	yields	-/3	/	(xT-1	-	f3xr)	+	1/xr	=	0	again;	equating	each	partial	derivative	w.r.t.	x	1	to	Oyields	-/3/(x1-1	-f3x1	)+	l/(x	1	-/3x	1+1)	=	0	fort	=	1,	2,	.	Sufficient	Conditions	The	maximum	principle	provides	necessary	conditions	for	optimality.	Thus	the	last	result	in	(5)	is	confirmed.	(The	case	n	=	2,
m	=	1	is	discussed	in	EMEA,	Section	14.4.)	Theorem	3.3.1	is	actually	a	special	case	of	Theorem	3.8.3.	It	is	still	valid	if	xis	(also)	restricted	to	some	open	set	A,	provided	the	sufficient	condition	of	part	(b)	is	strengthened	by	adding	the	requirement	that	A	is	convex.	Vve	assume	that	m	<	n	hi;;cause	otherwise	there	are	usually	no	degrees	of	freedom.
Check	global	asymptotic	stability	for	Problem	7.2.1	(a).	+	4xf	subject	to	Xj	B2	=	=	1	1	3	0	X2	+	X3	=	0.	This	procedure	maps	each	real	number	x	to	a	point	/\	with	coordinates	(u,	v).	Compute	x1,	x2,	and	X3.	598	ANSWERS	L	(a)	S	+	T	is	the	rectangle	(Cartesian	product	of	intervals)	(a,	b)	x	(c,	d)	with	corners	(a,	c),	(b,	c),	(b,	d),	and	(a,	d).	Let	us	confirm
this	by	using	the	maximum	principle.	How	does	V	change	when	p	increases	and	when	w	increases?	If	F(f	(x))	is	not	quasiconcave,	then	by	(4)	in	Theorem	2.5.1	there	must	exist	points	u	and	v	in	Sand	a	point	SECTION	2.5	/	QUASICONCAVE	AND	QUASICONVEX	FUNCTIONS	71	w	=	AU+(]	-	1c)v	on	the	line	segment	between	them	such	that	F(f(w))	<
F(f	(u))	and	F(f(w)	<	F(f(v)).	In	fact,	the	required	solution	is	x(t)	=	x(to)eaCt-to).	Each	y	11	is	a	finite	number	and	{y	11	}	11	is	a	decreasing	sequence.	(See	e.g.	EMEA,	Section	7	.5	for	details.)	Nevertheless,	the	usefulness	of	such	polynomial	approximations	is	unclear	unless	something	is	known	about	the	error	that	results.	-1.	Then	the	remaining
matrix	should	have	rank	equal	to	the	number	of	rows.	Each	partial	derivative	says	nothing	about	the	behaviour	of	f	in	other	directions.	We	conclude	that>-.	8.	For	example,	if	f	(x)	=	~	and	F(u)	=	u	3	,	then	f	is	concave	for	x	::::	0	and	Fis	increasing,	but	U(x)	=	F(f(x))	=	x	312	is	convex	rather	than	concave.	Necessary	Conditions,	Sufficient	Conditions,
and	Existence	In	static	optimization	theory	there	are	three	main	types	of	result	that	can	be	used	to	find	possible	global	solutions:	theorems	giving	necessary	conditions	for	optimality	(typically,	firstorder	conditions);	theorems	giving	sufficient	conditions	(typically,	first-order	conditions	supplemented	by	appropriate	concavity/convexity	requirements);
and	existence	theorems	(typically,	the	extreme	value	theorem).	(b)	.K	=	sAb"'(t	+	so	K(t)	=	[K0	+	saAb"	(Ct+	a)P"'+	1	-	arx,+	1	)	/(pa+	1)]11".	Formulate	this	as	a	variational	problem	with	Y	=	Y(t)	as	the	unknown	function,	Find	the	corresponding	Euler	equation,	and	solve	the	problem.	1.8	1.9	Review	of	Basic	Linear	Algebra	Linear	Independence	111e
Rank	of	a	Matrix	Main	Results	on	Linear	Systems	Eigenvalues	Diagonalization	Quadratic	Fonns	Quadratic	Forms	with	Linear	Constraints	Partitioned	Matrices	and	Their	Inverses	2.1	2.2	2,3	2.4	2.5	2.6	2.7	2.8	Gradients	and	Directional	Derivatives	Convex	Sets	Concave	and	Convex	:Functions	I	Concave	and	Convex	Functions	II	Quasiconcave	and
Quasiconvex	Functions	Taylor's	:Formula	Implicit	and	Inverse	Function	Theorems	Degrees	of	Freedom	and	Functional	1.1	1.2	1.3	1.4	1.5	1.6	1.7	Dependence	2.9	Differentiability	2.	WARNING:	A	rather	common	misconception	is	that	weakening	each	inequality	D1c	>	0	in	(a)	to	Dk	::::	0,	gives	a	necessary	and	sufficient	condition	for	A	to	be	positive
semidefinite"	Theorem	1,7,	1	teUs	us	that	to	check	for	positive	semidefiniteness	requires	considering	the	signs	of	all	principal	minors,	not	only	the	leading	ones.	,	Xr+1)	is	a	max-	=	I:;:'.6	imum	point	for	the	objective	function	S(x1,	...	Note	that	A	~	Sis	relatively	closed	in	S	if	and	only	if	S	\	A	is	relatively	open	in	S.	Moreover,	each	component	of	>-.a	-
f(Aa)	can	be	made	as	large	as	we	please.	Let	b.k	(x)	denote	an	arbitrary	principal	minor	of	order	k	of	the	Hessian	matrix.	Because	d(f(x),	f(x	0	))	::::	1/i(x)	-	/j(x0	)1	for	j	1,	...	Then,	fort	=	0,	1,	2,	...	Figure	3	actually	shows	two	curves	of	type	II	that	converge	to	(K,	i).	Now,	by	concavity	of	each	f;,	I;	(Jex+	(1	-	),)x0	)	2:	)cf;	(x)+	(1	-	Jc)	I;	(x0	).	Moreover,	one
can	show	that	(eA1	)	-	1	=	e-At	and	that	eAU+s)	=	however,	that	eAr+Bt	is	not	equal	to	eAt	e	81	unless	AB	=	BA.	Because	(-oo,O]	is	closed	and	g	is	continuous,	this	inverse	image	is	closed.	Of	particular	interest	are	paths	that	start	at	K	=	Ko,	but	other	curves,	which	start	with	other	values	of	are	also	drawn.	Note	that	IF(t,	x)I	=	te-x	I	::::	+	ltle-x	::::	3/4
+	1/2	=	5/4	for	all	(t,	x)	in	r.	When	Ko	<	16	as	in	the	figure,	the	left	curve	drawn	with	a	solid	line	is	consistent	with	the	indicated	arrows.	In	many	variational	problems	in	economics	the	integrand	F	(t,	x,	i)	in	(1)	is	of	the	form	F	(x,	i),	so	that	t	does	not	enter	explicitly.	lfE{-LIJ	~ij;i)	x	1	+	u)	dt,	lo[4	(10	-	JX1(t)	=	X2(t),	l.:i:2(t)	=	u(t),	x1(0)=2,	x	1	(4)isfree
=	4,	x2(4)	is	free	x2(0)	2.	We	usually	call	t	=	0	the	initial	period.	oo.)	2.	Then	the	value	of	x2	=	x2(x	1,	v1)	is	determined	for	each	possible	observed	value	of	v	1	,	and	so	on.	2	and	3.	Because	average	cost	C(w	0	/2,	y)/y	_,,.	Conclude	that	the	general	solution	is	x	=	(A+	Bt)e'	1	•	7.	'	u}(xr,	Vr	),	that	makes	the	objective	(2)	as	large	as	possible.	Prove	that
every	convergent	sequence	in	IR	11	is	a	Cauchy	sequence.	Because	S;	is	convex,	the	line	segment	[x,	y]	must	lie	in	S;	for	each	i	=	1,	...	Figure	2	illustrates	soff1e	particularly	important	angles	measured	in	both	I	10°ho	-	0	1	'-	i	I	I	I	!	:	I	I	I	1/2	figure	4	Figure	3	figure	2	l/2	The	degree	scale	for	measuring	angles	is	built	on	an	arbitrary	choice	of	unit	in
that	the	complete	circle	is	divided	into	360°.	Thus	a11	:S:	0,	a22	:'S	0,	anda11a22	36	-	36	=	0	:::	0,	so	according	to	(4),	Q(x1,	x2)	is	ncgEitive	semidefinite.	The	function	f	is	strictly	quasiconvex	if	-	f	is	strictly	quasiconcave.	·U/ATI	,_	-·,	.	An	alternative	way	of	finding	an	equilibrium	statex*	is	to	seekasolutionofx	1+1	=	ax1-+b	with	Xt	=	x*	for	all	t.	More
General	Terminal	Conditions	In	some	dynamical	optimization	problems	the	standard	terminal	conditions	are	replaced	by	the	requirement	that	x(t)	at	time	t	1	hits	a	target	defined	as	a	certain	curve	or	surface	in	IR	11	•	TI1e	optimal	path	in	such	a	problem	must	end	at	some	point	x	1	and	therefore,	in	particular,	will	solve	the	corresponding	control
problem	where	all	the	admissible	paths	end	at	x	1	.	3	(b)	¾;'	!	t'nw	(a)	Using	(5)	we	obtain	the	solution	Xr	0	(b)	In	this	case,	(5)	gives	x	1	=	(-W	(xo	-	1)	X1+l	=	-3X1	+	4	=	(½)1	(xo	-	6)	+	6.	We	start	with	the	simplest	case.	According	to	(5)	and	(6),	we	must	examine	the	determinant	=	2	and	3.	We	denote	the	adjoint	function	by	p	1	•	We	know	that	PT	=
0.	This	is	an	optimal	solution	since.£	is	concave	in	(x,	y).	Hence,	the	equation	does	not	define	y	as	a	function	of	x	in	a	neighbourhood	of	the	point	(x1,	Y1).	Problem	3	includes	another	example	where	an	optimal	solution	does	not	exist.	Moreover,	A	=	1	gives	z	=	x,	and	A	=	1/2	gives	z	=	½x	+	½y,	the	midpoint	between	x	and	y.	Then	u'(x)	=	P	and	u"(x)	=
0.	But	if	we	know	a	particular	solution	u	=	u(t),	the	substitution	x	=	u	+	1/z	will	transform	the	equation	into	a	linear	differential	equation	for	z	as	a	function	oft.	Thus	the	Mangasarian	theorem	does	not	apply.	The	intertemporal	budget	constraint	imposes	the	requirement	that	the	PDV	of	consumption	cannot	exceed	WT·	+	1T	e-rt	c(t)	dt	=:::	WT	(ii)	(for
all	admissible	c(t))	Finding	an	optimal	time	path	of	consumption	for	a	problem	like	this	generally	involves	techniques	from	optimal	control	theory,	(See	Example	9.42.)	In	the	special	case	when	r	=	a,	however,	an	optimal	time	path	can	easily	be	found	by	means	of	Jensen's	inequality.	Autonomous	Equations,	Phase	Diagrams,	and	bility	Many	differential
equations	in	economics	can	be	expressed	in	the	form	.t	=	F(x)	(1)	This	is	a	special	case	of	the	equation	i	=	F(t,	x	),	in	which	t	does	not	explicitly	appear	on	the	right-hand	side.	X	=	b(l	-	xo	-)x(k	-	ay)	X	y	+	a(l	-	Yo	-)y(-h	y	+	bx)	=	0	(iii)	We	conclude	from	Theorem	7.5.2	that	(xo,	yo)	is	a	stable	equilibrium	point.	The	Hamiltonian	is	not	concave	in	(x1,	x2,	u)
(because	of	the	product	uxi).	The	values	off'	at	these	points	are	f'(x1,2)	=	2ax1,2	+	b	=	1	±	./(b	-	1)	2	-	4ac.	,	x	11	(t))	is	obtained	from(*)	by	giving	Ct,	...	Then	(iii)	gives	'A	=	0.	We	restrict	our	attention	to	functions	of	one	real	variable.	The	present	value	of	a	continuous	flow	of	income	f	(t),	t	E	[O,	T],	at	interest	rate	r,	is	K	=	1T	f	(t)e-'	1	dt	Find	cl	K	/	d	r.
Suppose	(x*(t),	u*(t)),	defined	on	[O,	T*],	solves	this	problem.	This	means	that	all	points	Xk	with	k	>	M	have	a	distance	from	XM	that	is	less	than	1.	111erefore,	by	Theorem	13.7.1,	there	is	a	solution	x	of	x	-	f(x)	=	y	for	ally	~	0.	'~i:1))	2.	(a)	(s*(t),	k*(t))	(b)	H(t,	k,	p)	=	{(	l	(lt+1)2)	'	2	(0,	9)	iftE[0,4]	(	,	if	t	E	=	maxsE[O,IJ	[.ff+	./k(p	-	(4,	10]	l)s]	=	pt)=
{6/(t-1-2)	iftE[0,4]	(10	-	t)/6	if	t	E	(4,	JO]	if	p	>	I	.	(Hint:	Find	h(x,	y),	J	1(x,	y),	and	J0	(x,	y)	and	the	corresponding	optimal	controls.)	(c)	Solve	the	problem	by	using	Theorem	12.5.1.	2.	If	the	lower	limit	u*(t)	=	uomaximizestheHarniltonian,theni:JH*/Bu	::S:	0,becauseothcrwiseifi:H-l"/Bu	>	0,	then	the	Hamiltonian	would	attain	values	just	to	the	right	of	uo.
But	the	method	becomes	very	unwieldy	if	the	horizon	T	is	large,	or	if	there	is	a	stochastic	optimization	problem	of	the	kind	considered	in	Sections	12.6-12.7	below.	We	assume	that	x	1	belongs	to	IR11	,	and	that	u1	is	required	to	belong	to	a	given	subset	U	of	IR,..	By	backward	induction,	let	us	prove	that	J/'(x	1	,	v,)::::	J1	(x,,	v	1	),	with	equality	if	n	is
such	that	u,(x,,	Y,)	satisfies	(6)	for	s	=	t,	t	+	1,	..	Then	x	2	+	y	=	2	and	y	=	1,	and	so	x	=	±1,	y	=	1.	)'	=	X	(b)	.	Thus	{xk)i	is	"not	quite"	a	subsequence	of	{xdk-	However,	it	is	always	possible	to	select	te1Tns	from	(x,d	in	such	a	way	that	we	get	a	subsequence	{xk,}i	of	{xk}k:	Let	k1	=	k1,	and	generally	'J	ki-1-1	=	kki+l·	Then	ki+l	:::=	k;	+1>	k;.	A	is
positive	definite	iff	BX	,f	O	for	X	f-	0,	and	this	is	the	case	iff	IBI	,,f,.	111	"*	Actually,	a	proof	is	needed	of	the	fact	that	a	solution	starting	at	xo	at	t	extended	to	a	solution	defined	for	all	t	>	0.	,	n	0	for	all	prindpal	minors	of	order	k	=	I	,	...	The	difference	equation	(*)	constitutes	an	instance	of	the	equation	Yr+1	=	(1	+	g)Y1	,	t=0,1,2,	...	Analogously,	we
associate	a	number	p(t),	called	the	co-state	variable,	with	the	constraint	(2)	for	each	t	in	[to,	t	1].	We	can	use	Theorem	2.5.5	to	confirm	this	result	for	n	=	2.	Then	Bf*(b)/Bb1	is	the	marginal	profit	that	the	firm	can	earn	per	extra	unit	of	resource	j,	which	is	therefore	the	firm's	marginal	willingness	to	pay	for	this	resource.	,	T	(4)	-	1	Moreover,	;	Pr-t
where	the	vector	PT	Bf	(T	,	Xy,	*	*)	=	qo-.	(b)	r-1(F)	is	closed	for	each	closed	set	Fin	[R	111	•	478	CHAPTER	13	/	TOPOLOGY	AND	SEPARATION	This	theorem	is	a	straightforward	consequence	of	TI1eorem	13.3.5	below,	which	deals	with	the	more	general	case	in	which	f'	is	not	necessarily	defined	on	all	of	IR".	But	if	we	can	first	observe	X1,	then	u1	can
depend	on	X1.	x)	are	continuous	functions	for	all	(t,	x),	and	suppose	that	there	exist	continuous	scalar	functions	a(t)	and	b(t)	such	that	IIF(t,	x)II	:::	a(t)llxll	+	b(t)	for	all	(t,	x)	(3)	Given	an	arbitrary	point	(to,	x	0	),	there	exists	a	unique	solution	x(t)	of	(1),	defined	on	(-oo,	oo).	Now	apply	Jensen's	inequality	to	the	concave	function	u	with	weights	:A,(t)	=
(l/ii)e-r	1	•	This	yields	u	(.foT(l/ii)e-rrc(t)dt)	c::	1	7	(l/i5t)e-r	1u(c(t))dt	Inequalities	(iv)	and	(ii),	together	with	the	fact	that	c	=	fo\-,r	u(c(t))	dt	2:	iiu	(	=	(l/ii)	1T	e-rtu(c(t))dt	(iv)	wr	/a	and	the	definition	of	ii,	imply	that	½fo\-rr	c(t)	dt)	:'.:::	au	(	:T)	=	au(c)	=	1T	e-rt	u(c)	dt	(V)	This	proves	that	no	other	consumption	plan	satisfying	budget	constraint	(ii)	can
yield	a	higher	value	of	lifetime	utility,	given	by	(i),	than	does	the	"smoothed	consumption"	path	with	c(t)	=	c	for	all	t.	In	particular,	the	rule	for	changing	variables	in	multiple	integrals	is	considered	in	some	detail,	4.1	Review	of	One-Variable	Integration	Let	f	(x)	be	a	continuous	function	on	an	interval	/.	Hence,	x	=	0	or	x	=	I.	Alternative	solution:	In
simple	cases	like	this,	a	dynamic	optimization	prob	km	can	be	solved	quite	easily	by	ordinary	calculus	methods.	(a)	A	=	3	and	(1,	l)'	is	an	associated	eigenvector.	APPENDIX	TRI	f:lJ	God	created	the	integers,	all	else	1s	the	work	of	man.	Following	common	practice,	we	typically	use	capital	instead	of	lower	case	letters	to	denote	random	variables,	e.g.	X	1
instead	of	x	1	.	An	equilibrium	price	vector	p*	is	characterized	by	the	inequalities	x;(p*):::w;	g;(p*):::0	or	foralli=l,	...	n.	3	/	C	ON	ST	AN	T	C	OE	FF	I	C	I	ENT	S	233	One	way	to	proceed	is	to	look	for	a	constant	r	such	that	x	=	tr	satisfies	the	equation.	1	A	Characterization	of	Continuity	Suppose	that	f	is	a	continuous	function	from	(all	of)	!Rln	to	[Rm.	If	V
is	an	open	set	in	!Rl'1,	the	image	f(V)	=	{f(x)	:	x	E	V}	of	V	need	not	be	open	in	lRm.	Nor	need	f(C)	be	closed	if	C	is	closed.	x,+1	=	u1	,	xo	>	0,	u1	>	0	-	l	448	CHAPTER	12	/	DISCRETE	TIME	OPTIMIZATION	12.6	Stochastic	Optimization	What	is	the	best	way	of	controlling	a	dynamic	system	subject	to	random	disturbances?	(Hint:	Use	(1.	Then	l	=	t	J;(ebF
e	l.	These	arise	in	statistics	when	considering	multidimensional	continuous	(probability)	distributions.	Note	first	that,	regardless	of	which	u	1	E	[O,	a]	is	chosen	in	each	period,	one	has	x	1	:::	0	for	all	t,	so	X(x	0	)	~	IR+.	,	T	-	1,	and	u}	=	l	(or	-1)	are	optimal	controls.	It	follows	that	the	only	possible	solution	is	(t)	=	XQ	[er(T-r)	_	e-r(T-t)]	erT	_	e-rT	The
function	F	=	x	2	+	ci	2	is	convex	in	(x,	i)	(as	a	sum	of	convex	functions),	so	the	solution	to	the	problem	has	been	found.	5	that	the	correspondence	F	in	Example	3	does	not	have	the	closed	graph	property	at	x	A	Suppose	that	g	:	[R	11	+m	-	=	1.	Section	9.11	is	an	attempt	to	give	some	correct	results	and	examples	in	this	area	where	there	is	some
confusion,	even	in	leading	textbooks.	Let	p	>	0	denote	the	price	per	unit	of	output	Consider	the	problem	of	maximizing	the	firm's	profit	py	-	C(w,	y)	by	an	appropriate	choice	of	output	y.	7	K	-	f	(K)K	/	OPTIMAL	SAVINGS	K	in	equation	(*),	and	divide	it	by	U	1\	C),	we	get	,:l(K)"	-	0	Ul(C)	(	+	U'1(C)	r-	J	299	(1)	)	-	Because	f	is	concave	(]'11	(K)	:::	0),	it
follows	that	f	(K)-	k	is	also	concave	in	(K,	I(),	as	a	sum	of	concave	functions.	St	l	1.	The	function	h2	is	concave	in	u,	and	h;(u)	=	1	-2u	=	0	for	u	=	1/2,	so	this	is	the	optimal	choice	of	u.	5.	In	many	cases,	this	maximization	yields	a	unique	maximum	point	u	=	ii	(t,	x,	p).	Section	3.10	gives	precise	theorems	on	envelope	results,	and	the	final	Section	3.11
contains	a	general	proof	of	the	existence	of	Lagrange	multipliers	in	constrained	optimization	problems	for	the	general	case	of	mixed	constraints.	Find	x(t)	if	x(t)	f_	1	00	e-S(f-r)	y(T)	dr.	Because	the	sequence	is	increasing,	b*	-	£	<	XN	:::.	For	many	stochastic	optimization	problems,	including	those	studied	here,	this	is	the	natural	class	of	policies	to
consider	in	order	to	achieve	an	optimum.	Some	of	the	material,	including	more	challenging	proofs,	is	in	small	plint.	}	of	all	natural	numbers,	provided	it	is	clear	from	the	context	precisely	what	the	elements	of	the	set	are.	Then	both	Ix	-	xo	I	<	r	/2	and	IY	-	y0	I	<	r	/2.	Alternatively,	we	could	reformulate	the	maximum	principle	for	the	minimization
problem:	an	optimal	control	will	minimize	the	Hamiltonian,	and	convexity	of	H(t,	x,	u,	p(t))	w.rJ.	Differential	equations	appearing	in	economic	models	often	involve	a	number	of	parameters	in	addition	to	the	initial	values.	(a)	Suppose	(k*(t),	s*(t))	solves	the	problem.	If	T	is	the	fixed	end	of	the	planning	period,	the	problem	of	maximizing	total	discounted
profit	can	be	written	as	T	Lf:l1[wu	1	11,:::0	max	C(t,	x1,	u1)],	x1+1	=	Xt	-	u1,	t	=	0,	1,	...	F(t,	x,	,i)	dt	when	(b)	F(t,	x,	:i:)	1	(c)	F(t,x,}:)=[(x-i)	2	+x	2	]e-ar	1	293	x(O)	X,	=	l,	i)	=	-e.i-ax	=	2tx	+	3xx	+	ti	2	x(l)	=	2.	Suppose	that	(x*(t).,	u*(t))	is	the	optimal	solution	of	the	problem	for	v	=	0.	""lll	'!j	378	CHAPTER	1	0	/	CONTROL	THEO	RY	WITH	MANY
VARIABLES	X	x(s;t,x)	r	t'	Figure	1	The	case	of	x	(t	1)	free.	0,	the	inequality	holds	for	h/	llh	II,	and	so	also	for	h.	Suppose	we	have	found	the	optimal	solution	to	this	problem,	with	corresponding	adjoint	function	p(t).	b.1	gm	,	...	Thus	a	is	stable.	,	T,	::::	0	Fort	for	all	v	in	[O,	1]	(iv)	=	T,	with	Pr	=	0,	this	condition	reduces	to	/3T	xf(w	-	2vf	)(v	-	Vy):::	0	for	all
v	in	[O,	1]	(v)	Having	vf	=	0	would	imply	that	wv	:::	0	for	all	v	in	[O,	l],	which	is	impossible	because	w	>	0.	One	can	prove	that	the	curves	L(x,	y)	=	constant	are	closed	curves.	Conversely,	suppose	that	every	convergent	sequence	of	points	from	S	has	its	limit	in	S.	Hence	the	equation	is	globally	asymptotically	stable.	According	to	Theorem	6.2.l(b),	the
general	solution	of	(4)	is	given	by	(5)	+	Bu2(t)	+	u*(t)	We	have	explained	how	to	find	the	term	Au	1	(t)	+	Bu2	(t)	by	solving	the	coffesponding	homogeneous	equation.	This	latter	inequality	is	satisfied	with	equality	for	at	least	one	index	i.	TI1e	rule	for	multiplying	a	partitioned	matrix	by	a	number	is	obvious.	Then	the	inequality	in	Theorem	9.11.l(d)	need
only	hold	for	pairs	(x(t),	x''(t))	satisfying	the	additional	conditions.	Therefore	(3)	implies	that	A*(T)	=Ar.Hence,	any	optimal	solution	A*(t)	of	the	problem	must	satisfy(*)	with	A*(O)	=	Ao	and	A*(T)	=	Ar.	Because	of	the	requirement	imposed	on	U,	the	function	F(t,	A,	A)	is	concave	in	(A,	A)	(for	the	same	reason	as	in	Example	8.4.1).	THEOREM	7	6	1
(LOCALE	ENCE	AND	UNI	NES	Consider	the	initial	value	problem	x	=	F(t,	x),	x(to)	=	xo	(1)	Suppose	that	the	elements	of	the	vector	F(t,	x)	and	the	mattix	F~(t,	x)	are	continuous	overthe	(n	+	1)-dimensional	rectangle	r	=	{(t,	x)	:	It-	tol	S	a,	llx-.xo	II	:::	b	},	and	let	M	=	(t,X)Ef	max	IIF(t,	x)II,	r	=	min	(a,	b/M)	(2)	Then	(1)	has	a	unique	solution	x(t)	on	(to	-
r,	to+	r)	:md	llx(t)	-xo	II	S	bin	this	interval.	=	m	+	1,	...	By	Theorem	2.5.1	again,	that	is	impossible	if	f	is	quasiconcave.	Since	this	function	does	not	depend	on	u,	(7)	yields	Jr(x)	=	max	f3T	Ax!-y	uE(O,x)	=	,BT	Ax	1-v	(ii)	430	CHAPTER	12	/	DISCRETE	TIME	OPTIMIZATION	and	any	ur	in	(0,	x)	is	optimal.	It	can	be	shown	that	a	closed	convex	body	S	is
strictly	convex	if	and	only	if	every	boundary	point	of	S	is	an	extreme	point	Generally,	a	convex	body	S	is	strictly	convex	if	and	only	if	every	boundary	point	is	an	extreme	point	of	the	closure	S.	SECT	IO	1\1	1	3.	,	T,	we	have	F(t,	Xt,	X1+1)	=	max{	f(t,	Xr,	u):	Xt+l	u	=	g(t,	Xt,	u),	U	E	U}	(2)	Let	(xo,	...	Note	that	g(u)	is	a	strictly	convex	function,	so	its
maximum	cannot	occur	at	an	interior	point	of	[O,	1].	Leontief	requires	finding	the	most	general	function	z	=	F	(x	1,	x	2	,	x	3	)	satisfying	the	differential	equation	az	-OX[	=	f(x1,	oz	ax2	(f	a	given	function)	Prove	that	the	general	solution	is	z	=	G(,:p(x	1,	x	2	),	x3	),	where	G	is	an	arbitrary	differentiable	function	of	two	variables.	Assume	pe	is	an
equilibrium	price	at	which	P	=	F(Pe)	=	0	because	demand	D(Pe)	equals	supply	S(Pe).	It	is	clear	that	if	x	<	0,	then	V2	(x)	=	oo.	i*(t))	·	1--t(t)	=	·	1,1,(t)	+	F~	.	Because	VF(f(x))	¥	0,	the	rows	in	them	x	m	Jacobian	matrix	f	1	(x)	are	linearly	dependent,	so	the	rank	off'(x)	must	be	less	than	m.	Equation	(a)	in	Example	3	is	globally	asymptotically	stable
because	a	=	1/2.	(a	-2bK	-2wbC	C	=	w(a	-	2bK)C	Here	the	matrix	A	evaluated	at	Pis	-1	)	w(a	-	2bK)	=	(	0	-wa	2	/2	<	0,	so	(a/2b,	a	2	/4b)	is	a	saddle	point.	Hence,	K/L	=	[Ko	/b"(t	+	a)P"	+	(saA/(pCi	+	l))	(t	+	a	-	aP"+	1/(t	+	a)"O')J	11"--+	CO	as	t-+	00.	We	must	show	that	Du=	/1	[	f(t,	x*(t),	u*(t))	dt	~	+	S(x*(ti))	-	111	f(t,	x(t),	u(t))	dt	-	S(x(t1))	2':	0	0
Because	S(x)	is	C	1	and	concave,	S(x(t	1	))	-	S(x*(t1))	:S	S'(x*(t1))(x(t1)	-x*(t1)).	To	see	why	these	conditions	are	sufficient,	define	G(k)	=	sf	(k)	-	)Jc.	Then	G'	(k)	=	sf'	(k)	-	).,	and	equation	(3)	chm1ges	to	k	=	G(k),	The	assumptions	on	f	imply	that	G(O)	=	0,	G'(k)	-+	oo	ask	--+	0,	G'(k)	-+	-}..	In	general,	t	=	0,	1.,	...	(6)	Stability	of	linear	Systems	The	linear
system	(4)	is	said	to	be	globally	asymptotically	stable	if,	no	matter	what	the	initial	conditions,	the	general	solution	of	the	cmwsponding	homogeneous	system	x(t+	1)	=	Ax(t)	SECTION	11,6	/	SYSTEMS	OF	DIFFERENCE	EQUATIONS	417	tends	to	Oas	t	tends	to	infinity.	Show	that	the	adjoint	function	is	given	by	p(t)	=	g(t	-	T),	t	E	[O,	T],	and	prove	that	if
x*(t)	>	0	solves	the	problem..	Note	that	the	chain	rule	relates	composition	of	functions	to	multiplication	of	the	Jacobian	matrices	representing	their	derivatives,	and	thus	to	compositions	of	the	linear	h'ansformations	by	these	derivatives.	SE	CT	I	O	~J	1	1	1	/	FI	RS	T	·	0	RD	ER	DI	FF	ER	EN	C	E	EQUA	TIO	N	S	Suppose	the	constant	a	in	(5)	is	Jess	than	l
in	absolute	value-that	Then	c/	->-	0	as	t	-+	oo,	so	(5)	implies	that	x,-+	x''	=	b/(1	-	as	a)	t-+	393	-1	<	a	<	L	(6)	00	Hence,	if	lal	<	l,	the	solution	converges	to	the	equilibrium	state	as	t-+	oo.	Then	we	see	that	B2	=	a1a2(a1	+	a2)z	3/(x1x2)	2.	Also,	let	p(t)	=	p(t,	x*(t)).	On	the	other	hand,	the	price	decreases	when	D(P)	-	S(P)	<	0.	Ifu*(t)	>	0,	theng'(u*(t))	=	0.
x	=	(t	+	(The	characteristic	polynomial	is	particular	solution	must	contain	a	term	of	the	form	At	2	e-	1	.)	l)e	1	+	3.	Stewart	(1975)	0	ptimal	control	theory	is	a	modern	extension	of	the	classical	calculus	of	variations.	ln	general,	differential	equations	of	the	form	x	=	P(t)	+	Q(t)x	+	R(t)x	2	(Riccati's	equation)	can	only	be	solved	numerically.	I!!	.r;	CTION	7
1.	So	(3)	implies	that,	for	({xi*},	{v;})	to	solve	the	problem,	there	must	exist	numbers	p	1	,	with	PT=	0,	such	that,	for	all	t	=	0,	...	(Here	Elx	z	denotes	the	partial	elasticity	of	z	w.r.t.	x	when	y	is	constant,	and	likewise	for	Ely	z.)	286	CH	APTER	7	/	DIFFERENTIAL	EQUATIONS	111	·	HIGH	ER-ORD	ER	EQUATIONS	5.	(Hint:	Look	at	f	(x,	-2)	as	x	~	oo.)	=
3.3	Equality	Const	ints:	The	lagran	e	Problem	A	general	optimization	problem	with	equality	constraints	is	of	the	fonn	max	(min)	f	(xi,	...	Neither	the	Mangasarian	nor	the	Arrow	theorem	applies	to	variable	final	time	problems.	Double	integrals	also	play	a	role	in	some	interesting	continuous	time	dynamic	optimization	problems.	Moreover,	let	K	(0)	=	Ko
be	the	histmically	given	capital	stock	existing	"today"	at	t	=	0,	and	suppose	that	there	is	a	fixed	planning	period	[O,	T].	We	restrict	our	attention	to	problems	with	one	state	and	one	control	variable.	But,	ultimately,	this	must	be	confirmed.	For	every	Jc	in	[O,	l],	we	have	AXk	+	(1	-	11.)y"	E	S,	and	therefore	AX+	(l	-	il.)y	=	limk(xk	+	(1	-	),,)y1c)	E	S.	Xt+l
=	p(l	-	U1)X1,	t	=	0,	..	(x)	is	contained	in	S.	whereas	controls	11	1	that	only	depend	on	time	are	called	open-loop	controls.	One	factor	which	can	llmit	this	interval	is	that	x	=	x	(t)	can	grow	so	fast	that	the	solution	"explodes"	to	infinity	even	while	t	remains	bounded.	,	x.	Prove	that	F'tc(K,	L)	=	j'(k).	524	CHAPTER	·14	/	CORRESPONDENCES	AI\ID	FIXED
POINTS	The	economic	model	considered	above	was	one	of	pure	exchange	in	the	sense	that	there	was	no	production	of	commodities.	=	a,	contradicting	llx(s1	)	-	all	2::	B	for	all	j.	Thus,	(*)	says	that	the	rate	of	price	increase	is	proportional	to	the	accumulated	total	of	all	past	excess	demand.	Let	p	=	SUP(x,y)EA"B	f(x,	y)	and	q	=	supxEA	(supyEB	f(x,	y)	).
1,	we	have	sinx	=v	The	circle	in	Fig.	Hence,	according	to	Theorem	2.3.2(a),	f	is	(strictly)	convex,	and	we	conclude	from	Theorem	3.L2(b)	that	(0,	0,	0)	is	a	(global)	minimum	point,	and	the	only	one.	1.2).	Ilie	only	difference	is	that	in	the	formula	for	the	remainder,	f	(n+	l)	is	evaluated	at	a	point	c,	where	c	is	some	unspecified	number	between	a	and	x,
whereas	in	all	the	other	terms,	the	derivatives	are	evaluated	at	a.	,	fm-1·	More	symmetrically,	for	the	functions	Ji,	...	1	0	/	SCRAP	VALUES	345	By	integrating	the	linear	differential	equation	(ii),	using	(iii),	we	obtain	Jc(t)	=	(a	-	2)e-0.5(T-n	+2	From	(i),	u*(t)	=	½Jc(t).	E2	The	differential	equation	y'	-1	+2x(y-x)	2	=	0	evidently	has	y	=	x	as	one	solution.	::t
Suppose	that	the	sequence	{xd	converges	to	x,	and	that	y	=fax,	Let	r	3.	The	procedure	should	become	clearer	once	you	have	seen	it	in	action.	But	optimality	of	x	implies	that	f(x)	=	f*(b).	1	therefore	implies	the	following:	If	equation	(1)	admits	a	cycle	of	period	2,	alternating	between	the	values	~1	and	~2,	then:	(3)	(a)	If	lf'(t1)f	1	(~2)I	<	1,	the	cycle	is
locally	asymptotically	stable.	Let	x	=	(x1,	...	J/	3	If	the	problem	is	to	minimize	the	objective	in	(1	),	then	we	can	rewrite	the	problem	as	one	of	maximizing	the	negative	of	the	original	objective	function.	Let	us	turn	to	the	general	problem.	Therefore	Yk	does	not	converge	toy.	The	general	solution	of	(l)	is	given	by	n	functions	Xj	X\	=g1(t;	C1,	..	NOTE	2
Here	is	a	general	solution	procedure	for	problem	(1	),	similar	to	that	used	in	Section	12.1.	First,	fort=	T	andforeachfixedxr,findxf+i	(xr)	to	maximize	F(T,	xr,	XT+i);	the	associated	first-order	condition	is	Fi	(T,	xr,	xr	+	1)	=	0,	the	appropriate	version	of	(3).	But	note	how	interesting	economic	conclusions	have	been	obtained	anyway.	From	(ii)	we	see	that
K	>	(a	-	r)	/2b	implies	i	>	0,	whereas	K	<	(a	-	r)/2b	implies	i	<	O.	(General	solution:	=	C.)	(d)	x	=	l	-e-21	J	+e-	2I	,	(Hinti	e	21	x	=	(x	+	1)2.)	=	ce-Jct(/)	d	l.	If	a	differential	equation	appears	in	the	model,	it	therefore	typically	contains	unspecified	parameters.	Define	x1	=	f(xo)	+	y,	and	in	general	Xm	=	f(Xm-1)	+	Y,	m	=	1,	2,	...	The	matrix	A	is	negative
quasidefinite	if	-A	is	positive	quasidefinite.	-L.	1	are	real	with	A1	<	A2	<	0,	then	all	the	solution	paths	that	converge	to	(a,	b)	as	t	-+	oo,	become	"tangent	in	the	limit"	to	the	line	through	(a,	b)	with	the	same	direction	as	the	eigenvector	corresponding	to	A2.	(b)	An	infinite	set	of	solutions:	u	=	½In	2,	3.	You	should	now	velify	that	all	the	conditions	(i)-(iv)
are	satisfied,	Note	that	p(t)	has	a	jump	at	t	=	4,	from	-4	to	0.	Here,	J	is	called	the	objective	or	the	criterion.	On	the	other	hand,	any	second-order	differential	equation	x:	=	F(t,	x,	i)	can	be	converted	into	a	system	of	the	form	(l)	simply	by	defining	a	new	variable	y	=	x.	An	equilibrium	state	x*	for	is	called	locally	asymptotically	stable	if	every	solution	that
starts	close	enough	to	x*	converges	to	x*,	i.e.	there	exists	an	&	>	0	such	that	if	lxo	-	x*	I	<	&,	then	limr-+co	Xi	=	x*.	A	standard	trick	for	solving	the	equation	is	to	let	x	be	the	independent	variable	instead	oft.	Thus,	=	arcsinx	I	1	-	~==	,/1	-	x	2	=;,	y	-	(-l..)(>..	Then	F	is	(strictly)	concave	(see	(2.5.6)).	Substituting	this	value	for	x	1	into	the	expression	for
Q	yields	=	=	Q	=rt11	(	b2x2	')	2	~	(	b2.x2)	2	-bi	+La12	-bi	x2+a22Xi	=	l	2	bf	(a11b	2	-2a12b1	o	2	+a22br)x2	(*)	We	say	that	Q(x1,	.x2)	is	positive	(negative)	defi.uite	subject	to	the	constraint	b1x	1	+	b2x2	=	0	if	Q	is	positive	(negative)	for	all	(x	1,	xz)	::J:	(0,	0)	that	satisfy	b	1x	1	+	b2x	2	=	0.	We	will	have	succeeded	if	they	can	concentrate	on	the
economics	in	these	courses,	having	mastered	beforehand	the	relevant	mathematical	tools	we	present.	,11	If	the	conditions	above	are	satisfied	with	qo	in	(x,	u.),	then	({x7},	{um	is	optimal.	Then	f(K)	compact	for	every	compact	subset	K	of	S.	1	CT	Hl	MAX	l	MUM	Suppose	that	((x/J,	{u;})	is	an	optimal	sequence	pair	for	problem	(1)-(2).	Use	this	method
to	find	A4	when	A	=	(7	!).	1	0	/	SC	RA	P	\/	A	LU	ES	347	-	0	is	not	a	necessary	condition	for	optimality,	contrary	to	a	widespread	belief	in	economic	literature,	including	some	popular	textbooks.	Almost	every	section	includes	worked	examples	and	problems	for	students	to	solve.	Let	r	=	max{-1'..i/a;	:	a;	>	O}.	For	example,	in	most	control	problems	in
economics	it	is	easy	to	impose	requirements	on	the	final	state	that	are	entirely	unattainable.	Because	of	(1),	H;	=	J,~	f~(x,	t)	dt,	Moreover,	according	to	(4.1.5),	H~	=	f(x,	v)	and	H:,	=	-	f(x,	u).	£:XAM	t	3	(A	macroeconomic	control	problem)	Consider	once	again	the	macroeconomic	model	of	Example	8.2.2.	If	we	drop	the	terminal	constraint	at	the	end	of
the	planning	period,	we	face	the	following	control	problem:	min	foT	[x(t)	2	+	cu(t)2]dt,	x(t)	=	u(t),	x(O)	=	x	0,	x(T)	free	where	u(t)	E	IR1	and	c	>	0,	xo,	and	T	are	given.	Also,foralUin	[O,	l],	(4)impliesthatf(h+(l-Jc)y)	~	min{f(x),	f(y)}	~	a,	i.e.	lx	+	(l	-	;\,)y	lies	in	P0	.	et,	J	e	et,	e	(D)	A	pair	of	complex	roots	ot	±	i/3,	each	with	multiplicity	q	>	L	gives	the	2q
solutions	u,	1	2	+	/J-,	·	t	v,	...	Ast	varies,	the	point	(x(t),	y(t))	traces	out	a	curve	Kin	the	xy-plane.	Normally,	3Dif3p	and	8D2/8q	are	negative,	while	oSJ/op	and	8S2/Bq	are	positive.	aF	..	-	•	X	-	X	-	I6e-	1	3	4x	+	8xe-	1	-	8xe-	1	=	0.	Double	Integrals	over	Rectangles	The	first	topic	is	integration	of	functions	of	two	variables	defined	over	rectangles	in	the	xy-
plane.	Suppose	the	price	of	output	is	l,	and	let	Pi	denote	the	price	per	unit	of	resource	j,	j	.	On	the	other	hand,	the	probability	distribution	over	the	state	X,	at	each	time	t	does	depend	on	the	choice	of	the	policies	u	1	(x1	,	v1	),	in	general,	as	does	the	joint	distribution	of	each	pair	(	X	1	,	V1).	The	Hamiltonian	for	this	problem	is	H(t,	w,	c,	p)	=	e-at	u(c)	+
p[r(t)w	+	y	-	c],	with	po	=	l.	Then:	(a)	lim1c-,.oo(x1c	+	Yk)	=	x	+	Y	(b)	limk-+oo(X1c	-	Yk)	=X	-	Y	=x	·Y	limk-+oo(x,dyk)	=	x/y,	assuming	that	Yk	f=	0	for	all	k	and	y	i	(c)	lim1c--,	00	(xk	Y1c)	(b)	0.	An	ai:nount	c1	is	subtracted	for	consumption,	and	the	remaining	amount	x	1	-	c	1	is	deposited	in	an	account	and	increases	to	x	1+1	=	a(x	1	-	c1)	at	time	t	+	1,
where	a	>	1.	,	x	11	)	of	S.	(Exarnple	9.6.3(b)	studies	a	special	case	of	this	model.)	(Oil	extraction)	Let	x(t)	denote	the	amount	of	oil	in	a	reservoir	al	time	t.	x(T)	=0	=	aeat	as	the	world	(a)	One	can	prove	that	if	u*(t)	is	optimal,	then	u*(t)	>	0	for	all	t.	(In	the	notation	of	this	section,	X	1	=	X1-1	+	u	1-1	V1	X	1-1,	where	V1	E	{-1,	1},	Pr[½	=	l]	=	p,	and
Pr[½=	-I]=	1	-	p.)	Suppose	the	gambler	plays	T	times,	with	the	objective	of	maximizing	the	expected	value	of	the	utility	of	terminal	wealth	xr,	assumed	to	be	f	(T,	XT)	=	In	xr.	Under	the	assumption	that	f*(b)	is	differentiable	at	b,	it	follows	that	aj*(b)/Bbi	=	0,	so	by	(6),	Aj	=	0.	(See	Problem	2,3.9.)	For	a	>	1,	it	is	not	concave.	-+	(x(t),	y(t))	as	t	->	0	Thus
the	vector	z(t)	=	(i(t),	y(t)),	which	describes	how	quickly	x(t)	and	y(t)	change	when	t	is	changed,	is	a	tangent	vector	to	the	curve	K	at	P,	as	illustrated	in	Fig.	Recall	that	an	indefinite	integral	of	f	(x)	is	a	function	F	(x)	whose	derivative	is	equal	to	f	(x)	for	all	x	in	I.	Then	there	exists	a	8	>	0	such	that	d(f(x),	f(x	0	))	<	s	wheneverx	E	B0	(x	0	)nS.	But
n:=k+iCl	+	rs)	TI~=	1(1	+	rs)	TTs=k+l(l	+rs)	]	I	1	H1·=l	(1	+	rs)	(yk-Cfc)	+	n,+1)	·,	·	(l	+	r,)	+	r1)	·	·	·	(	1	+	rk)	(	1	+	rk+	i)	·	..	,	x;;)	be	an	interior	point	in	S	at	which	f	has	partial	derivatives.	But	fork	large,	xk	E	N	nx	and	so	Yk	E	F(xk)	c;	CB.	Then	p	0	#	0.	The	central	tool	in	solving	optimization	problems	of	the	type	(l)-(2)	is	the	following	dynamic
programming	equation	or	optimality	equation:	where	X1+	1	=	g(t,	X1,	U.1,	V	1+1).	=	AAy0.	u*(t)	where	t.	Compactness	is	a	central	concept	in	mathematical	analysis.	Those	that	give	f	its	largest	value	are	the	maximum	points.	(1)	The	set	F	(x)	in	the	definition	is	allowed	to	be	empty	for	some	elements	x	in	A.	Because	H'	>	0,	we	see	that	F'(P)	has	the
same	sign	as	D'(P)	-	S'(P).	If	the	inequality	is	strict,	with	u;	<	v;	496	CHAPTER	13	/	1	TOPOLOGY	AND	SEPARATION	Suppose	y	satisfies	O	~	y	~	a	-	f(a).	569	CHAPTER	3	1.	At	(0,	0,	0)	the	leading	principal	minors	are	0,	-9,	and	54.	Then	g	must	be	a	vector	function	as	well,	and	the	difference	equation	is	a	system	of	difference	equations,	one	for	each
component	of	x.	Section	14.1	studies	correspondences	and	some	of	their	main	properties.	In	sectors	(II),	(III),	and	(IV),	we	have	k	<	0,	C	>	0,	then	K	>	0,	C	>	0,	and	I{	>	0,	C	<	0,	respectively.	,	Cn	appropriate	values.	(Hint:	Put	V	(x)	=	u(O)	-	u(x)	and	use	Theorem	7.5.2.)	4.	Actually,	the	insertion	method	suffers	from	another	defect	even	as	a	numerical
procedure.	Xs	2	(4)	We	assume	that	the	maximum	in	(3)	is	attained.	The	necessary	Kuhn-Tucker	conditions	are:	(i)	---;;--+?	We	begin	with	the	unconstrained	case.	(a)	y)	=	2x	+	y	-	(b)	g(x,	y,	z)	=	xexy	l	at	(2,	l),	in	the	direction	given	by	(1,	1).	The	first	result	is	this:	fLOflE	THEOREM	Suppose	f	(x,	r)	is	a	C	2	function	for	all	x	in	an	open	convex	set	S	0,
then	j+(x)	=	f(x)	for	aJ!	x	in	an	open	ball	around	xo,	and	if	f(x,,	1)	<	0,	then	.f+(x)	=	0	for	all	x	in	an	open	ball	around	XQ,)	I	don't	know	mathematics,	therefore	I	have	to	think,	-Joan	Robinson	T	his	chapter	considers	some	topics	in	the	theory	of	integration,	We	presume	that	the	reader	has	previously	studied	the	elementary	theory	for	functions	of	one
variable,	for	instance	in	EMEA	Section	4,	1	briefly	reviews	some	of	this	material,	and	pmvides	several	problems	that	may	help	the	reader	recall	material	that	is	supposed	to	have	been	learned	previously,	Leibniz's	rule	for	diffe1·entiating	definite	integrals	with	respect	to	parameters	is	discussed	in	Section	4.2.	Thereafter	Section	4,3	contains	a	brief
treatment	of	the	gamma	function,	The	main	topic	of	this	chapter	is,	howeve1·,	multiple	integration.	(Substitute	u	=	,jx	-	L)	(a)	l+ln	¾	(b)	½,	(Substituteu	=	l+,Jx.	then	integration	by	parts.)	(c)45/2-3ln4.	,	x,,)	is	defined	on	a	set	S	in	IR	11	,	and	x*	is	an	interior	stationary	point	in	S.	As	the	induction	hypothesis,	assume	that	this	is	true	fort.	If	x	?:	0,	thenq:,
2(x,	u)	?:	0	foru	:::	0	and	i:p~	(x,	u)	<	0	for	u	>	x.	,	11,	this	equation	has	a	unique	vector	solution	Pi	(t)	(Pu(t),	.	+	4x2x3	-	Sxt	(a;;	)	11	""	be	symmettic	and	positive	semidefinite.	=	x(t)	that	maximizes	for	[N(i(t))	+	i(t)f(x(t))]e-rr	dt	where	N	and	fare	given	C	I	functions,	rand	Tare	positive	constants,	x(0)	1	(i)	=	r[N	1	(i)	+	f(x)].	In	utility	theory	we
encounter	the	following	problem:	Find	all	functions	U	=	U	(x1,	x2)	with	the	property	that	the	ratio	between	the	marginal	utilities	w.r.t.	x	1	and	x2	depends	on	(say)	x	1	only.	Assume	that	H	1(0)	=	H2	(0)	=	0	and	that	H{	>	0,	H~	>	0,	so	that	H1	and	lh	are	both	strictly	increasing.	In	standard	microeconomic	theory	the	set	{	x	E	IR	11	:	V	(x)	=	a	}	is
called	an	indifference	smiace	for	V.	128	CHAPTER	3	I	STATIC	OPTIMIZATION	We	proceed	by	expanding	each	gk	about	x'',	this	time	retaining	only	terms	of	the	first	order:	k=l,	.	PLE.4	Let	x	1	denote	the	value	of	an	investor's	assets	at	time	t,	and	let	u1	be	consumption.	o::::	(Ax)'(Ax)	=	(x	A)(Ax)	1	=	(x'A)("Ax)	=	"Ax'(Ax)	=	>-.x'("Ax)	=	>-.	Then	vT-k	=
½Cw	-	qr-k),	which	belongs	to	(O,l)	if	qr-k	E	(w	-	2,	w).	(a)	Consider	the	problem	1	x	1+1=2x	1	-ur,	t=0,1,	..	SECTION	2.3	/	COI\JCAVE	AND	CONVEX	FUNCTIONS	I	53	4.	,	n,	(b)	If	(-l)'B1	(x*)	>	0	for	r	mization	problem	in	(5).	=	p0	x	+	rf	(x)	:::	p	0	·	x	0	+	rf	(x	0	)	for	all	x	in	S	Suppose	by	way	of	contradiction	that	r	=	0.	(b)	If	there	exist	numbers	}q,	...	,
x1\1	)	and	define	the	val.ue	function	V	associated	with	the	standard	problem	as	V	(x	0	,	x	1	,	to,	ti)	=	max	{	l	it	f	(t,	x(t),	u(t))	dt	:	(x(t),	u(I))	admissible	}	(13)	to	Then,	under	precise	assumptions	stated	in	Section	10.4,	for	i	=	1,	2,	...	perations	on	Partitioned	Matrices	One	can	perform	standard	matrix	operations	on	partitioned	matrices,	treating	the
submatrices	as	if	they	were	ordinary	matrix	elements.	If	Sis	a	set	in	IR	11	and	y	is	a	boundary	point	of	S,	is	y	necessarily	a	boundary	point	of	S?	=	(3/2,	l/2)	solves	the	problem.	So	(	4)	is	satisfied.	But	it	turns	out	that	if	the	partial	derivatives	Bf;/	Bxj	are	all	continuous	at	a	point	x,	then	f	is	differentiable	at	x.	Because	(4)	and	(5)	imply	that	any	convex	set
containing	S	also	contains	co(S),	the	following	must	be	true:	(6)	The	convex	hulls	of	the	two	sets	are	illustrated	in	Figs.	They	repeat	themselves	as	Px	passes	through	points	where	it	has	been	before.	Solve	the	problem	max.	=	T(r,	2n:)	·	con-1t1on	d'	·	·	that	the	Jacob'1at1	detenmnant	·	9.	,	x	11	of	the	intermediate	goods,	let	f	(x)	=	f	(x	1,	...	(b)	Let	w(y)	=
u'(y).	M.	The	cycle	is	unstable	if	~1	and	~2	are	unstable	equilibria	of	f	of.	,	x,,	>	0.	4	),	2	+	31e	+	2	=	0,	and	we	see	that	both	eigenvalues	have	negative	reaJ	part.	The	proof	of	(b)	is	similar.	l	3.	The	Hessian	matrix	off	is	f	11	(x1,	x2,	x3)	=	(	=~	=::	=~	=::	=::),	-eu	where	u	D2	=	-e	11	-eu	=	x	1	+	x	2	+	x	3	•	The	three	leading	principal	rninors	are	D	1	=
J{;	=	-4	1-4-eu	-1	-eu	I=	7	-2-elf	-1	-	eu	..L	I	4e11	J	-4-eu	D3=	-1-e1.1	-e"	-l	-	eu	-2-e"	-eu	-eu	-eu	-e"	Thus	Di	<	0,	D	2	>	0,	and	D3	<	0.	22	=	2x	-	y	-	x	2	+	2xy	-	y2	for	all	(x,	y).	It	follows	that	I	-	A	is	invertible	and	»	»	(2:;'=	L'.i=!	I+	A+···+	A111	-	1	=	(I	-	A)-	1(I	-	A111	)	Letting	m	-+	oo	yields	the	conclusion.	If	x*(t	1	)	x	1	,	then	x'''(t1)	-	x(t	1)	xi	-	x(t	1)	:S	0,
since	x(t	1)	:::	x	1	.	,	ur.	These	are	two	of	the	formulas	in	(I	0.1.14).	Note	especially	that	u(x,	v)	does	not	on	t.	_for	all	principal	mmors	of	mder	k	-	1,	...	,	a11	positive,	is	homogeneous	of	degree	a	=	a1	+	·	·	·	+	a11	,	and:	(a)	quasiconcave	for	all	a	1,	...	[0,	l].	=}	a1f1+···+am	convex.	For	typical	problems	in	control	theory,	there	is	no	guarantee	that	V	is
differentiable	at	a	particular	point.	The	corresponding	result	for	the	minimization	problem	is	easily	derived.	At	the	end	points,	g(O)	=	0	and	g(l)	=	t	-	1.	f	e'	dx	=	J(t	+	1)	dt	and	e'	=	½r	2	+	t	+	=	!n(½t	2	+	t	+	C).	To	this	end,	note	that	for	all	x	in	S,	one	has	z	f(x))	E	Mr.	So(*)	implies	that	(p	0	,	r),	(x,	f(x))	:S	(p	0	,	r)	·	(x0	,	f(x	0	)).	For	example,	(	AJJ	A21	+
(Bll	A12)	A22	(1)	B21	as	long	as	the	dimensions	of	A11	are	those	of	Bll,	the	dimensions	of	A12	are	those	of	B12,	and	so	on.	Jr	x	2	(x	2	JJA	11	as	n-;.	A	simple	case	is	one	in	which	it	is	assumed	that	x	>	0.	Then	Section	7.2	concentrates	on	the	case	of	constant	coefficients,	after	which	Section	7	.3	focuses	on	stability	conditions.	These	con-espond	to
solutions	of	the	equation	that	do	not	change	over	time,	In	many	economic	applications,	it	is	also	very	important	to	know	whether	an	equilibrium	state	is	stable.	=	(t	+	1.	f	(x)	and	g(x)	are	quasi	concave,	but	h(x)	7,	(a)	Follows	from	the	definition.	Part	(c)	of	the	display	below	follows	from	Problem	11.	Initially	the	capital	stock	increases,	and	investment	is
reduced.	(a)	ci)	(b)	5.	The	points	(x,	y)	satisfying	the	last	inequality	are	those	on	or	inside	the	circle	centred	at	the	with	radius	.J-lna.	What	about	p(t)	at	an	arbitrary	t	E	(to,	t	1)?	Thus	by	Theorem	14.J	.2,	it	suffices	to	show	that	F	(x)	is	locally	bounded	neani:O.	One	way	to	show	that	(2)	is	the	conect	transversality	condition	involves	transforming	problem
(l)	into	one	studied	before.	\	\	\	\	~	3	\	\	\	X	j	~	't	J	"	..,.."	'1	I	~	-3	\	V	,,,	Figure	3	248	C	H	A	PTE	R	6	/	D	I	FF	ER	EI\J	T	I	A	L	EO	U	AT	I	O	N	S	11	:	SEC	O	N	D	-	O	RD	ER	EQ	U	AT	I	O	N	S	The	lengths	of	the	vectors	have	been	proportionally	reduced,	so	that	the	arrows	will	not	interfere	with	each	other.	This	is	the	topic	of	the	next	subsection.	Also,	by	(3	),
tan	x	is	undefined	when	x	=	½n:	+	nn	for	an	integer	n,	because	then	cos	x	=	0.	Then	multiply	by	(1	+1/n)	11	and	show	that	b	11	<	b	11	_	1	,	so	{b,,}	is	strictly	decreasing.	,	Un	(t)	are	n	solutions	of	(3).	This	section	gives	some	further	definitions	and	results	that	are	occasionally	useful	in	economics.	The	proof	is	similar	to	the	proof	of	the	corresponding
theorem	in	continuous	time.	Let	us	present	some	arguments	and	results	that	sometimes	are	useful.	Theorem	14.1.1	shows	that,	if	a	correspondence	is	single-valued	and	so	collapses	to	a	function,	then	upper	hemicontinuity	implies	that	the	function	is	continuous.	,A.	In	the	interval	(1,	2]	one	has	x*(t)	=	u*(t)	=	1,	and	x*(l)	=	0,	w	x*(t)	=	t	-	l.	Integrating
by	parts,	-te-	1	+	e-r	dt	=	-te-r	-	e-	1	,	and	so	the	solution	is	x	=	Ce	1	-	t	-	1.	Section	3.5	presents	the	basic	facts,	along	with	a	proof	of	the	necessary	KuhnTucker	conditions	assuming	that	the	value	function	is	differentiable.	Hence,	I	v~-J	=	½w(l	-	¾.Bw)	444	C	H	A	PTE	R	1	2	/	D	I	SC	RETE	TI	M	E	O	PT	I	M	I	Z	AT	I	O	N	Let	us	now	go	k	periods	backwards
in	time.	By	(vi),	p(t)	=	-ap(t)	in	[O,	t*)	and	p(t)	=	-a	in	(t*,	T].	11	are	the	n	column	vectors	of	P,	then	x~,	...	,	a	11	)	:fa	O	be	a	given	vector.	By	part	(a),	x	=	limk	Xk	belongs	to	S	=	S.	g	!{'1	=	2	-	6x,	f{	2	=	1	=	-1,	and	f	2S	=	-2.	The	current	value	Hamiltonian,	with	Ao	=	1,	is	Hc(t,	x,	u,	>-.)	=	x	-	u	2	+	A(-0.4x	+	u),	which	is	concave	in	(x,	u).	Using	(vii)	and
the	definition	of	qr-k,	we	find	that	qT-(k+l)	=	F(qr-1c)	where	F(q)	=	,B	[¼	-	q	)	2	+	q]	:=:	0.	We	conclude	with	two	results	that	are	only	concerned	with	uniqueness.	Use	this	to	show	that	if	consumption	per	worker	in	the	stationary	state	is	to	be	maximized,	it	is	necessary	that	f'	(k*)	=	A,	i.e.	aF	/	aK	=	A.	The	graph	of	the	function	shows	a	wavelike	curve
that	is	said	to	have	period	(	or	wavelength)	2n:.	Here	x21c	=	(-1)	2/c	=	1,	and	x21c-1	=	(-])	2k-l	=	-1	for	all	k.	,	>c	111	be	the	associated	Lagrange	multipliers.	This	is	obviously	the	point	(1,	2).	(b)	Draw	a	phase	diagram	for	the	system,	and	indicate	some	possible	integral	curves.	That	is,	xi'	must	be	a	saddle	point.	Then	A	has	and	the	general	solution	of
(7)	is	242	C	H	A	PTE	R	6	I	D	I	FFER	EN	TI	A	L	EQ	U	AT	I	O	N	S	11	:	SEC	O	N	D	-	O	RD	ER	EQ	U	AT	I	O	N	S	(9)	where	A	and	B	are	arbitrary	constants.	,	x	11	>	0	by	z	=	A(81x~P	+	lhx	2P	+	·	·	·	+	owt;/)-µ,/p,	A	>	0,	µ,	>	0,	p	I	=	1,	...	Consider	the	problem	maxfd	x	2dt,	x	=	1	-	u	2	,	x(0)	=	x(l)	=	4,	u	E	[-1,	2]	=	U.	Equation	(3)	says	that	this	is	equal	to	(a)
initial	assets	wo;	+	r)-kyk;	minus	the	total	PDV	of	all	future	withdrawals,	I:~=l	(1	+	r)-kq.	u*(t)	2.	Uthe	eigenvalues	have	positive	real	parts,	solutions	that	start	close	to	the	equilibrium	point	move	away	from	it,	and	the	equilibrium	point	is	a	"source".	-X	1.	This	is	because	minimizing	f	is	equivalent	to	maximizing	-	f.	This	is	exactly	what	(8)	states.	E	[O,
1],	the	left-hand	side	is	1.	System	(6.5.1)	is	called	autonomous	(time	independent)	if	f	and	g	do	not	depend	explicitly	on	t,	so	the	equations	become	i=f(x,y)	y=g(x,y)	(autonomous	system)	(1)	SEC	TI	O	N	6	.	But	then	is	u	1	=	ii	=	l	/2,	for	instance,	really	the	optimal	control,	and	is	J	(x)	=	(1	-	,B)-	1	+	x	the	optimal	value	function?	We	consider	two	cases.	lf
x'''	(t)	solves	the	variational	problem	(8.2.1)	with(*)	imposed,	then	x*(t)	has	to	satisfy	the	Euler	equation.	For	i	=	J,	.	We	obtain	it*	=	2At	+	B,	and	so	ii*	=	2A.	,	Un	(t)	are	linearly	dependent	if	there	exist	constants	Cl,	...	t[~)	4.	Prove	that	if	S	aJ1d	T	are	convex	sets	in	!RI"	and	IRm,	respectively,	then	S	x	T	is	also	convex	(in	fR	11	+"').	Our	final	example
makes	use	of	Note	2.	(b)	Let	X	be	an	n	x	n	matrix.	Economic	applications	of	difference	equations	to	mortgage	repayments	and	compound	interest	follow.	1	raF*	ax	11	dt	II)	µ(t)dt	0,1,	ax	µ(t1)	-	(BF''')	-..	Give	a	set	of	sufficient	conditions	for	the	solution	of	this	problem.	Hence,	the	best	choice	of	u	=	Us	at	time	s	must	be	a	value	of	u	that	maximizes	the
sum	f(s,	x,	u)	+	Js+1(g(s,	x,	u))	TI1is	leads	to	the	following	general	result:	MK	TH	=	For	each	s	problem	HAM.Ml	0,	l,	...	SECTIOf\l	8,4	If	we	use	the	fact	that	C	=	f1	(	K)	K	"	I	.	Let	w(t)	denote	his	wealth	at	time	t.	l	.2	requires	concavity	for	a	maximum,	or	convexity	for	a	minimum.	But	as	long	as	they	are	bounded,	they	will	still	yield	integrable	functions
oft	along	the	optimal	path.	ll(x(t)II	l	t:,,	::Sb	for	all	tin	[to,	t1]	and	all	I	It	Then	there	exists	an	optimal	pair	(x*	(t),	u*	(t))	(where	the	control	function	u*	(t)	is	measurable).	1	=	0	if	x	2	+	y	>	2;	(iv)	'A2	?:	0	with	>-	2	=	0	if	x	>	1.)	2.	As	in	the	case	of	differential	equations,	equilibrium	states	for	(l)	may	be	stable	or	unstable.	lf	."A.	l(d)	is	the	difference	of	the
two	terms	>c(t)e-	0	·	11	x(t)	and	>c(t)e-	0	·	11	x*(t).	Suppose	thatx''(t)	maximizes	or	minimizes	J(x)	=	1	t1	F(t,	x,	i)	dt	(1)	to	among	all	admissible	functions	x(t),	i.e.	all	C	1	functions	x(t)	defined	on	[to,	ti]	that	satisfy	the	boundary	conditions	x(to)	=	xo,	=	xi,	x(ti)	(xo	and	x	1	given	numbers)	Then	x*	(t)	is	a	solution	of	the	Euler	equation	aFu,	x,	i)	ax	_	d	(	dt
aF	(t,	x,	i)	)	=	0	ax	(2)	If	F(t,	x,	i)	is	concave	(convex)	in	(x,	i),	an	admissible	x*(t)	that	satisfies	the	Euler	equation	solves	the	maximization	(minimization)	problem.	,	x111	all	belong	to	U.	,	where	Ar	is	a	convex	set	for	all	t.	Find	the	equilib1ium	point	and	check	if	it	is	a	saddle	point:	k	=	f	(k)	-	Ok	-	C,	c	=	-c(r	+	8	-	Assume	that	8	and	rare	positive
constants,	/(0)	and	f'(oo)	<	8.	dx/dt	=	b	-	ax,	so	(b)x=Ct+t	2	ax)=	(c)x=C#-l+t	2	-	l	axl	(d)x=Ct	2	+2a	2	/3t	7.	Then	from	(i)	and	(ii)	we	have	y	=	0,	which	contradicts	y	::::	1.	If	f	is	a	C	2	function	of	n	variables,	it	is	possible	to	prove	(a)	partly	relying	on	Theorem	2.3.3(b),	but	such	a	proof	would	be	rather	complicated.	For	each	choice	of	xo	there	is	usually
one	value	of	A	such	that	g(O,	A)	=	xo	We	have	seen	that	when	xo	is	given,	the	successive	values	of	x	1	can	be	computed	for	any	natural	number	t.	(In	the	classical	calculus	of	variation,	by	contrast,	one	usually	considered	open	control	regions,	although	developments	around	1930-1940	paved	the	way	for	the	modem	theory.)	What	regularity	conditions	is
it	natural	to	impose	on	the	control	function	u(t)?	Then	(xj,	...	In	Section	1.3	,ve	defined	the	minors	of	a	matrix.	Compare	with	the	results	in	part	(a).	The	Euler	equation	is	easily	derived	as	an	implication	of	the	maximum	principle.	See	Problem	5	for	an	example.	Solve	the	problem	max	E	[	T-1	I>?+	aX1/	2	]	subject	to	X	1+1	=	(X1	-	U1)	Vr+l	t=O	with	a	a
given	positive	number.	,	fm	are	c	1	functions	in	a	neighbourhood	of	a	solution	x	0	,	and	suppose	that	the	Jacobian	matrix	f'	(x)	has	rank	m	at	x	0	.	Show	that	)'1	>	0	for	all	t.	Given	a	utility	function,	any	increasing	transformation	of	that	function	represents	the	same	level	sets,	although	the	nurnerical	values	assigned	to	the	level	curves	are	different.	The
maximizing	value	of	u	depends	(usually)	on	x,	and	is	denoted	by	u}	(x).	The	Quadratic	Case	A	linear	difference	equation	x	1+	1	=	ax	1	+	b	with	constant	coefficients	has	no	interesting	cycles.	On	the	other	hand,	if	f	(t)	is	an	entirely	different	type	of	function	such	as	t	ln	t,	the	method	of	undetermined	coefficients	usually	does	not	work.	(D)
f(t)=psinrt+qcosrt	Again	the	method	of	undetermined	coefficients	works.	Sometimes,	in	order	to	see	the	structure	of	such	matrices	and	to	ease	the	computational	burden	in	dealing	with	them,	especially	if	a	matrix	has	many	zero	elements,	it	helps	to	consider	the	matrix	as	an	aJTay	of	submatrices.	Condition	(3)	is	rather	tricky.	.f~S	(x'",	y*)	f~~	(x'',	y*)
r	(x*	f1"1	(x*,	y*)	O	y*)	I	f~~	(x*,	y*)	J~;12	(x'i''	yi)	I~O	"'	==}	(x*	.	They	are	candidates	for	maximum.	Suppose	that	the	utility	of	consuming	c1	=	u1x	1	is	U(t,	c1	).	If	we	replace	each	of	a12	and	a21	by	½(a12	+	a21),	then	the	new	numbers	ctt2	and	a21	become	equal	without	changing	Q(x1,	x2).	eigenvalues	~	11	>	0	0,	...	NCH,	Condition	(a)	in
Theorem	10.4.1	can	be	dropped	if	all	the	functions	g;	are	of	the	form	g;	(t,	x,	u)	=	h;	(t,	x)	+	k;	(t,	u),	where	the	functions	h;	are	linear	in	x.	An	economic	growth	model	leads	to	the	Bernoulli	equation	K	=	aAngecav+elt	Kh	-	aoK	(A,	11	0	,	a,	b,	v,	a,	8,	and	F.	In	fact,	g(x,	y,	z)	=	eu,	with	u	=	f(x,	y,	z)	=	+	by	2	+	cz	2	.	2:	Let	F(t,	x)	=	f	(t)g(x).	TI1e	conditions
in	the	maximum	principle	are	therefore	sufficient.	Consider	a	small	time	interval	[t,	t	+	Lit].	If	x(t)	is	a	function	defined	fort	=	0,	1,	2,	...	(x)	be	defined	by	(3).	f	is	strictly	convex	(b)	(-1YD,(x)	>	OforallxinSandallr	concave	on	S.	(a)	Solve	the	control	problem	max	1	1	(100	-	x	-	½u	2	)	dt,	(b)	Verify	that	8V/ih0	\SM)	2.	r~.ii/J)	3.	The	function	fin	Example	3	is
not	concave.)	A	set	K	in	IR"	is	called	a	cone	if	tx	E	K	whenever	x	E	K	and	t	>	0.	The	monopolist's	natural	problem	is	to	find	a	price	function	p(t)	that	maximizes	the	total	profit.	,	f	11	are	defined	for	all	values	of	the	variables).	(a)	0	(b)	f(x,	y)	f'::;	1	+	x2	½y	2	-	y2	-	(c)	l(x,	y)	(b)	l(x,	y)	f'::;	,	Xn)	0	•	0	-	I	is	C	1	everywhere	and	I{,	=	3y	2	+	l	-	2xy	-	2y	2	(c)	l(x,
y)	"'-'	x	2	+	y	2	••	f'::;	yin	a	neigbourhood	of	(0,	0),	and	y'	at	(0,	0),	and	y'	=	-	J:lf{,	=	-(2x	x	+	2y	-	½x	2	1	+	x	+	½x	2	+	xy	=	n	-	XJ	-	.	With	the	Lagrangian	cl	=	-(x	-	2)	2	-	(y	-	3)	2	-	AJ	(x	-	1)	-	A2	(y	-	2),	the	conditions	(2)-(3)	for	(x*,	to	solve	the	problem	become	£~	=	-2(x*	-	2)	-	AI	£;,	=	-2(y*	.lc	1	::::	3)	-	.1c2	=	=0	(ii)	=	0	if	x*	=	0	if	0,	with	Jc	1	::::	0,	with
A2	(i)	0	<	1	(iii)	<	2	(iv)	If	x*	<	1,	then	from	(iii)	)q	=	0,	and	then	(i)	yields	x*	=	2,	contradicting	the	constraint	x	::.=	1.	,	m	and	xt(t1)	>	x/,	the	corresponding	terms	are	O	because	by	(9)(b'),	p;	(t1)	=	0.	In	the	case	n	=	3,	as	t	varies,	the	vector	x(t)	=	(x1	(t),	x2(t),	x3(t))	traces	out	a	curve	in	rR:	3	,	and	x(t	+	!J,,t)	-x(t)	=	(x1(t	+	/::;,t)	-xi(t),	x2(t	+	!::,t)	-xz(t)
/':;t	t:;t	At	x3(t	'	+	M)	M	x1(t))	270	CHAPTER	7	/	DIFFERENTIAL	EQUATIONS	Ill	HIGHER-ORDER	EQUATIONS	tends	to	the	vector	x(t)	=	(i1	(t),	i2(t),	i3(t))	as	a	limit	as	/::;t	-7'	0.	We	have	therefore	found	the	only	possible	pair	that	can	solve	the	problem.	Put	G(x)	=	aif1(x)	+	·	·	·	+	a111	f	111	(x).	An	economy	consists	of	two	consumers	with	labels	i	=	1,
2.	Thus	the	expression	in	(8.3.5)	is	always	2:	0,	so	the	conclusion	follows.	Show	that,	provided	a	I-	/3,	the	vector	equation	p	=	c(w)	determines	wJ/w	2	uniquely	as	a	function	of	p	1/	p	2	,	and	comment	on	the	solution.	Like	EMEA,	the	treatment	here	is	deliberately	quite	rigorous,	but	rigour	is	not	emphasized	for	its	own	sake.	Solve	the	differential
equation	(1	+	tx):i:	=	-x	2	,	t	>	0.	In	this	section,	the	state	x	1	is	also	influenced	by	stochastic	shocks,	so	that	it	becomes	a	random	variable.	Thus,	the	problem	is	to	maximize	(ii)	subject	to	(i).	When	different	countiies	have	the	same	unit	cost	functions,	this	implies	factor	price	equalization-because	p	is	the	same	for	all	countries	that	trade	freely,	so	is	the
factor	price	vector	w.	This	is	why	we	refer	to	the	theorem	as	a	local	result.	Then	v	=	(c/	a)u.	Let	us	prove	that	this	candidate	solution	is	optimal.	But	then	(8)	implies	that	max{O,	g1(p*)}	=	0	for	i	l,	...	=	(2,	2),	Check	50	CHAPTER	2	2.2	/	MULTIV/-\RIABLE	CALCULUS	Convex	Sets	Convexity	plays	an	important	role	in	theoretical	economics.
Supergradients	Even	if	the	concave	function	f	in	Theorem	2.4.1	is	not	necessarily	C	1,	we	still	have:	2:-	S	{EXJSH	Let	f	be	concave	on	a	convex	set	S	0.	With	these	definitions	we	obtain	the	following	rules,	which	are	based	on	the	cmTesponding	rules	for	inf	and	sup:	lim	(f	(x)	+	g(x))	:::	X--+XO	Jim	(f	(x)	x-+xD	+	g(x))	:S	lim	f(x)	:'S	lirn	f(x),	,-+xD	Jim	f	(x)
K--+XO	x~·xD	+	Jim	(if	the	right-hand	side	is	defined)	g(x)	(if	the	right-hand	~ide	is	defined)	+	x......,_~%.o	Jim	g(x)	f(x)	=	-	lirn	(-	f)(x),	lim	f(x)	=	-	Jim	(-	f)(x)	lim	f	(x)	x--+x:O	lim	x~•xO	(12)	X-rXO	x-s-xO	.	Then	x(t)	is	found	by	solving	x	=	f(x,	;o(x)),	Finally,	y(t)	=	cp(x(t)).	However,	define	the	set	p+	(p,	w)	=	{y	:::	0	:	py	-	C(w,	y)	~	O}.	Becausexk	-,.	The
point	A	is	Po,	of	course.	The	statement	in	(b)	is	shown	in	the	same	v.;ay.	Hence	Pa	is	convex.	Such	a	solution	must	satisfy	X1+1	=	Xi	=	x*	and	so	x*	=ax*+	bo	Therefore,	for	a	cl	1,	we	get	x*	=	b/(1	-	a)	as	before.	Since	v;(t,	x)	=	p(t,	x)	and	i:"(t)	=	g(t,	x,	v),	we	must	have	v:(t,	X)	+	p(t,	x)g(t,	X,	V)	+	f(t,	X,	V)	:'.::	0	!,	1	"Better	path"	r	1	is	intuitive	language.
1.)	X	x*(t)	+	aµ(t)	_________________	/	---------	Figure	1	Note	that	if	ot	is	small,	the	function	x(t)	is	"near"	the	function	x*(t).	6.	r	In	Examples	13.1.1	and	13	,l	.2	we	used	the	definition	of	openness	directly	in	order	to	prove	that	two	particular	sets	were	open.	(b)	If	lf'(~1).f'(~2)I	>	1,	the	cycle	is	unstable.	By	definition,	for	each	k	there	is	a	point	Xk	in	K	such
that	Yk	=	f(x1c).	For),=	0	we	get	u(y)	=	Ay	+	B.	All	rights	reserved.	Then	F{(x,y)	=	G(x,y)	and	F{;(x,y)	G	2(x,	y)	=	f(x,	y).	Thus,	we	end	up	with	the	three	equations	x	+	y	+	z	=	0.98,	x	2	+	y	2	+	z	=	1.8,	and	y	=	2x	-	0.5.	The	solutions	are	(x1,	)11,	z1)	~	(-0.0138,	-0.5276,	1.5214)	and	(x2,	Y2,	z2)	~	(1.0138,	1.5276,	-1.5614).	So	if	a	solution	curve	for	(l)
starts	at	a	point	x0	in	C,	then	that	solution	curve	can	never	meet	A.	By	Cramer's	rule	or	otherwise	we	get	the	desired	formulas.	The	main	result	is	summed	up	in	the	following	theorem,	The	ensuing	proof	is	very	ins'u"uctive	and	should	be	studied	carefully	by	students	who	want	an	insight	into	dynamic	optimization.	It	is	then	possible	to	reduce	the	Euler
equation	to	a	first-order	equation.	We	assume	that	A	point	a	Ji,	...	2	=	3.	It	is	assumed	that	L	grows	at	a	constant	proportional	rate	A.	Forinstance,	Q(x1,x2)	=	0-xr-x?has	=	0,	a12	=	0,	anda22	=	-1,	SOO.JJ	2::	Oanda1,a22	-ar2:::	0,yet	Q(O,	l)	=	-]	<	0,	a11	30	CH	APTER	1	/	TOP	IC	S	IN	LINE	AR	ALGEBRA	The	Genera	I	Case	A	quadratic	form	in	n
variables	is	a	function	Q	of	the	form	n	Q(x1,	...	442	C	H	A	PTE	R	1	2	EOR	/	D	I	SC	RETE	TI	M	E	O	PT	I	M	I	Z	AT	I	O	N	1	:L4	2	UFfl	!ENT	CONDITIONS)	Suppose	that	the	sequence	triple	({x/),	{u;},	{p	1	})	satisfies	all	the	conditions	in	Theorem	12.4.1,	and	suppose	further	that	H	(t,	x,	u,	Pt)	is	concave	with	respect	to	(x,	u)	for	every	t.	If	x1c	=	(-	1)1'	is
the	divergent	sequence	mentioned	above,	we	may	for	example	define	the	two	subsequences	{x2d	and	{x21c-d.	AB	and	A-	1	(AB)A	5.	·	2.	If	D1	>	0,	then	1	+	a2	>	0	and	1	-	Dz>	0	a2	>	0,	so	that	+	a1	+	a2)(1	-	a1	+	a2)	>	0	~	la1	I	<	1	+	a2	-(1	+	a2)	<	a1	<	1	+	a2	~	1	+	a1	+	a2	>	0	and	~	(1	,	1	-	a1	+	a2	>	0	!	Hence,	if	D1	>	0	and	D2	>	0,	then	1	+	a1	+
a2	>	0	and	1	-	a1	+	a2	>	0	and	1-	a2	>	0	(**)	On	the	other	hand,	if	these	inequalities	are	satisfied,	then	adding	the	first	two	shows	that	2	+	2a	2	>	0,	i.e.	l	+	a2	>	0.	,	n	for	i	Define	the	Hamiltonian	by	(2)	S	ECT	I	O	1\1	1	2	5	/	M	O	R	E	VAR	LIi.	B	L	E	S	445	II	H(t.	a2	F	.,	-d	(aF(t,x,x))	-	-	-	-	=--+--·x+--·X	dt	ax	at	Bi	ax	ax	ax	ax	Inserting	this	into	(2)	and
reananging,	the	Euler	equation	becomes	a2	F	ax	ax	a2	F	ax	ax	a2	F	at	ax	aF	ox	-	-	-x+--	-x+--	-	-	(3)	=0	Alternatively,	equation	(3)	can	be	written	as	F~;x	+	F;;x	+	F;11	-	F~	=	0,	so	we	see	that	the	Euler	equation	is	a	differential	equation	of	the	second	order	(if	=/=-	0).	118	CHAPTER	3	/	STATIC	OPTIMIZATION	NOTE	5	The	condition	on	the	rank	of	g'
(x'')	is	called	a	constraint	qualification.	5	/	(:	1	SIM	ULT	AN	EO	US	EQUATIONS	IN	THE	PLANE	239	Find	the	general	solution	of	the	system	x=2x+e1y-e1	51	Find	also	the	solution	that	gives	x	=	=	4e-	1x	+	y	y	=	0	for	t	=	0.	According	to	(6.5.6),	the	general	solution	of	(1)	is	x(t)	y(t)	=	Au1(t)	+	Bu2(t)	+x*	=	P(A,	B)ui(t)	+	Q(A,	B)u2(t)	+	y*	(5)	where	u	1
(t)	and	u	2	(t)	are	described	in	(a)-(c)	following	equation	(6.5.6)	and	(x	1,	y*)	is	the	equilibrium	point	Disregarding	the	cases	where	one	or	both	eigenvalues	are	0,	we	have	the	following	results:	(A)	If	both	eigenvalues	of	A	have	negative	real	parts,	then	,	y*)	is	globally	asymptotically	stable	(a	sink),	All	solution	curves	converge	to	the	equiliblium	point	as
t	-+	oo.	Ast	--+	oo,	because	(8)	implies	that	A	1	~	0,	we	get	I+	A+	A2	+	·	·	·	+	A1	-	We	conclude	that:	1	~	(I	-	A)-	1	as	t--+	oo	(11)	,	418	CHAPTER	11	/	"~	DIFFERENCE	EQUATIONS	I	THEOREM	11.	(Hint:	Prove	that	rnax	IIE[O,	with	u	)J	[,./u	+	A,/f=u]	=	,/1	+	A2	=	1/(1	+	A	2	).)	(b)	Show	that	the	optimal	control	function	is	u,	(x)	the	corresponding	J,(x),
s	=	1,	2,	...	6	/	If	we	substitute	u	TH	A	N	SFO	RM	AT	I	O	N	O	F	VA	R	I	AB	L	ES	209	=	-	t	2	in	the	last	integral,	then	du	=	-2t	dt	and	we	have	where	we	have	used	integration	by	parts.	x	X	x	=	F(x)	~	Figure	2	a1	is	a	locally	stable	equilibrium	state	for	.:i:	=	F(x),	whereas	a2	is	unstable.	Then	h(l/2x)	=	lnx	-	1/3	+	ln(3/2).	Compute	the	optimal	value	V	of	the
objective	function	in	Example	2.	If	f	is	lower	semicontinuous,	the	f	has	a	minimum	point	in	K.	432	CHAPTER	12	/	DISCRETE	TIME	OPTIMIZATION	2.	Then	in	the	limit	(AAI	-	A)x0	=	1,	so	AAx0	-	Ax0	=	1	»	0.	Sufficient	conditions	are	given	in	the	following	theorem.	A	sequence	{x1c}	is	said	to	converge	to	a	number	x	if	Xk	becomes	arbitrarily	close	to	x
for	all	sufficiently	large	k.	p	FOR	SECTION	3	S	1.	This	is	the	famous	Lotka-Volterra	model	from	mathematical	biology.	Note	first	that	(x(I),	u(t))	x)	=	{(x	2	=	(4,	+	y,	l)	is	an	admissible	pair.	,	x	11	)	that	satisfies	all	the	constraints	is	called	admissible	(or	feasible).	Moreover,	V(p(t))	=	-(2a/	pc)(b	-	pc)	2	<	0	for	all	p	#	Po,	and	we	conclude	that	p	0	b/c	is	a
locally	asymptotically	stable	equilibrium	point.	!ii	For	the	interested	reader	we	now	show	how	equation	(ii)	in	the	proof	above	implies	the	Euler	equation.	Euler's	theorem	on	homogeneous	functions	states	that	z	=	oz	z(x,	y)	satisfies	the	equation	oz	x	-	+	y	-	=nz	ox	c!y	if	and	only	if	.z(x,	y)	is	homogeneous	of	degree	n,	i.e.	z(Ax,	Ay)	=	>-."z(x,	y)	for	all
scalars	>-.	Suppose	that	at	time	t	s	(s	<	T)	we	are	in	state	Xs	=	x.	In	fact,	it	is	quite	easy	to	prove.	oo.	(Then	W	is	called	a	lilllear	combination	of	the	two	sets.)	Prove	that	if	S	and	T	are	both	convex.	~:	1	(How	much	should	a	nation	save?)	Consider	an	economy	evolving	over	time	where	=	C(t)	consumption,	and	Y	=	Y	(t)	net	national	K	=	K	(t)	denotes	the
capital	stock,	C	product	at	time	t.	Now,	suppose	it	takes	one	period	to	raise	each	pig,	and	that	when	choosing	the	number	of	pigs	to	raise	for	sale	at	time	t	+	1,	each	farmer	remembers	the	price	Pt	at	time	t	and	expects	Pt+l	to	be	the	same	as	p	1	.	1	There	may	be	several	choices	of	x	that	maximize	f	(x,	r)	for	a	given	parameter	vector	r.	(b)	Direct
integration	yields	x	C.	(Convexity	of	rp(x)	is	equivalent	to	F	being	quasiconcave.)	(Hint:	You	might	use	the	formula	for	y	11	given	in	Problem	2.1.9,	but	an	alternative	argument	is	simpler.)	9.	Then	the	maximization	in	(2),	(3),	and	(5)	is	can-ied	out	for	u	1	in	U(t,	x1	).	1,	:A.2,	...	Then	repeated	application	of	equation	(1)	yields	x1	=	f	(0,	xo)	x2	=	=	x3	f(l,
xi)=	f	(l,	f(O,	xo))	f(2,	xz)	=	f(2,	f(l,	f(O,	xo)))	and	so	on.	Prove	that	if	we	substitute	z	=	x	/	t,	a	projective	equation	becomes	a	separable	equation	with	z	as	the	unknown	function.	Solve	the	differential	equation	x	+	2ai	-	3a	2	x	>	0:	(b)	t	2	x	-	3ti	=	1OOebt	+	3x	=	t	2	for	all	values	of	the	constants	a	and	b.	According	to	Theorem	6.6.	l,	this	linear	system	is
globally	asymptotically	stable	if	and	only	if	the	eigenvalues	of	the	matrix	A=	(	J{(a,	b)	gi	(a,	b)	2	J	(a,	b))	g~(a,	b)	(2)	both	have	negative	real	parts,	or	equivalently,	if	and	only	if	A	has	negative	trace	and	positive	determinant.	(When	x(t	1)	is	free,	x	1	is	not	an	argument	of	V.)	Suppose	xo	is	changed	slightly.	(a)	Consider	the	following	problem	with	f3	E	(0,
1):	00	max,	'\'	2	2	-	u,2)	,	L..i	/3'(	-·fr,	u1E(-co,oo)	X1+1=x	1	+u,,	t=0,l,	...	(If	a	12	>	0,	then	choosing	x1	as	a	large	negative	number	makes	Q(x	1	,	1)	negative.	Now	consider	the	(m	+	n)	x	(m	+	n)	bordered	Hessian	matrix	B(X0	jX	j	,	...	504	CHAPTER	14	/	-,	CORRESPONDENCES	AND	FIXED	POINTS	"	'i;,	~	i	UPPER	HE	MIC	ONT!NUOU$	CORR	ES
POND	ENC	ES	A	correspondence	F	:	X	c;	IR	11	-	!Rm	is	said	to	be	upper	hemicontim1ous	(or	uJ1.c.)	at	a	point	x	0	in	X	if	for	every	open	set	U	that	contains	F	(x	0)	there	exists	a	neighbourhood	N	of	x	0	such	that	F(x)	c;	U	for	eve1~y	x	in	N	n	X,	i.e.	such	that	F(N	n	X)	c;	U.	Again,	provided	the	boundedness	condition	(3)	is	satisfied,	then	as	shown	in	Note
12.3.4	for	the	detenninistic	case,	the	operator	ru	1+1	,	like	T,	will	be	a	contraction	mapping.	We	would	also	like	to	thank	the	proofreader	David	Hemsley	for	his	detailed	suggestions	and	corrections.	With	suitable	restrictions	on	the	functions	involved,	prove	K(t)/T(O).	Find	the	equilibrium	point	(K*,	P*)	in	the	open	first	quadrant,	and	check	(if	possible)
the	stability	of	the	point	by	using	Theorem	6.8.1.	Find	an	explicit	expression	for	K	(t)	when	K	(0)	=	Ko	c::	0,	and	examine	its	limit	as	t	-+	oo.	-Jevons	(1871)	uch	of	economic	analysis	relies	on	static	optimization	problems.	Then	f	is	one-to-one	in	Q.	Accordingly,	these	scalars	are	called	convex	weights.	(a)	Separable.	PR	LE	R	SE	N	7	1.	P	(Price	adjustment
mechanism)	We	generalize	Example	5	.4.2	and	assume	that	the	price	P(t)	satisfies	the	nonlinear	differential	equation	=	fa=	F(P)	=	H(D(P)	-	S(P))	As	before,	Pis	a	function	of	the	excess	demand	D(P)	-	S(P).	Note	that,	according	to	Theorem	2.5.2,	the	property	of	quasiconcavity	is	preserved	by	an	arbitrary	increasing	transformation.	Recall	first	the
standard	definition	of	a	lirnit	of	a	function	of	several	variables:	Let	f	be	a	function	defined	on	a	set	M	in	IR",	and	suppose	that	x	0	E	cl(M),	the	closure	of	M.	For	precise	results	and	references,	see	e.g.	Seierstad	and	Sydsreter	(l	987),	326	I	C	ON	TR	O	L	TH	EO	RY:	BASIC	TE	C	H	N	IQ	U	ES	C	HAP	TE	R	9	Other	Sensitivity	Resu	Its	Consider	once	again
the	standard	end-constrained	problem	(9.4.1)-(9.4.3)	and	its	optimal	value	function	(1).	(Boltyanski)	Consider	the	problem	T	ma.~-	"	,	u	12	1	(	-	u	1	E[--l,1]	,.__,	?	For	example,	producers	seek	those	input	combinations	that	maximize	profits	or	minimize	costs,	whereas	consumers	seek	commodity	bundles	that	maximize	utility	subject	to	their	budget
constraints.	Note	that	(i,	j,)	=	(0,	0)	only	at	the	point	(0,	0),	which	is	the	equilibrium	point.	Alternatively,	if	x*(t1)	>	xi,	then	p(t1)	=	0,	and	the	term	is	0.	Thus,	in	symbols,	cxr,	...	SECTIOI\I	4.2	/	LEIBNIZ'S	FORMULA	161	In	this	case,	the	integral	F	(x)	is	easy	to	calculate	explicitly:	Differentiating	w.r..t.	SECTION	6	5	/	SIM	ULT	AN	EO	US	EQUATIONS
IN	THE	PLANE	237	This	is	a	second-order	linear	equation	with	constant	coefficients.	With	reference	to	problem	(1),	define	£(x,	A)=	f(x)	-	2_,	1	'J...J(gj(X)	-	b1).	=	en	p,	then	i	=	rert	p	+	er	1	jJ	=	r	'A	+	e'	1	Jj	and	so	p	e-rt	(i	-	rJc).	L	u(y)	=	.f	Ay-k	dy	=	Ay	1-k	/(1	-	k)	+	B.	7.2	is	still	valid,	and	x	r+	ff	(t,	x,	p	(t))	need	only	be	concave	for	x	in	A(t).	,	0).	As	in
the	case	n	=	2	in	Section	6.5	(see	Fig.	Becau3e	II	Pe"	is	increasing,	f(x,	y)	=	e'+loy	=	yex	must	be	quasiconcave	(Theorem	2.5.2(a)),	(c)	f	is	not	quasiconcave.	But	if	p	0	=	0,	this	normalization	is	impossible,	The	following	result	is	proved	in	Fleming	and	Rishel	(1975):	SECTION	9,4	/	THE	STANDARD	PROBLEM	315	EN.D	Suppose	that	u*(t))	is	an	optimal



pair	for	the	standard	end-constrained	problem	(1)-(3),	Then	there	exist	a	continuous	function	p(t)	and	a	number	p	0	,	which	is	either	O	or	l,	such	that	for	all	tin	[to,	ti]	we	have	(po,	p(t))	f::.	If	is	sufficiently	close	to	(a,	b),	then	(see	Section	2.6),	f(x,	y)	~	f(a,	b)	+	g(x,	y)	~	g(a,	b)	+	g;	(a,	b)(x	-	f{(a,	b)(x	-	a)+	fz(a,	b)(y	-	b)	a)+	g;(a,	b)(y	-	b)	Because	f(a,	b)	=
0	and	g(a,	b)	=	0,	we	have	f(x,	y)	~	f{(a,	b)x	+	J2(a,	b)y	+	b1	and	g(x,	y)	~	g't	(a,	b)x	+	g~(a,	b)y	+	b2,	where	b1	=	-	J{(a,	b)a	-	f	2(a,	b)b	and	b2	=	(a,	b)a	-	g;,(a,	b)b.	The	equality	xf	=	0	can	then	be	used	to	determine	PT	uniquely.	Differentiating	J;	Ji	f~	i(t)	=	-u(t),	x(O)	=	K	Suppose	that	the	market	price	of	oil	at	time	t	is	known	to	be	q	(t),	so	that	the
sales	revenue	per	unit	of	time	at	t	is	q	(t)u(t).	SECTION	12.4	I	THE	MAXIMUM	PRINCIPLE	441	12.4	The	Maximum	Principle	Dynamic	programming	is	the	most	frequently	used	method	for	solving	discrete	time	dynamic	optimization	problems.	Suppose	that	(x*	(t),	u*	(t))	solves	this	problem	(with	no	additional	condition	on	x	(t	1)).	+	th1,	..	(b)
(i)v=2(lnu)2-Inu,	(ii)v=(l-u)/(J+u)	C	H	A	PTE	R	3	56	7	=	g1('J..	(b)	(x,	y)	3.	11ms	Problem	(1)	can	then	be	formulated	as	follows:	Find	activity	levels	at	which	to	operate	the	production	processes	in	order	to	obtain	the	largest	possible	output	of	the	produced	commodity,	taking	into	account	the	impossibility	of	using	more	of	any	resource	than	its	total
supply.	BF	.	(-(l	-	a:)o	,	v	8	,	1e	ma	nx	,	1,	fJ(K*)f3-l	8	0	O	)	-y	.	SECTION	5.8	4	/	EXISTENCE	AND	UNIQUENESS	219	Prove	that	•	X	=	3t	2	-	2	te	-x	,	x(O)	=0	has	a	unique	solution	on	the	interval(-½,½),	and	that	lx(t)I	~	1	in	this	interval.	,	T	because	the	amount	extracted	cannot	exceed	the	stock.	See	e.g.	Seierstad	and	Syds::eter	(1987),	Chapter	3.	In
order	to	compute	f(½),	for	instance,	we	need	the	Poisson	integral	frnrmu.la	I	dt	=	2.fir	(3)	This	is	proved	in	Example	4,8.2.	By	symmetry	of	the	graph	of	e-	12	about	t	that	e-	12	dt	=	fa.	To	prove	the	"only	if"	part,	suppose	that	{xd	converges	to	x.	=	-u;(x)u;(x)	5.	HARDER	PROBLEMS	(~)	4.	d(y,	a)I	:S	d(x,	y)	<	e.	xT(t)	=	xf	eat	and	x	2(t)	=	xg	fort	in	[O,	T	-
2/a],	xj(t)	=	x?	These	conditions	do	not	guarantee	that	the	maximization	problem	has	a	solution.	290	CHAPTER	8	/	CALCULUS	OF	VARIATIONS	MS	1.	SECTION	9.2	/	A	SIMPLE	CI\SE	311	We	maximize	-	J[[x(t)2	+	cu(t)2]	dt.	0	MPLt:	1	Consider	the	3	x	5	matrix	A	=	C	~	0	in	a	number	of	ways.	or	ii*	-	fi:::	t;(t)(x(t)	-	x"(f))	This	implies	that	the	integral	on
the	right-hand	side	of	(v)	is	nonnegative	for	all	tin	[to,	t	1	],	so	Du	u~~	::=::	0	•	364	CH	APTER	1	0	/	CONTROL	THEORY	WI	TH	MANY	\/AR	I	ABLES	NOH:	E,	The	result	in	Problem	3	shows	that	condition	(15)	implies	(17).	fTY	A	transformation	(function)	f	=	U1,	...	We	will	first	characterize	the	optimal	consumption	path	in	general,	then	find	an	explicit
solution	in	some	instructive	special	cases.	Because	(x	+	y	-	2)	2	:S	0,	the	constraint	is	equivalent	to	x	+	y	-	2	=	0	and	the	solution	is	(x,	y)	=	(1,	I).	Theorem	13.3.2	is	the	second	theorem	in	the	third	section	of	Chapter	13.	It	is	helpful	to	see	how	these	conditions	allow	some	simple	examples	to	be	solved,	Solve	the	problem	x(t)	=	u(t),	x(O)	=	x0	,	x(T)	free,
u	E	ITT;	where	xo	and	T	are	given	positive	constants.	Since	A	has	an	inverse,	there	exists	an	n	x	n	matrix	B	such	that	AB	=	In.	Partitioning	B	in	the	same	way	as	A	yields	B=(B11	B12)	B21	B22	The	equality	AB	=	In	implies	the	following	four	matrix	equations	for	determining	Bu,	B12,	B21,	and	lh2:	(i)	(iii)	+	A12B21	=	I1c	AnB11	+	A22B21	=	0(11-kl>	0
we	have	V	f(h)	=	(f{(h),	...	Strictly	Convex	Sets	A	convex	body	in	IR"	is	a	convex	set	with	a	nonempty	interior.	The	set	{x:	f(x)	=:::	1/2}	=	(-oo,	0)	U	(0,	oo)	is	not	convex,	so	f	is	not	quasiconi;ave,	9.	5.7.4	with	two	equilibrium	states,	0	and	k*.	In	a	growth	theory	setting,	these	parameters	are:	the	beginning	and	end	of	the	planning	period;	the	initial
capital	stock;	and	the	amount	of	capital	to	leave	at	the	end	of	the	planning	period.	Find	a	quadratic	equation	for	a.	,	x	11	(1)).	Then	f(x,	y)	s	p	for	all	x	in	A	and	yin	B,	so	supyEB	f(x,	y)	Sp	for	all	x	in	A.	-	x?	,	x	17	).	On	the	other	hand,	a	bounded	sequence	{Xk}	in	~n	is	not	necessarily	convergent.	Because	of	Theorem	2.5.2	we	can	give	a	simpler
argument.	,	Xm	are	vectors	in	!Rn.	A	point	x	that	can	be	expressed	in	the	form	m	X	=	)qXJ	+	··	·+	with	>c;	;::	0	for	each	i	and	L	.A-;	=	1	(3)	i=I	is	called	a	convex	combination	of	the	points	X1,	.	Show	that	the	optimal	value	function	./1	(x)	can	be	written	as	./1	(x)	=	-ot	1	exp(-yx),	and	then	find	a	backward	difference	equation	for	a	1•	What	is	otr?	This
gives	a	unique	value	of	u.	Transformed	Trigonometric	Functions	We	have	discussed	some	important	properties	of	the	three	basic	trigonometric	functions:	sin,	cos,	and	tan.	Let	f(xi,	...	We	can	see	the	structure	of	the	quadratic	form	better	if	we	write	it	this	way:	Q(x1,	...	In	fact,	if	x(t)	denotes	the	capital	stock	of	a	finn,	then	according	to	(2),	the	shadow
price	of	capital	at	the	end	of	the	planning	period	is	equal	to	the	marginal	scrap	value	of	the	terminal	stock.	5o/uU,:n	Define	J3	variables	is	1/a.	Leading	principal	minors	are	defined	in	Section	1.7.	For	a	proof,	see	Gantmacher	(l	959).	Solve	the	problem	max	1	-	x	2	-	y2	subject	to	x	?::	2	and	y	?::	3	by	a	direct	argument,	and	then	see	what	the	Kuhn-
Tucker	conditions	have	to	say	about	the	problem.	Ill	Theorem	3	2.1	is	often	referred	to	as	the	second-derivative	test.	Differentiating	the	equation	w.r.t.	t	yields	x	=	2xxt	2xt(l	+	x	2	)t	+	(l	+	x	2	)	=	(1	+	x	2	)(2xt	2	+	1).	SE	CT	ION	1	2.	oo	to	a	limit	function	/*	E	/B	which	is	the	unique	solution	of	TuHi	(/)	=	I.	But	then,	according	to	Theorem	13.2	.	(We
assume	that	there	is	a	unique	utility	maximizing	consumption	bundlea)	Next,	add	the	demands	of	all	consumers	for	each	commodity	i	and	subtract	the	total	initial	endowment	of	i.	The	result	is	this:	AL	SADO	PQt	TH	RE	Suppose	that	f	and	g	are	C	1	functions	and	let	(a,	b)	be	an	equilibrium	point	for	x=	Let	A	-	(	f{(a,	b)	-	gi	(a,	b)	y=g(x,y)	f(x,	y),	fj(a,
bb)))	be	the	Jacobian	matrix,	and	suppose	that	gz(a,	IAI	=	f{(a,	b)g~(a,	b)	-	J;(a,	b)g~	(a,	b)	<	0	or,	equivalently,	that	the	eigenvalues	of	A	are	nonzero	real	numbers	of	opposite	signs.	However,	in	many	important	economic	models	the	Hamiltonian	is	not	concave.	At	least	one	of	these	smaller	cubes,	call	it	Kj,	will	contain	infinitely	many	tenns	of	the
sequence	{xd.	From	(6):	(a)	Fis	strictly	concave;	(b)	Fis	quasiconcave;	(c)	Fis	concave;	From	(7):	(d)	F	is	quasiconvex	(p	=	-2,	µ	=	l);	(e)	Fis	concave	(p	=	-1/3,	µ	=	l);	(f)	Fis	concave	(p	=	1/4,	1.1	=	3/16).	5,	Solve	the	problem	T-1	max	U1E[0.l]	~Tyj)	6.	For	sufficiency	results	when	the	final	time	is	variable,	see	Seierstad	and	Sydsreter	(1987),	Sections	2.9
and	6.7.	SECTION	9.8	i	/	VARIABLE	FII\IAL	TIME	337	Consider	Problem	TI	in	Example	9.1.2	for	the	special	case	when	the	cost	function	C	C(t,	u)	is	independent	of	x	and	convex	in	u,	with	>	0,	Thus,	the	problem	is	c:;u	rnarx	[T[q(t)u(t)	-	C(t,	u(t))	]e-r	1dt	s.t	i(t)	U,	Jo	=	-u(t),	x(O)	=	K,	=	x(T)::::	0,	u(t)	::::	0	What	does	the	maximum	principle	imply	for	this
problem?	NOTE	'i	The	condition	that	all	the	eigenvalues	of	A	have	negative	real	parts	is	sufficient	but	not	necessary	for	a	to	be	locally	asymptotically	stable.	In	particular,	a	principal	minor	of	order	r	always	includes	exactly	r	elements	of	the	main	(principal)	diagonal.	PH	1	Consider	first	the	discrete	time	dynamic	optimization	problem	with	one	state,
one	control	variable	and	a	free	end	state:	T	max	Lf(t,x	I	,u	1),	x	I+1	=g(t,x1,u1),	t=0,	...	Since	x*(O)	=	0,	we	obtain	B	=	1,	and	so	x*(t)=e	1	-1	We	see	now	that	u':'(t),	x*(t),	and	p(t)	satisfy	all	the	requirements	in	Theorem	9.4.2.	We	conclude	that	we	have	found	the	solution	to	the	problem.	,	,	Xn)'	and	A=	(a	11	)nxn.	6	•	(K	*,	_P*)	=	((i)	I/O-acl	l	(:c)/3/(l-a))
Tl	-	t	.	For	such	problems	it	is	often	convenient	to	formulate	the	maximum	p1inciple	in	a	slightly	different	form.	This	fourth-order	equation	is	globally	asymptotically	stable	if	and	only	if	all	the	leading	principal	minors	of	the	last	matrix	in	(	*)	are	positive.	(Hint:	Define	the	function	g(t)	=	f	(tx	(I	-	t)x	0	)	fort	in	[O,	l].	Any	solution	of	(1)	that	satisfies	the
boundary	conditions	must	therefore	be	a	solution	of	the	problem.	(See	(5.6.2).)	Then	A	=	z2,	soi=	2zz,	and	(vii)	yields	=	(r	-	2zz	a)z	2	+	25c	e½	st	z	(ix)	Because	we	are	looking	for	a	solution	with	z(t)	=	.JiJJ'j	>	0	for	all	t,	(ix)	implies	that	z	=	½(r	-	a)z	+	$c	e½	st	.	Thus,	the	problem	is	to	maximize	the	integral	in	(1)	overall	admissible	control	functions	u(t)
that,	over	the	time	interval	[to,	ti],	bring	the	system	from	x	0	to	a	point	satisfying	the	tenninal	conditions.	For	x	=	0,	we	have	y	=	-1/2	and	z	=	3/2.	Multiply	it	by	e,.	In	economics	these	results	are	widely	used	to	prove	that	equilibrium	exists	in	various	models	of	perfectly	competitive	markets	and	in	general	strategic	form	games.	This	must	therefore	be
the	optimal	policy,	with	J	=	0	as	the	conesponding	solution	of	the	Bellman	equation	J(x)	=	max	{x(u	-	a)+	fJJ(xu)}	IIE[0,	0	is	that	y	=	max	{u	-	UE[O.a]	=	y	x,	where	y	is	a	a+	f3yu}	and	we	see	that	y	=	-1	/	f3	=	-a	works.	Note	that	it	is	common	practice	to	write	sin	2	x	for	(sin	x	)2,	cos	2	x	for	(cos	x	)	2	,	and	tan	2	x	for	(tan	x	)	2	.	Similarly	a	transformation
f	=	(.f1	,	...	:2	If	i	E	1	(6)	=	0,	u7	is	an	inte1ior	point	of	U,	then	(3)	implies	that	H:,;	(t,	x7,	u;,	p	1)	=	0	for	all	=	l,	.,.,r.	Is	it	a	saddle	point?	These	two	equations	in	.A	and	B	have	the	solution	A=	-xoe-rT	/(erT	-	e-rT)	and	B	=	xoe'1	/(e'1	-e-r	7	).	The	following	theorem,	which	is	a	special	case	of	Theorem	9.4.2	below,	gives	sufficient	conditions:	1	The
correspondence	is	rather	loose,	Something	closer	to	the	Lagrangian	would	be	the	function	f(t,	X,	u)	+	p(g(t,	X,	u)	-	X).	Suppose	too	that	u(x)	and	v(x)	are	C	1	functions	over	[a,	b	],	and	that	the	ranges	of	u	and	v	are	contained	in	(c,	d].	(1	-Yo	L=b	-	)	x+a	-	)	y.	If	a	control	function	u*(t)	(with	corresponding	state	variable	x·'(t)	and	adjoint	variable	p(t))
satisfies	the	stated	sufficient	conditions,	then	(x*(t),	u*(t))	solves	the	maximization	problem.	It	follows	thatk	=	(1-	p)-Y	and	J	(x)	=	(1-	p	)-Y	x	1-Y,	with	w	=	l	-	p	as	the	optimal	policy	choice.	If	the	eigenvalues	are	purely	imaginary,	or	0,	no	definite	statement	about	the	limiting	character	of	the	solution	can	be	made.	The	almost	trivial	fact	is	pointed	out
that,	for	given	initial	conditions,	such	equations	always	have	a	unique	solution,	provided	the	relevant	function	is	defined	everywhere.	""·"'''".'"'"'	?.	,	T,	is	indeed	an	optimal	policy	sequence.	We	assume	that	U'(u)	>	0	and	U"(u)	<	0	for	u	>	0.	Lower	Hemicontinuity	Another	frequently	encountered	continuity	condition	for	c01Tespondences	is	the
following:	ONTlNU	(	A	correspondence	F	:	X	£	~n	-rt	!Rm	is	lower	hemicontinuous	(or	Lh.c.)	at	a	point	x	0	in	X	if,	whenever	y	0	E	F	(x	0	)	and	{xd	is	a	sequence	in	X	that	converges	to	x	0	,	there	exist	a	number	ko	and	a	sequence	{yd~ko	in	~	111	that	converges	to	y0	and	satisfies	Yk	E	F	(xk)	for	all	k	::,:	ko.	Write	down	the	system	of	equations	(2),	and
draw	a	phase	diagram	for	the	problem	max	loco	(x	-	ii2)e-0	·11	dt,	i	=	-0.4x	+	u,	x(O)	=	1,	x(oo)	is	free,	u	E	(0,	oo)	Try	to	find	the	solution	of	the	problem.	In	the	first,	even	though	boundedness	condition	(3)	is	satisfied,	the	Bellman	equation	may	still	have	a	"false"	solution	(J,	u)	that	fails	to	satisfy	J	=	1°.	1	/	CORRESPOND	ENC	ES	505	The	following
impmtant	result	is	an	immediate	corollary:	T	If	a	correspondence	F	from	X	:::;	!Rn	to	Y	£	~rn	has	a	compact	graph,	then	it	is	upper	hemicontinuous.	Suppose	a	=/=	0.	In	some	cases	we	use	the	notation	limk-+oo	Xk	even	if	the	sequence	{xk}	is	divergent:	if	for	each	number	M	there	exists	a	number	N	such	that	Xk	2'.:	M	for	all	natural	number	k	2'.:	N,
then	we	say	that	x1c	tends	to	oo,	and	write	limk-+oo	Xk	=	oo.	Then:	(a)	f	is	convex	in	S	¢::::::}	(b)	f	is	concave	in	S	~r(x)	::::	0	for	all	x	in	Sand	all	.t,,.(x),	r	=	1,	...	By	Theorem	13.3.4,	B'	is	open.	,	fm	to	be	functionally	dependent	in	a	set	A,	it	is	required	that	there	exists	a	function	F	of	m	variables	such	that	F(f1(x),	...	,n	Notice	that	the	determinant	Br	is
the	(m+r)thleadingprincipal	nunorofthe	(m+n)	x	(m+n)	.	to	7.	(c)	There	exist	continuous	functions	a(t)	and	b(t)	such	that	11/(t,	x,	u)II:::	a(t)llx!!	+	b(t)	for	all	(t,	x,	u)	with	u	EU	(d)	The	set	N(t,	x)	in	(1)	is	convex	for	each	(t,	x).	b*	Thus,	for	any	s	>	0	there	exists	a	number	N	SECTION	A	3	/	SEQUENCES	OF	REAL	NUMBERS	535	such	that	lxk	-	b*	I	<	s	for
all	k	>	N.	(a)	Write	clown	the	conditions	of	the	ma,ximum	principle.	Later	we	shall	give	more	efficient	methods	for	finding	extreme	points	of	such	functions.	(B)	If	both	eigenvalues	of	A	have	positive	real	parts,	then	(x*,	is	a	source.	=	0,	and	the	solution	is	x	=	I,	y	=	0.	The	corresponding	principle	for	optimization	problems	in	continuous	time	is	studied
in	more	detail	in	Chapters	9	and	10,	because	for	such	problems	it	is	the	most	important	method.	This	makes	the	pattern	clear.	Next,	Xr+1	=	xf+	1(xr)	is	inserted	into	F(t,x	1,x1+1)	+	F(t	+	l,x	1+1,x	1+2)	for	t	=	T	-	l,	and	this	expression	is	maximized	ws.t.	xr,	yielding	xf(xr-i),	using	the	first-order	condition	(3)	fort=	T	-	I.	(x,	y,	'A	1,	),2)	=	(1/2,	1/2.	In	at
least	one	of	them,	say	K	2	,	there	will	still	be	an	infinite	number	of	terms	from	the	sequence.	Consider	the	optimal	extraction	problem	over	a	fixed	extraction	period,	max	(	[ae°'	1u(t)	-	efl	1u(t)	2	u(l):,:O	Jo	-	c]e~,t	dt,	x(t)	=	-u(t),	x(0)	=	K,	Here	x(t)	and	u(t)	have	the	same	interpretation	as	in	Example	1,	with	q	(t)	market	price,	and	eflt	u	(t)	2	+	c	as	the
cost	of	extraction,	with	c	>	0.	The	optimality	of	u*(t)	follows	from	171eorem	9.7.2.	The	following	example	illustrates	an	important	aspect	of	Theorem	9.7.2:	It	is	enough	to	show	that	the	maximized	Hamiltonian	is	concave	as	a	function	of	x	with	p(t)	as	the	adjoint	function	derived	from	the	maximum	principle.	Theorem	5.8.1	implies	that	there	is	a	unique
solution	curve	of	the	associated	equation	x	=	ax	passing	through	each	point	(to,	xo).	Dresch	incorporates	the	equation	p(t)	=	a	[,)D(p(r))	-	(a>	0)	S(p(r))]dr	where	p	(t)	denotes	a	p1ice	index	at	time	t,	and	D	(p)	and	S(p)	are	aggregate	demand	and	supply.	However,	both	existence	and	uniqueness	follow	from	Theorem	l	3.7.2	below,	which	also	enables	us
to	find	an	explicit	formula	for	x,	namely	x	=	(I	-	A)-	1y.	The	graph	of	y	=	arcsin	xis	shown	in	Fig.	The	maximum	theorems	of	Section	13.4	have	a	natural	generalization	to	correspondences.	The	actual	calculations	needed	are	often	rather	similar.	Solve	the	problem	min	f	2	(x	2	+	txx	+	t	2i	2)	dt,	x(l)	8.	According	to	(6),	the	rnatrix	A	satisfies	the	matrix
equation	-	A	-	61	=--=	0.	(a)	The	constraints	have	the	unique	solution	(x,	y)	=	(	½,J'i,	½,J'i),	and	this	pair	with	z	=	0	must	solve	the	problem.	(B)	The	equation	contains	unspecified	para1neters	(or	even	unspecified	functions).	Thus	Pis	orthogonal	if	and	only	ifx1,	...	This	gives	us	a	sequence	{K;}	of	cubes,	each	lying	inside	its	predecessor	and	having	sides
of	length	L/21	and	a	diagonal	oflength	..jnL/21,	j	=	1,	2,	...	SECTION	6.	It	is	assumed	that	the	functions	f	and	g	are	continuous,	and	that	the	control	functions	u	1	take	values	in	a	fixed	control	region	U.	(a)	The	eigenvalues	are	)c	1,2	246	C	H	A	PTE	R	6	I	D	I	F	F	ER	El\l	TI	A	L	EQ	U	AT	I	O	f\J	S	11	S	EC	O	N	D	-	O	RD	ER	EQ	U	AT	I	O	N	S	(b)	Here	the
eigenvalues	are	A1,2	=	±i	and	the	general	solution	is	x(t)	=	A	cost+	B	sin	t,	y(t)	=	Asint-Bcost.	Find	the	solutions	of	the	following	systems	of	difference	equations	with	the	given	initial	conditions	(in	each	case	t	(a)	Xr+I	Y1+1	=	Xr+	1	2y,	1	=	2x1	=	0,	1,	.	Forany	x,	we	have	f	(x)	=::	r(g(x))	becausex	obviously	satisfies	the	constraints	in	(5)	when	each	b1
is	replaced	by	g_i	(x).	(Blanchard	and	Fischer	(1989))	Solve	the	problem	where	Wr	;,nd	C1	are	controls,	k	and	0	are	positive	constants,	subject	to	)(1	-	w	1	)],	Ao	fixed	where	r1	is	a	given	sequence	of	interest	rates	on	a	safe	asset,	and	the	random	returns	V1	to	a	risky	asset	are	independently	and	identically	distributed.	If	Vis	positive	definite	and	ll(x)	<	0
for	all	x	in	Q,	then	V	(x)	is	called	a	Lyapunov	function	for	system	(1).	BASIC	TECHNIQUES	Because	i*(t)	=	u*(t)	=	-¼(T	2	-	t	2	),	integrating	i*(t)	x*(t)	¼T	=	xo	-	2	t	=	u*(t)	with	x*(O)	=	xo	gives	+	-&_t3	Thus,	there	is	only	one	pair	(x*(t),	u''(t))	that,	together	with	p(t),	satisfies	both	necessary	conditions	(4)	and	(5).	Hence,	the	sequence	(T	11	H	1	)	11
(T(Juk))	must	converge	as	n	-,..	So	we	let	u*	=	At	2	+	Bt	C	and	try	adjusting	A,	B,	and	C	to	give	a	solution.	Replacing	k	by	k;	in	(i)	and	dividing	the	equation	by	llxk1	II,	we	get	Now	let	i	---+	oo.	If	we	define	u1	=	x1+i,	then	(1)	becomes	a	standard	dynamic	programming	problem	with	U	=	IR	On	the	other	hand,	the	dynamic	optimization	problem	(12.1.2)
can	usually	be	formulated	as	a	problem	of	the	type	(1).	+	A	1t	+	Ao.	We	determine	the	undetermined	coefficients	A	11	,	An-l,	...	develops	according	to	the	given	difference	equation,	where	y1	is	income	at	time	t,	and	ot	=	(1	+	r)	with	r	as	the	interest	rate.	52	CH	APTER	2	.?:	/	MULTI	VAR	I	ABLE	CALCULUS	Let	U(x)	=	U(x1,	..	The	brief	Section	9.5
shows	how	to	formulate	a	calculus	of	variations	problem	as	an	optimal	control	problem.	Ts	(x*,	y*)	necessarily	a	global	minimum	point?	3	·	2	=	6.	(See	Protter	and	Morrey	(1991),	Theorem	11.1.)	A	more	precise	result	(for	a	more	general	case)	is	given	in	Theorem	4.2.	l.	This	conjecture	is	indeed	couect,	as	the	noted	Russian	mathematician	A.	Indeed,
becausef	is	continuous,	theremustbeaninterval	(a,	{3)	withs	in	(a,	{3)	c;:	(to,	t	1)	such	that	f(t)	>	O	for	all	tin	(a,	/J).	As	pointed	out	in	Note	l,	Theorem	5.8.J	gives	no	information	about	the	length	of	the	interval	on	which	the	solution	is	defined.	(See	Problems	2,	3,	and	8.)	The	Value	Function	and	its	Properties	Returning	to	the	general	problem	described
by	(2),	suppose	that	at	time	t	=	s	the	state	of	the	system	is	x	(any	given	real	number).	So	using	the	approximation	in	(10)	gives	a	very	good	estimate	of	the	change	in	the	value	function.	If	the	system	is	linear	with	constant	coefficients,	x	=	a11x	+	a12y	+	b1	y	=	a21x	+	a22y	+	with	then	there	is	a	unique	equilibrium	point,	which	is	a	saddle	point.	are
positive	constants)	Find	the	general	solution	of	the	equation	when	av+	e	+	ao(1	-	b)	f.	Then	Theorem	10.4.1	is	still	valid	if	the	requirements	are	satisfied	for	all	t	in	[to,	T2].	Find	the	curve	that	makes	the	integral	as	large	as	possible.	It	follows	that	q	=	supxEA	(supyEB	f(x,	y))	s	p.	0,	then	O	is	not	an	eigenvalue	of	the	Hessian	matrix	f"	(x*),	so	it	must
have	both	positive	and	negative	eigenvalues.	Note	also	that	the	maximum	point	y(x)	is	unique	for	all	x	f	0,	and	is	a	continuous	function	of	x	in	each	of	the	two	intervals	(-oo,	0)	and	(0,	oo	).	5	Use	Picard's	method	to	solve	the	initial	value	problem	x	=	t	+x,	3	x(O)	=0	A	sequence	{x	11	(t)}	of	function8	defined	on	an	interval	l	is	said	to	converge	un/formly
to	a	function	x(t)	defined	on	J	if,	for	each	s	>	0	there	is	a	natural	number	N(s)	(depending	on	s,	but	not	on	t)	such	that	lx11	(t)	-	x(t)I	1/2,	not	for	all	of	(-oo,	oo).)	Consider	once	again	the	growth	model	of	Example	5.7.3,	with	k	=	sf	(k)	k(O)	-	Jck,	=	ko	>	0	=	Suppose	that	J'(O)	<	co,	f(O)	0,	f'(k)	---,,.	486	CHAPTER	13	I	TOPOLOGY	A/\1D	SEPARATIOI\J	13.5
Convex	Sets	Section	2.2	gave	the	definition	of	convex	sets	and	some	of	their	basic	properties.	HMS	FOR	SECTlb	6	1.	EXATv'iPLE	i	Find	the	solutions	of	the	following	problems:	max,{	(1	-	x	2	-	i	2)	dt,	x(O)	=	1,	with	(a)	x(l)	free	The	Euler	equation	is	easily	seen	to	be	x	-	x	=	1	gives	1	=	A+	Ae1	+	Be~	1	•	The	condition	x(O)	problem	must	be	of	the	form
x*(t)	Furthermore,	aF	/	ax	=	-	2i.	Then	x	=	x'Ax	=	y'P'APy	=	y'	cliag(A.1,	Jc2,	...	(When	)c	is	large,	so	is	u	=	0.5)c,	and	the	integrand	4K	-	u2	becomes	large	negative.)	SECTION	9	1	0	/	SC	R,6,	P	VAL	U	ES	341	The	diagrammatic	analysis	related	to	Fig.	(c)	Letx	=	-	l/n	2	in	the	inequality	in	(b)	and	multiply	by	(n/	(n-1))	11	•	Deducethata11	>	so	{a	11	}	is
stlictly	increasing.	For	all	admissible	pairs	in	this	new	problem,	the	scrap	value	function	S(x*(t1))	is	constant.	The	equilibrium	point	(K,	A)	is	given	by	J(	=	(a	-	r)/2b,	)..	Then	a	ls	globally	asymptotically	stable.	Consider	the	following	special	case	of	Problem	2,	where	r	433	=	0:	T	max	)	~./U1X;,	u,E[O,l]L-i.	To	prove	part	(a)	we	must	show	that	f	(x*	+	h)	-	f
(x*)	?:	0	for	all	vectors	x*	+	h	that	are	sufficiently	close	to	x*	and	satisfy	g;	(x*	+	h)	=	b;,	i	=	1,	.	,	x	11	),	we	obtain	n	+	2	LL	f/1(0)xiXj	+	R3	(8)	i=l	j=l	i=l	The	remainder	...	,	hn)	f	0,	while	it	is	enough	that	the	quadratic	form	is	negative	(positive)	only	for	variations	in	h	that	(roughly	speaking)	satisfy	the	restrictions	imposed	by	the	constraints.	Then	the
distribution	of	V	1+1	is	assumed	to	be	described	by	a	conditional	density	p1	(v	I	v	1	)	that	is	a	continuous	function	of	v	and	v	1	together.	Find	the	solution	of	(1)	for	r	=	0.2,	wo	=	1000,	Yr	=	lOO,	and	c1	=	.50.	and	find	its	solution.	A	famous	application	is	to	the	Lotka--Volterra	model	where	a	suitably	constructed	Lyapunov	function	is	useful	in
determining	the	stability	properties	of	the	model.	!'JCTE	:l	Suppose	the	terminal	condition	is	lim	1~,oo	x(t)	2"..	(This	argument	can	easily	be	extended	to	be	valid	for	a	general	value	of	n	by	using	the	next	theorem.)	z	Axt	x?	148	CHAPTER	3	/	STATIC	OPTIMIZATION	3.9	Concave	Programming	TI1e	nonlinear	programming	problem	(3.5	.1)	is	said	to	be	a
concave	programming	problem	(or	just	a	concave	program)	in	the	case	when	f	is	concave	and	each	gi	is	a	convex	function.	A	vector:x	=	(x1,	.	Also,	the	inequality	rs	b/M	is	chosen	to	ensure	that	the	solution	x(t)	will	stay	inside	the	rectangle	r.	It	may	be	surprising	that	the	answer	is	no.	For	example,	cos	3	x	=	(cos	x	)3	.	The	rate	of	rabbit	population
growth	is	a	decreasing	function	of	the	fox	population,	but	the	rate	of	fox	population	growth	is	an	increasing	function	of	the	rabbit	population.	According	to	Scarf	(1973),	"This	demonstration	[of	the	existence	of	an	equilibrium]	has	provided	one	of	the	rare	instances	in	which	abstract	mathematical	techniques	are	indispensable	in	order	to	solve	a
problem	of	central	importance	to	economic	theory",	The	final	Section	14.5	proves	the	existence	of	an	equilibrium	in	a	pure	exchange	economy	by	using	the	Brouwer	fixed	point	theorem.	All	these	properties	are	simply	assumed	here;	their	plausibility	is	demonstrated	in	the	next	example.	Also,	because	of	the	hypothesis	that	x*(t)	is	optimal,	J	(x*)	2'.:	J(x*
+aµ,)	and	so	1(0)	2'.:	/(a)	for	all	a.	In	this	case,	by	(iii),	k*(T)	=	kr.	Then	(10)	needs	only	to	be	tested	for	such	sequences.	454	C	H	A	PTE	R	1	2	/	D	I	SC	RETE	T	I	M	E	O	PT	I	M	I	Z	AT	I	O	N	The	Stochastic	Euler	Equation	We	previously	derived	the	Euler	equation	for	the	kind	of	detenninistic	problem	considered	in	Section	12.2.	There	we	vvere	able	to
define	the	instantaneous	reward	function	F(t,	x	1	,	x	1+	1)	each	period	using	equation	(12.2.2)	in	combination	with	the	function	g	(t,	x	1	,	u	1	)	that	detennines	x	1+I·	In	this	section,	however,	the	deterministic	equation	x	1+1	=	g(t,	x	1	,	ui)	is	replaced	by	the	stochastic	equation	Xt+I	=	g(t,	x	1	,	u	1	,	V1),	where	V1	is	random	and	known	at	time	t	when
the	control	Ut	is	to	be	chosen.	It	follows	that	both	vf_	1	0	and	vf	_	1	=	1	are	impossible	as	optimal	choices	in	So	the	maximizer	vk	1	E	(0,	1)	in	(iv)	must	be	interior,	implying	that	the	square	bracket	in	the	last	line	of	(ix)	is	0.	Show	that	there	is	no	solution	to	the	problem	maxfo\x	2	(Hint:	Let	x(t)	=	a(t	-	+x	2	)dt,	x(0)=0,	x(l)=O	t	2	),	compute	the	integral,
and	let	a	-,,.	choose	a	natural	number	N	such	that	llxk	-xii	<	e/2	for	all	k	>	N,	Then	fork>	N	and	m	>	N,	llxk	-·	Xmll	=	ll(xk	-	x)	+	(x	-	Xm)II	:::	llx1c	-	xii+	llx	-	Xmll	<	s	/2	+	e	/2	=	s,	Therefore	{xk)	is	a	Cauchy	sequence.	If	(k*(t),	s*(t))	solves	the	problem,	then	in	particular,	s*(t)	must	solve	max	(l	-	s)eP	1f(k*(t))e-	81	s	+	p(t)[seP	1f(k*(t))	-	U*(t)]	subject	to
s	E	[0,	1]	Disregarding	the	terms	that	do	not	depend	on	s,	s*(t)	must	maximize	the	expression	+	p(t))s	for	s	E	[O,	l],	Hence,	we	must	choose	eP	1f(k*(t))(-e-	81	s*(t)	=	f1	lO	if	p(t)	>	e-	81	(i)	if	p(t)	<	e-	01	A	possible	optimal	control	can	therefore	only	take	the	values	land	O	(except	if	p(t)	Except	where	s*(t)	is	discontinuous,	p(t)	=	-(1	-	s*(t))eP'	f'(k*(t))e-
81	-	p(t)s*(t)eP1f'(k*(t))	=	e-	81	).	Usually	the	state	of	the	system	at	some	deifojte	time	to	is	known,	so	x(to)	=	(xi	(to),	...	(a)	11/120.	Deduce	an	equation	that	u*	(t)	must	satisfy	if	u*	(t)	>	0.	1	that	is	closest	to	(2,	3).	Assume	that	U'	>	O,	U"	:::	0,	f~	>	0,	;;;	>	0,	and	that	f	(K,	u)	is	concave	in	(K,	u).	,	n	(d)	Q	is	negative	semidefinite	{==:;>	{(-:-1	l	ti,k	.	For
large	values	oft,	the	latter	product	is	dominated	by	the	term	~	A	2	e0	·91	,	which	tends	to	infinity	as	t	tends	to	infinity	when	A	f	O;	that	does	not	seem	promising.	Use	the	maximum	principle	to	solve	the	problem.	?tE	·~	(The	hog	cyde:	a	cobweb	model)	Assume	that	the	total	cost	of	raising	q	pigs	is	C(q)	=	aq	+	f3q	2	.	We	have	ii*	=	2A	cos	2t-2B	sin	2t
and	ii*	=	-4A	sin	2t	-	4	B	cos	2t.	I	j	I	i	I	II	SECTION	11.5	/	HIGHER-ORDER	EQUATIONS	413	As	in	the	case	n	=	2,	equation	(3)	is	globally	3symptotically	stable	if	and	only	if	u?)	-+	0	as	t	-+	oo	for	all	i	=	I,	...	,m	(7b)	=	m	+	1,	...	(For	a	more	modem	proof,	see	Coddington	and	Levinson	(1955).)	252	CHAPTER	6	/	DIFFEREI\ITIAL	EQUATIONS	II:	SECOND-
ORDER	EQUATIONS	Suppose	that	f	and	g	are	C	1	functions	and	let	(a,	b)	be	an	equilibrium	point	for	the	system	i=f(x,y),	J=g(x,y)	Let	A	be	the	Jacobian	matrix	A	=	(	:{	~::	:	~	f~(a,b))	g&(a,	b)	·	If	tr(A)	=	f{(a,	b)	+	g;(a,	b)	<	0	and	=	f{(a,	b)g&(a,	b)	-	f~(a,	b)g;	(a,	b)	>	0	i.e.	if	both	eigenvalues	of	A	have	negative	real	paiis,	then	(a,	b)	is	locally
asymptotically	stable.	,	lo(x)	and	the	maximizers	ui,	(x	),	...	Since	i	=	(l	+	x	2	)t,	i	<	0	for	t	<	0	and	i	>	0	for	t	>	0.	(a)	Direct	integration	yields	x	(c)	ex	dx	=	(t	+	1)	dt,	so	that	-	½t	2	+	=	=	te	1	-	e1	C.	An	important	special	case	occurs	when	the	successive	random	variables	V	1	are	independently	distributed.	!t	=	p(t)	=	t	+	x1	-x	0	--	½,	x*(t)	=	2	+	(x1	-xo	-
½)t	(b)	Verified	by	differentiating	under	the	integral	sign.	The	terms	of	the	subsequence	are	all	present	in	the	original	one.	The	following	theorem	shows	that	a	similar	result	holds	for	the	convex	hull	of	any	set	in	IR":	CHAPTER	13	/	TOPOLOGY	AI\ID	SEPARATION	OR	(CA	If	S	c;	IR"	and	x	E	co(S),	then	x	can	be	expressed	as	a	convex	combination	of	at
most	n	+	I	points	in	S.	+	y	cos(xy))/(1	+	x	cos(xy))	=	0	at	(0,	0).	More	generally:	(3)	(One	of	the	world's	simplest.)	Suppose	that	x	and	y	both	lie	in	S	=	S1	n,	·	·	n	Sm.	Then	x	and	y	both	lie	in	Si	for	each	i	=	l,	...	Is	it	possible	to	choose	prices	for	the	resources	so	that	the	quantities	actually	used	at	the	optimum	are	precisely	equal	to	the	available
resources?	,	Yn)'	be	then	x	1	matrix	defined	by	y	=	P'x.	,,X11)	:"'::bi	(1)	g	111	(xi,	...	Let	M(x)	be	the	con-esponding	set	of	(global)	maximum	points	yin	Y,	and	let	V(x)	=	max	f(x,	y).	4	/	I	N	FI	M	U	1V1	AN	D	SU	PREM	U	IV1	0	F	FU	N	CT	I	O	N	S	541	A.4	lnfimum	and	Supre111um	of	Functions	Suppose	that	f	(x)	is	defined	for	all	x	in	B,	where	B	s;	IR	11	•
Using	(A2.2)	and	(A.2.3),	we	define	the	infimum	and	supremmn	of	the	function	f	ovel:'	B	as	inf	f(x)	XEB	Let	f	(x)	=	inf{f	(x)	:	x	E	(1)	sup	f	(x)	=sup(/	(x)	:	x	E	B}	B	},	XEB	=	e-x	be	defined	over	B	=	(-oo,	oo).	Obviously	c	is	a	minimum	point	and	d	is	a	maximum	point.	Introduce	new	vaiiables	z	=	x	-	6	and	w	=	y	+	3	that	measure	the	deviation	of	x	and	y
from	their	equilibrium	values.	Putting	t	=	(3)	T*	in	(v),	and	using	(iii),	we	deduce	that	if	ui'(T*)	>	0,	then	(vi)	If	the	problem	has	a	solution	with	u*(t)	>	0,	then	(v)	and	(vi)	both	hold.	If	there	were	a	better	path	r'	starting	at	(t',	x	1),	it	would	have	been	optimal	for	the	solution	starting	at	(t,	x)	to	follow	r'	over	the	time	interval	[t',	ti].	J	,(2	i	'I	\	\	\	\	\	y	y	'>-	...
The	set	A	is	a	proper	subset	of	B	if	A	s;:	B	and	A	f=	B;	sometimes	one	writes	A	~	Bin	this	case.	ThetimepathofK*(t)isfoundfromK*	=	-0.25K*+u*	-0.25K*	+	4(1	-	e0	·51	-	10	)	Solving	this	linear	differential	equation	with	K*(O)	=	Ko,	we	get	l(*(t)	=	(Ko_	16	+	_!f	e-10	)e-0.2s1	+	16	-	Jfeo.sr-10	Here	He	=	(4K	-	u	2	)	+	)c(-0.25K	+	is	concave	in	(K,	u),	so	we
have	found	the	optimal	solution.	This	implies	that	the	supremum	value	of	f(x,	y,	z)	over	Sis	attained	at	(Yz,	Hence,	V(x)	=	max(y,z)Ecl(S)	f(x,	y,	z),	and	by	Theorem	13.4.1,	Vis	continuous,	2.	Finally,	profits	are	discounted	at	the	constant	proportional	rate	0.25	per	unit	of	time.	the	maximum	point	is	also	unique.)	Therefore	V	(x)	=	maxyEIO,	11	f	(x,	y),
Since	[O,	1]	is	compact,	Theorem	13.4.1	shows	that	V	is	continuous.	-	3x3	-	x	1x2	-	exi+x2	+x3,	defined	for	all	x1,	x2,	and	X3,	is	strictly	concave.	(After	all,	the	optimal	value	function	had	a	similar	form	in	the	finite	horizon	version	of	this	problem	discussed	in	the	previous	section,	as	well	as	in	the	deterministic	infinite	horizon	version	of	Example	12.3.	L)
Then,	cancelling	the	factor	,	(iv)	reduces	to	k	=	max	[w	1-Y	+	fJkD(l	-	w)	1-Y]	(v)	WE(O,])	where	D	=	E[V	1-Y].	(a)	Suppose	f	is	concave,	and	let	x	0	,	x	S.	,	g	111	at	x*.	(b)	A	sufficient	condition	for	f	to	be	strictly	quasiconcave	in	Sis	that	f	{(x,	y)	f:	0	and	B	2	(x,	y)	>	0	for	all	(x,	y)	in	S.	Then	ii*	so	the	equation	reduces	to	be	=	k	Hence,	c	=	A/b.	SECTION
2.4	/	CONCAVE	AI\ID	CONVEX	FUNCTIONS	II	67	Consumption	smoothing	is	actually	quite	an	important	topic	in	economics.	is	the	subsequence	obtained	by	striking	out	the	first	four	tenns	of	the	original	sequence,	and	x2,	X4,	X6,	...	SECT	I	O	N	A	.	imply	respectively	c(	=	ot1fii/.Jc1	.Jc2	=o	(*)	=O	(**)	er	=	The	first	equalities	in	(*)and(*'~)	and
a1/32/A1.	If	this	were	not	the	case,	the	curve	K	would	cut	through	the	level	surface	of	f	and	presumably	would	intersect	level	surfaces	of	f	that	conespond	to	higher	as	well	as	lower	temperatures	than	T*.	,	,	of	the	stochastic	difference	equation	(2)	that	starts	from	any	given	pair	(xo,	vo)	E	X(xo)	x	V	and	follows	the	particular	policy	u1	=	u(x1	,	v	1	)	fort=
0,	1,,,,,	one	has	f3	1	E[i(X	1	,	V	1	)	I	xo,	vo]	-,-	0	as	t	-:,.	(Note	thatt(x	+	t)	does	not	count	as	a	separation	because	both	factors	would	then	depend	on	t.)	(d)	Separable,	because	ex+i	=	exe	1	•	2	+	x	in	the	form	f	(t)g(x).	For	each	fixed	x,	study	where	f	(x,	y)	is	increasing	with	respect	to	y	and	where	Jt	is	decreasing.	3	Examine	the	character	of	the
equilibrium	points	for	the	following	systems:	(a)	x	=	2y	)I=	-X	+	2y	(h)	x	=	-y	y=x	In	both	cases	the	equilibrium	point	is	(0,	0).	In	this	case	the	Euler	equation	implies	that	.	and	f	{~	f	~~	-	(	f	{S)	2	::::	==}	f	is	strictly	convex.	We	call	this	the	"insertion	method"	of	solving	(1).	Therefore	Vi(x)	=	max,,ell:	1p(x,	ii)=	max!IE[O,xl	cp(x,	u),	so	for	x	>	0,
Theorem	13.4.2	yields	continuity.	Quite	often	those	proofs	rely	on	technical	ideas	that	are	only	expounded	in	the	last	two	chapters.	1fp::Sl	{	/kp	r,	,;k	Hence	fl	is	concave	in	k	for	k	>	0.	Since	Fis	continuous,	there	exists	a	8	>	0	such	that	IF(x)-F(a)I	<	½F(a)forallxin(a-8,a+8).	Producing	the	commodity	vector	x	=	(x	1	,	.••	,	x	11	)	requires,	in	general,
inputs	of	all	goods.	Thus	if	f	{~	>	0,	then	J22	>	0	as	well.)	In	a	similar	way,	the	two	inequalities	in	part	(d)	imply	that	f	2S	<	0.	Then	the	ith	component	of	the	vector	Ax	is	equal	to	L.t=I	auxi,	which	the	Xj	and	all	the	a11	are	nonnegative.	Since	P2	=	-pi	and	P2(4)	=	0,	we	have	p2(t)	=	4)2.	(It	is	not	necessary	to	solve	the	equation,	but	the	solution	is	x(t)
=	e	12	-	1	-	½t	2	.)	8.	In	fact,	there	can	be	many	more	constraints	than	variables.	,	.•	_	;-,,-	'·	-·-	•	!	There	can	be	no	question,	however;	that	prolonged	commitment	to	mathematical	exercises	in	economics	can	be	damaging.	The	conclusion	111	Use	(4)	and	(5)	to	investigate	the	definiteness	of	(a)	Q(x1,	x2)	=	5,	a12	=	-1	(not	-2!),	and	a22	=	l.	Existence
theorems	give	conditions	which	ensure	that	an	optimal	solution	of	the	problem	really	exists.	=	0	if	px*	-1-	y*	<	m,	(b)	x	=	-1	+	1/	p,	y	=	m	-1-	p	-	1,	with	A	=	l	is	the	solution	for	all	p	E	(0,	l]	and	m	>	l.	The	following	two	theorems	can	sometimes	ease	the	task	of	establishing	concavity/convexity.	Then	attention	turns	to	linear	equations,	and	we	see	in	this
section	and	the	next	that	the	theory	closely	resembles	the	corresponding	theory	for	linear	differential	equations.	1	with	Po	=	1.	Suppose	that	f	(x,	y)	has	contimwus	partial	derivatives.	(Of	course,	this	is	clear	without	414	CHAPTER	11	/	DIFFEREf\JCE	EQUATIONS	using	the	theorem.)	Now,	x	1+1	ar	<	1	~	+	a1x1	=	Ct	la1I	<	l,	so	is	globally
asymptotically	stable	~	la1I	<	l	When	n	=	2,	Theorem	1	LS.4	says	that	both	roots	of	m	2	+	a	1m	+	a2	=	if	and	only	if	1	0	a2	0	l	a1	and	D2	=	--------D1	=	>	0	0	1	C/2	:	l	a2	0	a1	a2	1-~---i---~~	I	(6)	0	have	moduli	<	1	a1	a2	>0	a1	l	Evaluating	the	determinants	yields	Here	D1	>	0	~	la2	I	<	1.	1	is	not	concave.	Then	z	belongs	to	Sand,	according	to	(1),	f	(x)	-	f
(z)	5:	V	f	(z)	·	(x	-	z),	f	(x0	)	where	we	used	the	gradient	notation	from	Section	2.1.	-	f	(z)	:.'.S	v	f	(z)	·	-	z)	(ii)	64	CHAPTER	2	/	MULTIVARIABLE	CALCULUS	Multiply	the	first	inequality	in	(ii)	by	Jc	>	0	and	the	second	by	1	-	J,	>	0.	Because	V	(x)	is	positive	definite.	We	shall	show	that	x*	is	a	fixed	point	for	f,	(1)	If	x*	>	0,	then	for	every	natural	number	n,
we	can	find	an	Xn	in	A	with	x*	-	1/n	<	Xn	s	x*,	Since	f	(xn)	2::	x,,,	we	get	l(x*)	2::	limH,"-	l(s)	2::	Jim,,	l(x,,)	2::	lim"	x,,	=	x*,	(2)	If	x*	<	l,	then	l(s)	<	s	for	every	s	>	x*,	and	so	l(x*)	s	lims-+x*+	l(s)	s	lims--+x*+	s	=	x*,	(3)	It	follows	from(])	and	(2)	that,	if0	<	x*	<	1,	then	f(x*)	s	x*::::	l(x*),	so	f(x*)	=	x*	(4)	It	also	follows	that,	if	x*	=	0,	then	0	::::	l	(0)	=	l	(x*)	::::
x*	=	0,	and	if	x*	=	1,	then	l	2::	l	(x*)	2::	x*	=	l,	Hence,	in	every	case,	we	get	l	(x'')	=	x*,	1.	For	if	Xk	-	f	x,	then	only	finitely	many	terms	of	the	sequence	can	lie	outside	the	ball	B(x;	1).	=	0;	(iii)	),	?:	0,	with	Jc=	0ifx	2+y	2	<	1.	Thus	the	values	of	x1	(t),	,	..	A	in	the	text,	N	(t	1)	6.	Changes	in	the	Second	Edition	We	have	been	gratified	by	the	number	of
students	and	their	instructors	in	many	countries	who	appear	to	have	found	the	first	edition	useful.	4	See	Section	10.3	or	A.3	for	the	definition	of	lim	or	Jin,	inL	SECTIOl\l	12.5	/	447	MORE	VARIABLES	We	merely	state	a	sufficient	condition	for	this	problem:	1	S	Suppose	that	the	s1)quence	triple	({x;'},	{u7},	Lp	1	})	satisfies	the	conditions	(3)-(	4)	with
qo	=	l.	Then	A(t)	>	0,	and	with	u*(t)	>	0,	we	obtain	u*(t)	=	~	ei	st	(A(/))	112	.	But	the	equations	£~	=	0	and£~	=	0	give	a	contradiction.	Variable	Right-Hand	Side	Consider	briefly	the	case	when	the	constant	b	in	equation	(4)	is	replaced	by	an	arbitrary	given	function	of	t:	t	=	0,	l,	.,	.	+	y	y	/f(x)	'-........._,J(x)	a	------	-	-	-	/	-t-------+X	Figure	1	sup(--	f(x))	-1	=	-
inf	f(x)	=	-a.	(a)	Find	the	four	points	that	satisfy	the	first-order	conditions	for	the	problem	max	(min)	x	2	+	y2	subject	to	4x	2	+	2y	2	=4	(b)	Compute	B	2	(x,	y)	in	(2)	at	the	four	points	found	in	(a).	1111	itC!ll:	::1	111eorem	1.7.	l(a)	states	that	when	A	is	symmetric,	A	is	positive	(	quasi)definite	iff	the	leading	principal	minors	are	all	positive.	In	fact,	the
finn's	output	level	can	fluctuate	over	the	year.	Thus	Theore111	10.	Because	of	(A),	in	order	to	prove	(d),	it	suffices	to	show	that	the	first	term	in	(*)	tends	to	a	number	2"..	Then	x*(l)	=	Ae	+-	(1	-A)e-	1	=	2(e	2	-	e	+	l)/(e	2	-	1)	>	0	for	this	value	of	A,	implying	that	fJF*/Bx	=	-2.x*(l)	is	:s	0.	Solve	the	problem	max	UE[O,	l]	10,3	d	-d	(f,;(K,	u))	t	~	=	u,	Jor\i:-
½u)dt,	{	y	=	u,	x(0)	y(0)	=	1,	=	0,	x	(2)	is	free	y(2)	::::	1	Infinite	Horizon	Infinite	horizon	control	problems	were	introduced	in	Section	9.11.	(1)	238	CHAPTER	6	/	DIFFEREI\ITIAL	EQUATIONS	II:	SECOND-ORDER	EQUATIONS	In	economic	models	tl1at	lead	to	systems	of	this	type,	x	=	x	(t)	and	y	=	y(t)	are	state	variables	characterizing	the	economic
system	at	a	given	time	t.	Ball	and	E.	It	fom1s	the	basis	of	much	recent	work	in	macroeconomic	theory,	as	discussed	in	the	textbooks	by	Blanchard	and	Fischer	(1989)	and	Baffo	and	Sala-i-Martin	(1995).	A	time-consuming	process	of	successive	insertions	will	finally	yield	an	expression	for	x	100	.	Solution:	(x*,	,	=	(0,	±¾-Jia,	+~-J2a),	with	?c	1	=	1,	?c	2
=	0	both	solve	the	problem.	We	conclude	that	the	optimal	solution	of	the	problem	is	*	X1	T	+l-	t	_1	=	----/3	T	+l	xo'	We	see	that	optimal	consumption	is	steadily	decreasing	as	t	increases.	SECTIOI\I	9.4	I	THE	STMJDARD	PROBLEM	317	(Optimal	consumption)	Consider	a	consumer	who	expects	to	live	from	the	present	time,	when	t	=	0,	until	time	T.	·(2n-
1)	r::;	-	-	-	-	-	-	-	-	-	v	:rr	2	211	(2n-1)!	r::;	=	--,------v	Tr	22"-	1	(n-1)!	3.	Integrating	gives	p(t)	=	2	+	C	with	½T	2	+	C	=	0,	so	½t	p(t)	=	-½(T	2	-	t2)	and	then	u*(t)	=	=	-¼(T	2	-	t2	)	310	CHAPTER	9	/	CONTROL	THEORY.	Then	there	exists	a	point	win	(x,	y)	such	that	f	(x)	-	f(y)	=	V	f(w)	·	(x	-y)	(10)	Define	rp(>c)	=	f("Jcx	+	(1	-	>c)y).	x*	satisfies	each	resource
constraint	gi	(x*)	::;	bj,	j	=	1,	...	In	many	economic	applications,	we	are	interested	in	establishing	qualitative	results	such	as	the	behaviour	of	the	solution	when	t	becomes	very	large,	or	how	the	solution	depends	on	some	parameters	that	might	influence	the	difference	equation,	Such	questions	are	difficult	or	impossible	to	handle	if	we	rely	only	on	the
above	insertion	method.	If,	instead,	we	represent	graphically	the	function	given	by	y	=	sin(x/2),	we	still	get	a	wavelike	curve,	but	the	period	is	now	twice	as	long,	namely	4n.	Len	E	[O,	l],	We	must	prove	thaUz	+	(1	-	A)W	E	Q.	Hence,	for	each	value	of	x,	the	function	f(-r,	y)	attains	its	maximum	with	respect	toy	in	Y	at	some	point	of	[O,	1].	Moreover,	U	is
a	utility	function	and	f	is	the	production	function.	u*	(t),	p	(t))	that	satisfies	(2),	(4	),	(5),	and	(6),	then	(x*	(t),	u*	(t))	is	optimal.	=	µ(t)	dl	0	(ii)	In	the	argument	leading	to	this	result,	11,(t)	was	a	fixed	function.	By	Theorem	13.2.4,	{xk}	contains	a	convergent	subsequence.	Let>,,	-;'	o+.	We	conclude	that	if	U	is	continuous,	then	the	indifference	surfaces
are	all	closed	sets.	Let	w	0	be	wealth	at	time	0.	,	s	(10)	=	1,	..	If	x(r)	=	ce-t	2.	rnore	precise	definition	of	stability	is	given	in	Section	7.5.)	To	examine	whether	(a,	b)	is	locally	asymptotically	stable,	we	have	to	consider	how	solutions	of	the	system	behave	in	a	neighbourhood	of	b).	0	and	bf.	V(x)	is	positive	definite.	Compute	fr(x),	Jr_	1(x),	and	Jy_	2	(x).
figur~	·1	Suppose	that	x'j	is	an	interior	local	maximum	point	for	f.	An	argument	similar	to	the	above	shows	that	y	must	satisfy	the	differential	equation	Note	that	(4)	and	(5)	have	the	same	associated	homogeneous	equation,	so	that	their	characteristic	equations	are	identical.	An	optimal	solution	exists	by	the	extreme	value	theorem.)	+	+	1.	=	(	;~	75)
125	1.	Starting	with	a	given	x0	,	we	can	again	calculate	x	1	algebraically	for	small	t.	+	g(x)	""0	l	-a	-	-	-	-	-	-	-	-	-	~	-f(x)	f(x)	-	-	.	An	important	example	of	a	compact	set	in	[R	11	is	the	closed	ball	B(a;	r)	=	{x:	d(x,	a)	:Sr}	(with	r	>	0).	For	further	discussion	of	this	model	see	Hirsch	et	al.	Solve	the	following	differential	equations	for	the	specific	initial
conditions:	(a)	(b)	x	+	2i	+	x	=	t	2	,	x	+	4x	=	4t	+	1,	x(O)	=	0,	x(rr:/2)	i(O)	=	0,	=	l	i(:rr/2)	=0	t~iy!)	4.	Because	the	initial	point	is	fixed,	a	unique	solution	of	(1)	is	usually	obtained.	Hence,	p(t)	=	-4	+	(t''	-	t),	and	from	(i),	u''(t)	=	½Ct*-t).	See	Example	3(a)	below,	(C)	If	the	eigenvalues	are	real	with	opposite	signs,	with	Jc1	<	0	and	1c	2	>	0,	then	(x*,	y*)	is
a	so-called	§addle	point.	oo,	if	xo	=	1-in	fact,	there	are	explosive	oscmations.	We	must	prove	that	S	is	closed	and	bounded.	1	+	A2)	and	A2/(A	1	+	Jc	2)	also	sum	to	1.	,	x,,	2:	0.	1T	e-	114	In(2K	-	[()	dt,	K(O)	=	Ko,	K(T)	=	Kr	(a)	Solve	the	problem	max	(b)	Let	T	=	rT	e-t/J0(-1-tx	-	.x	2)	dt,	Jo	100	10	and	S	x(0)	=	0,	x(T)	=S	=	20	and	find	the	solution	in	this
case.	Hence,	the	function	I	has	a	maximum	at	a	=	0.	(b)	f*(a)	=	a	2	so	df*(a)/	da	=	2a,	and	3£(x*:	y*,	z*,	af/	Ba	=	2)c	ta	=	2a.	and	add	the	resulting	inequalities.	In	general,	an	equilibrium	point	(x*,	y*)	for	(1)	is	called	globally	asymptotically	stable	if	every	solution	tends	to	the	equilibrium	point	as	t	-+	oo.	Prove	that	the	kth	leading	principal	minor	of	the
Hessian	f'	1	(x)	is	a1	-	1	a1	a1	a2	-	1	a2	a2	a1	···Gk	z"	Dk=	(xi	···x1Y	ak	-	l	ak	ak	(b)	Prove	that	Dk	=	(-	l)"-	1	CI:1=	1	a;	-	l)zk	(	ai	·	·	·	~k)	2	,	(Hint:	Add	all	the	other	rows	to	the	XJ	·	·	·	Xk	first	row,	extract	the	common	factor	vk	L.i=I	a;	-	1,	and	then	subtract	the	first	column	in	the	new	determinant	from	all	the	other	columns.)	(c)	Prove	that	the	function	is
strictly	concave	if	a1	+	···	+	a	11	<	1.	This	proves	that	p*	is	an	equilibrium	price	vector.	In	fact,	since	some	textbooks	are	unclear	about	how	to	use	the	CQ,	let	us	explain	carefully	how	to	apply	Theorem	3.5.1.	To	find	all	possible	solution	candidates,	you	need	to	carry	out	the	following	two	steps:	(I)	Find	all	admissible	points	where	the	Kuhn-Tucker
conditions	are	satisfied.	i	=	5c	F(x,A)	(2)	=	G(x,	A)	This	is	an	autonomous	system	that	is	simpler	to	handle	than	one	in	which	j;	and	.i.	The	tangent	is	above	the	graph.	(c)	Here	!i	1	=	e	1	is	one	solution	of	the	homogeneous	equation.	Assume	also	that	f	is	C	1	in	an	open	ball	around	x*.	rsj\JI~	1.	(The	curve	has	x	=	x2	as	a	vertical	a2,ymptote,)	Finally,	for	x
S	x2,	there	is	only	one	conesponding	y.	Use	the	Bolzano-Weierstrass	theorem	to	choose	a	subsequence	{Yk;	}j	that	converges	to	some	y	0	in	Y.	=	0,	you	bonow	$100	000	at	a	fixed	interest	rate	r	of	7%	per	year.	The	Euler	equation	gives	a	necessary	condition	for	optimality.	The	J	=I,	...	,	n,	using	summation	notation,	d	dt	=	I:;'=	1	ft	f((x	0	+th)h;.	,t
Changing	u	(t)	on	a	small	interval	causes	f	(t,	x,	to	change	immediately.	MOH	,~	Suppose	that	we	introduce	additional	conditions	on	x(t)	in	Problem	(1).	(a)	(c)	2.	A	similar	argument	shows	that	we	cannot	have	F(a)	<	0	either.	It	is	evident	that	u	1	=	0	is	optima!,	with	a	criterion	value	l	/	(	1	-	fJ)	that	is	independent	of	x	0	,	and	twice	as	large	as	the
criterion	value	of	u	1	=	1/2.	Since	H~	=	-ue-	21	+	p,	it	follows	from	(i)	that	u*(t)	=	e	21	p(t).	A	sequence	{xi	b*	-	£.	(b)	j'(Y	-	T)	=/=	1	is	sufficient.	2	sh01.vs	the	corresponding	development	of	the	state	variable.	These	functions	give	Lhe	optimal	solution	to	the	odginal	problem.	(a)	Sis	compact	and	f	is	continuous,	so	by	Theorem	13.4.1,	Vis	continuous,	(b)
The	closure	of	Sis	cl(S)	=	{(y,	z)	:	y	?:	0,	z	?:	0,	y	2	+	z	2	::,	4}.	=	x'	Ax	is	a	symmetric	quadratic	form,	then	by	differentiating	the	double	sum	(L7.6)	we	get	f"(x)	=	2A.	For	x	=	1,	we	have	y	=	3/2	and	z	=	-3/2.	SeeFig.A2.5A.	EN(	I:	QF	N	UNEA	lNDE	Pf:	NDJNT	SOLUTIONS}	Suppose	that	a1	(t),	...	Moreover,	the	sum	of	all	the	components	of	Ax	is	is	2::	0
because	all	r:,;	=	1(I:1=1	a;JXJ)	1	I:;;'=	1	XJ	L./=l	a;J	=	Y'.7=	1	xi	=	L	Thus	the	linear,	and	therefore	continuous,	transformation	x	H-	Ax	maps	A	into	itself.	This	behaviour	is	confirmed	by	TI1eorem	6.9.1.	Other	Types	of	Equilibrium	Point	Lyapunov's	theorem	(Theorem	6.8.1)	and	the	saddle	point	theorem	(Theorem	6.9.1)	show	that	in	some	important
cases	the	limiting	behaviour	of	a	nonlinear	system	near	an	equilibrium	point	is	similar	to	the	behaviour	of	the	linearized	system.	This	section	considers	the	"standard	end-constrained	problem"	1	11	max	f(t,	x(t),	u(t))	dt,	(1)	to	x(t)	=	g(t,	x(t),	u(t)),	x(to)	=	xo	(2)	(c)	x(t1)	free	(3)	with	one	of	the	following	terminal	conditions	imposed	(a)	x(t1)	=xi,	(b)
x(t1)::::	x1,	or	Again,	to,	t1,	xo,	andx1	are	fixed	numbers	and	U	is	the	fixed	control	region.	1,	we	see	that	a	given	change	in	x	causes	changes	in	u	and	v	that	are	smaller	in	absolute	value.)	If	xis	any	number	such	that	cos	x	i=	0,	we	define	the	tangent	function	by	simply	dividing	sin	x	by	cos	x.	L	1	(except	that	we	would	use	boldface	letters	for	x,	u,	and	g
).	z	=	x	+	t	2	and	reorganize,	we	In	jx	+	t	2	+	11	=	.x	-	Ci,	'Nhich	gives	210	CHAPTER	5	/	DIFFERENTIAL	EQUATIONS	I:	FIRST-ORDER	EQUATIONS	11\J	ONE	VARIABLE	Ix+	t	2	+	11	=	e-Ci	ex,	i.e.	x	+	t	2	+	1	=	±e-c1	ex	Hence,	if	we	define	C	=	±e-c1	,	these	solutions	are	given	implicitly	by	The	constant	solution	z	=	-1	gives	x	=	-t2	-	1,	which
corresponds	to	C	=	0.	,	q11	are	the	positive	prices	of	the	factors	of	production	v	1,	,	,	,	,	v11	,	then	the	firm's	profit	is	given	by	The	first-order	conditions	for	maximum	profit	are	Suppose	that	(	**)	has	a	solution	v*	=	(vt,	.	Because	the	sequence	{k;}	is	strictly	increasing,	k;	:::	j	for	all	j.	Ill	Proof.	For	any	fixed	open	convex	set	Sin	~	11	,	if	we	combine	the
If	f	(x)	statements	in	Theorems	2.3.2	and	203.3	with	Theorem	1.7.1,	we	get	the	following	results:	(4)	(5)	(6)	(7)	PlE	7	Let	f(x1,	X2,	X3)	=	-xr	+	6x1x2	-	9x?	Then	x	and	y	both	belong	to	the	set	Pa=	{u	ES:	f(u)	~	a}.	Since	(*)	"behaves"	approximately	like	(1)	nem·	(a,	b	),	it	is	a	reasonable	conjecture	that	in	this	case	(a,	b)	is	a	locally	asymptotically	stable
equilibrium	point	for	system	(	l	).	By	compactness	of	a	subsequence	[x(tk1))	converges	to	=	+	some	point	x*	in	B.	Consequently,	many	of	our	examples	and	problems	will	deal	with	continuous	controls,	Yet	in	some	applications,	continuity	is	too	restrictive,	For	example,	the	control	vmiable	u(t)	could	be	the	fraction	of	investment	allocated	to	one	plant,
with	the	remaining	fraction	1	-	u(t)	is	allocated	to	another.	Then	there	exists	a	continuous	function	p(t)	such	that,	for	each	tin	[to,	ti],	u=u*(t)maximizesH(t,x*(t),u,p(t))	for	uin(-00,00)	p(t)	=	-H~(t,	x*(t),	u*(t),	p(t)),	p(ti)	=0	(4)	(5)	NOTE	The	requirement	that	p(t	1)	=	0	in	(5)	is	called	a	trnnsve.rsality	condition.	,	n,	(14)	where	H*	denotes	the	Hamiltonian
evaluated	along	the	optimal	path.	Verify	that	x;	>	u;	for	all	t.	A	typical	example	is	J"(x)	+	af	1(x)	+	bf(x)	=ax+	fJ	Here	f	(x)	denotes	the	value	of	a	stock	option	when	the	stock	price	is	x.	-	(c)	x	=	v'f2-	-	t2	l.	In	case	(I),	when	both	constraints	are	active,	only	two	points	satisfy	the	constraints,	which	are	already	candidates	for	optimality.	Then	ii(t;	i,	x*(t))	=
u*(t),	and	therefore	u	=	u''(t)	maximizes	H(t,	x'(t),	u,	p(t))	w.r.t.	u	EU	(vii)	Finally,	differentiating	(iv)	w.r.t.	x	and	using	the	envelope	theorem	(see	Section	3.10),	we	gel	v(;	+	Because	use	u*(t)	+	H/,j,',	=	0	v;	=	j,	and	H/,	=	g,	this	yields	p;	+	p~g(t,	x,	ii(t;	t,	x))	=	-H;.	(Of	course,	both	J(x,	v)	=	oo	and	J(x,	v)	=	-oo	satisfy	the	Bellman	equation	in	a	sense,
though	they	may	well	be	"false"	solutions	that	fail	to	correspond	to	an	optimal	policy.)	Both	cases	include	a	subcase	where	f3	=	1.	,	it	follows	that	x:,,	-+	x;	as	m-+	oo	for	every	i,	and	therefore	x	111	-+	x	as	m	-+	oo.	,n	j=1	denote	respectively	the	total	endovvment	and	aggregate	demand	for	each	commodity	i.	These	objects	are	called	the	elements	or
members	of	the	set.	Substituting	T	for	to	and	xr	for	xo,	equation	(7)	yields	the	answer.	Hence,	there	must	exist	points	c	and	din	S	such	that	.f	(c)	=	a	and	.f	(d)	=	b.	(a)	x	2	+	2xy	(b)	ax	2	+	bxy	+	cy	2	+-	y2	(c)	3x?	Furthermore,	the	feasible	set	of	controls	can	be	a	set	U	(x)	that	depends	on	the	state	x.	,	An)y	=	AtYI	+	=	diag()q,	...	,	x?'._	1,	x;,	x;'_	1	...
(Hint:	u	=	u*(t)	maximizes	-	p(t)u	2	for	u	in	[-1,	2].	Hence	P	=	a/b	and	Q	=	((3b	-	aa)/b	2	,	so	a	partic=	ax/b	+	((3b	-	aa)/b	2	.	A	necessary	and	sufficient	condition	for	all	roots	of	the	polynomial	to	have	negative	real	parts	is	thal	all	the	leading	principal	minors	in	the	following	n	x	n	matrix	are	positive:	A=	a1	a3	as	1	az	a4	0	0	0	a1	a3	0	0	0	0	0	0	0	an-l	0
lln-2	an	0	0	0	The	kth	column	of	the	matrix	A	is	the	vector	where	ak	is	on	the	main	diagonal,	ao	1	=	I,	and	a;	=	0	if	i	<	0	or	i	>	n.	,T-I,	xoisgiven,	xrfree	(1)	U;EUs;IRl	t=O	Here	we	assume	that	the	control	region	U	is	convex,	Le.	an	interval.	Therefore,	if	the	double	sum	in	(ii)	is	positive	for	all	such	x*	+	h	#	x*	sufficiently	close	to	x'",	then	x*	is	a	local
minimum	point	for	problem	(J	).	In	order	to	formulate	couect	necessary	conditions,	we	define	the	Hamiltonian	as	H(t,	x,	u,	p)	=	Pof(t,	X,	u)	+	pg(t,	X,	u)	(4)	The	new	feature	is	the	constant	number	po	in	front	off	(t,	x,	u).	For	each	t	assume	that	f(K(t))	=	C(t)	+	K(t)	(ii)	which	means	that	output,	Y(t)	=	f(K(t)),	is	divided	between	consumption,	C(t),	and
investment,	K	(t).	(Remember	that	the	determinant	of	al	x	l	matrix	(ct)	is	the	number	a	itself.)	Deleting	row	l	and	column	l	in	A	we	get	(a	22	),	which	has	determinant	a	22	.	N(Hf	1	Consider	the	standard	end-constrained	problem	with	x(t1)	free.	How	much	is	each	repayment?	We	get	,	F	(x)	.	The	range	of	variation	of	y	must	be	restricted	in	order	for	the
equation	to	define	y	as	a	function	of	x	in	that	intervaL	Now,	con2.ider	the	point	(xo,	Yo).	In	the	first	case	p(T)	=	O;	in	the	second	case,	p(T)	>	0.	(b)	No	solution	exists.	This	avoids	specifying	what	happens	after	a	finite	horizon	is	reached.	Also,	if	one	or	more	initial	conditions	are	changed,	the	solution	changes.	SECTION	2.	(a)	Consider	the	two
sequences	with	general	terms	xk	=	Compute	limk-+oo	and	limk--+	00	of	(xk},	{yd,	{xk	Yk	=	½(1	-	(	-1	l).	Hence,	yo/	(l	-	ayR)	=	CxO,	with	C	=	±ee1o.	-	1),	the	first-order	conditions	are	cl\	=	4x1	+	14x2	-	2h	1	=	0,	£S	=	14x	1	+	4x2	-	2h2	=	0.	Then	-yw'(y)/w(y)	=	k,	which	is	separable,	with	the	solution	w(y)	=	Ay-k.	=	0,	SECTION	8	5	/	MORE	GENERAL
TERMINAL	CONDITIONS	303	With	(b)	as	the	tenninal	condition,	we	require	x*(l)	=	Ae	+	(1	2:	2,	so	A	2.:	(2e-1)/(e	2	Supposex*(l)	>	2.	y	z	y=x	+---------(	'	y	y	'	=	sinx	-~	Y----------1	A	-2	B	~	y=-x~A	-4	X	---------+----,.X	(1,	1,	0)	Figure	A4.5.6(a)	Figure	A4.5.6(b)	-6	Figure	A4.S.7	',"	~	573	CHAPTER	4	r~	S.	It	follows	that	pz	=	1,	Pl	=	1	+	P2	=	2,	and	Po=	1	+
Pt	=	3.	Use	Theorem	3.4.1	to	classify	the	candidates	for	optimality	in	the	problem	local	max	(min)	x+y	+z	subject	to	+	y2	+	z2	=	1	and	x-	y	-	z=1	SECTION	3.5	3.5	/	INEQUALITY	COI\ISTRAINTS.	Certain	restrictions	are	often	placed	on	the	final	state	x	(t1).	Because	fl	is	concave	w.r.t.	x,	it	follows	from	Theorem	2.4.1	that	ii	-	fi*::::	-p(t)(x(t)	-	x*(t)).	,,	T	-
l)	are	identically	and	independently	distributed.	The	equilibrium	(k*,	c"')	is	defined	by	the	equations	3.	1	The	inequality	v	~	u	means	v1	2:	u;	for	all	i	=	1,.,.,	n.	(b)	lf	S	=	{(y,	z)	:	y	>	0,	z	>	0,	y	2	+	z2	:S	4}	~	IR	2	,	is	V	continuous?	Then	/B(p,	m)	=	H_	n	IR+,	where	H_	is	the	convex	half	space	introduced	in	Example	1.	Hence,	if	F;	(x,	0)	f=-	0	for	all	x,	then
the	Euler	equation	is	equivalent	to	equation	(4).	1	1.	For	instance,	if	f(t)	=	(t	2	+	l)e	31	+	sin2t,	one	can	try	u*	=	(At	2	+	B	t	+	C)e	31	+	D	sin	2t	+	E	cos	2t.	1	suggests,	In	fact,	one	has	the	following	result	(2)	Letz	and	wbelongto	Q	=	aS+bT.	<	0)	for	ally	=f.	However,	it	is	more	complicated	than	the	previous	problem	and	in	such	cases	it	is	sometimes
hard	to	know	where	to	begin	"attacking"	the	necessary	conditions.	Prove	that,	provided	x	¥	0,	we	have	dx	i=_.:.=-dt	dt/dx	and	.t	dx	t"	=	_·_	=	--2	dt2	(t')3	so	that	the	original	differential	equation	is	transformed	to	t"	=	-(t')3F(x,	1/t')	(Here	t	does	not	appear	explicitly,	so	the	method	used	to	solve	case	(2)(a)	will	work.)	(b)	Solve	the	equations	(i)	x	=	-xx	3	,
7,	The	partial	differential	equation	modern	finance	theory.	,	as	indicated	in	Fig.	Let	(x,	u)	=	(x(t),	u(t))	be	an	arbitrary	admissible	pair.	If	this	1imit	is	unknown,	or	inconvenient	to	calculate,	the	definition	is	not	very	useful	because	one	cannot	test	all	numbers	to	see	if	they	meet	the	criterion.	To	these	and	all	the	many	unnmned	persons	and	institutions
who	have	helped	us	make	this	text	possible,	including	some	whose	comments	on	our	earlier	book	were	forwarded	to	us	by	the	publisher,	we	would	like	to	express	our	deep	appreciation	and	gratitude,	combined	with	the	hope	that	they	may	find	the	resulting	product	reasonably	satisfr1etory,	and	even	of	benefit	to	their	stud()nts.	Note	that	we	have	not
proved	that	(*)	really	has	a	solution	that	satisfies	the	boundary	conditions.	g;,c;,	·cten	t't"	1	1es	1	+	J;c;,	=	1	·	(b)	f	(u)	=	u	-	aeu(b-l)	is	strictly	increasing	because	b	s	l.	In	each	case,	the	formula	for	x	1	begins	with	the	term	a	1xo,	and	then	adds	the	terms	a	1-	1bo,	a	1-	2bi,	...	,	Xn	2::	0	and	(4)	The	budget	set	/B	(p,	m)	consists	of	all	commodity	vectors	that
the	consumer	can	afford.	7	/	SU	FF	IC	IE	NT	CONDITIONS	331	=	Suppose	that	U	[uo,	ui].	Find	a	particular	solution	of	x	-	4x	+	4x	=	2	cos	2t.	Verify	that	the	conditions	in	Theorem	12.4.2	are	satisfied,	and	that	you	have	found	the	optimal	solution.	,	T	-	1,	and	of	(7)	fort	=	T.	The	rectangle	r	is	r	=	{(t,	x)	:	ltl	~	½,	lxl	;:S	J}.	What	other	final	supply	vectors
can	be	produced?	Note	that	w	<	0	because	it	is	assumed	that	U'(C)	>	0	and	U"(C)	<	0.	+	2'A	1x	+	'A	2	=	0;	x(ii)	-2y	+	'A	1	=	O;	(iii)	'A	1	?:	0	with	J-.	Moreover,	J{'if~	2-	U{;)	2	=	12x	-	5	:::,:	0	iff	x	:::,:	5/12.	+	=	y(a	-	a)	>	0	the	solution	is	p(t)	=	Ae''	Be-	I1	-	k/r	2	,	where	r	p(t)	=	At+	B	+	½kt	2	;	for	A	<	0	the	solution	is	p(t)	=	A	cos	,F'A	t	+	B	sin	stable	for
any	values	of	the	constant~.	The	heuristic	arguments	for	the	main	results	given	below,	although	not	precise,	give	a	good	indication	of	why	the	maximum	principle	is	correct.	We	claim	that	the	open	disk	B	=	B((xo,	Yo);	r	/2)	with	centre	(xo,	Yo)	and	radius	r	/2	ls	contained	in	A,	which	will	show	that	A	is	open.	1	/	THE	SIMPLEST	PROBLEM	289	Example
1	is	a	special	case	of	the	simplest	general	problem	in	the	calculus	of	vmiations.	The	motivation	and	the	examples	that	were	presented	for	the	scalar	case	are	important	aids	towards	understanding	the	general	theorems.	Also.	Useful	Results	Using	Theorems	2.32	and	2.3.3	to	decide	convexity/concavity	can	be	quite	hard,	although	easier	than	relying
directly	on	the	definitions.	(For	a	full	proof	allowing	for	the	possibility	that	f*	(c)	may	only	be	defined	as	a	supremum	for	some	values	of	c,	one	first	has	to	prove	that	f*	is	concave	in	this	case	as	well.)	According	to	Theorem	3.7.1,	f*	must	be	concave.	Because	u)	is	convex	in	u	and	the	other	terms	are	linear	in	u,	the	function	g(u)	is	concave.	Fort	E	(i,	T),
however,	the	adjoint	vmiable	is	p(t)	<	1,	and	it	follows	that	fl(t,	k,	p(t))	=	ak	fork	2':	0,	while	H(t,	k,	p(t))	=	ap(t)k	fork	:S	0.	This	equation	implies	that	y	-f.	The	problem	is	to	find	the	curve	along	which	the	particle	goes	from	A	to	B	as	quickly	as	possible,	(See	Fig.	We	use	the	notation	of	Theorem	5.8.2	with	a	=	½and	b	=	I.	More	precisely:	Among	all	well-
behaved	functions	x(t)	that	satisfy	x(to)	=	xo	and	x(t1)	=	x1,	find	one	making	the	integral	in	(2)	as	large	as	possible.	Every	solution	through	a	point	that	lies	in	B	but	not	on	C	will	sooner	or	later	leave	B.	For	all	tin	[to,	ti]	define	(see	Fig.	This	function	is	not	concave	in	(k,	s)	for	p	=/=	l,	because	then	H;~H;~	-(H{~)	2	=	-a	2	(p-1)	2	<	0.	A	similar
charactetization	holds	for	lim.	Use	(2)	to	find	r(~)	and	show	by	induction	that.	4.4	Multiple	Integrals	over	Product	Don1ains	The	remainder	of	this	chapter	deals	with	multiple	integrals.	aF	=	X	ax	+x	ax	..	Solve	the	problem	f	2	max	(1-x)dt,	i	=	u,	x(O)	=	1,	x(2)	free,	x	2:	0,	u	E	[-1,	l]	0	(Hint:	Start	by	reducing	x(t)	as	quickly	as	possible	until	x(t)	@JJ	=	0.)
3.	(~j\/!)	2.	We	say	that	f	(x)	SEC	T	I	O	N	A	.	(C)	Compute	the	value	off	at	each	of	the	points	found	in	(A)	and	(B).	In	this	case(**)	reduces	to	i	=	1,	...	By	the	chain	rule,	F'(x)	=	f'(f(x))f'(x),	and	so	F'(~1)	=	f'(t2)f'(s1)	=	F'(t2).	,tq-i	u,	tq-	1	v,w1'th	u=r	I	cos	anct	v=r	1	sm	'	1	R.~	v,ru,	1,w1erer=yot	et	and	e·'	e	E	[0,	JT]	satisfies	cos	e	=	ot/	r	and	sine	=	/31	r,
In	order	to	find	the	general	solution	of	the	nonhomogeneous	equation	(3	),	it	remains	to	find	a	particular	solution	u;'	of	(3).	A	simple	example	of	such	a	control	is	u(t)	=	{~	for	t	in	[to,	t']	for	t	in	(t',	ti]	which	involves	a	single	shift	at	time	t'.	Define	y	=	x	+	1/	z,	where	z	is	a	function	of	x,	and	show	that	this	substitution	leads	to	a	separable	differential
equation	for	z.	Any	problem	involving	a	stochastic	difference	equation	like	this	can	also	be	solved	as	a	dynamic	programming	problem	by	writing	x	1+	1	=	g(t,	x,,	u,,	Yr),	where	y1	is	an	extra	state	variable	whose	evolution	is	determined	by	Yr+1	=	V,+1,	Yo	=	vo.	+	b(t	-	1),	or,	equivalently,	t	x(t)	=	A	1x(O)	+	L	A	1-kb(k	-	1)	(5)	k=l	which	is	obviously	an
n-dirnensional	version	of	(11.1.8)	(with	A	O	=	I	as	the	identity	mat1ix).	It	explains	the	obvious	matrix	formulation	of	linear	systems,	and	discusses	their	(global)	stability	properties.	(a)	Let	w(y)	=	u'(y).	The	same	solution	emerges	in	the	limit	as	€	-+	oo,	which	represenls	the	case	when	the	consumer	is	extremely	averse	to	fluctuations	in	consumption.	If	x
=	n:/2,	we	go	one-quarter	546	A	PP	E1\1	D	I	X	B	/	TR	I	G	O	N	O	M	ETR	I	C	FU	N	C	TI	O	1\1	S	of	the	way	round	the	circle	in	an	anticlockwise	direction	to	arrive	at	the	point	Prr/2,	which	has	coordinates	v)	=	(0,	1).	(b)	No,	=	f	(x)	+	g(x)	=	x	3	-	xis	not.	(The	reverse	implication	is	also	true,	but	less	useful.)	Let	x,	x	0	E	S	and	define	the	function	g	on	[O,	l]
by	g(t)	=	f(x	0	+	t(x	-	x	0	)).	(2)	Pn>cf-	Note	that	iot+if3)t	-+	0	as	t	-+	oo	iff	a	<	0.	Then,	in	particular,	Q(l,	0)	=	a	11	::::	0	and	Q(O,	1)	=	a	22	:::	0.	=	11m	h-+0	F(x+h)-F(x)	h	------	=	=	.	Then	curve	I	shifts	downwards.	The	method	is	illustrated	in	the	next	example,	Find	the	solutions	of	the	system	x	=	2y	+	6	y=x+y-3	First	note	that	the	equilib1ium	point
(where	x	=	j1	=	0)	is	(6,	-3).	(Convexity	of	H	also	follows	from	(3)	below,	since	H	=	H+	n	H_.)	If	Sand	Tare	two	convex	sets	in	1Rl	11	,	then	their	intersection	Sil	Tis	also	convex	(see	Fig.	Equation	(b)	in	Example	3	is	not	stable	because	lal	=	1-31	=	3	>	L	The	solution	does	not	converge	to	the	equilibrium	state	x''	=	1	as	t	--,.	(a)	If	IJ1(x*)I	<	1,	then	x*	is
locally	asymptotically	stable.	In	fact,	Problem	1	shows	that	f	need	not	be	differentiable	at	a	point	even	if	f	has	directional	derivatives	in	all	directions	at	that	point.	Hence,	qT-(k+l)	E	[O,	w].	A	model	by	l	Tobin	involves	the	function	F(ak)	=	-oo	U	(/.lk	+	a1cz)f	(z,	0,	1)	dz,	where	µk	is	a	function	of	ak,	Under	suitable	restrictions	on	the	functions	U,	µk,	and
f,	find	an	expression	for	dF(a1c)/dak,	HARDER	PROBLEMS	8.	An	equilibrium	point	a	is	stable	if	aU	nearby	solution	curves	remain	nearby.	Suppose	further	that	for	every	x	in	X,	the	constraint	set	(2)	is	nonempty	and	equal	to	the	closure	of	F	0	(x)	=	{y	E	Y	:	g	1(x,	y)	<	a;,	i	=	1,	...	,	0)	in	IR;n,	But	A	1ej	is	just	the	}th	column	of	A1,	so	we	infer	that	N	--+	0
17	x	11	•	Thus	we	have	proved	that	A	1xo---+	0	~	for	all	Xo	in	IR;	11	t--+0.0	At	---+	r-+co	(7)	(I	A	necessary	and	sufficient	condition	for	this	is:	A'	---+	0	~	all	the	eigenvalues	of	A	have	moduli	less	than	l	t..-.+oo	(8)	Proof	of	(8)	if	A	is	diagonalizable:	According	to	Exampk	1.6.2,	if	A1	,	...	Let	X	1	(xo)	denote	the	range	of	all	possible	values	of	the	state	x	1
that	can	be	generated	by	the	difference	equation	(1)	if	we	start	in	state	x	0	and	then	go	through	all	possible	values	of	uo,	...	Moreover,	with	x0	=	h/b,	Yo=	k/a,	we	obtain	for	all	x	>	0,	y	>	0,	.	Hence:	cJf*(r)	~_3f(x*(r),	r)	3x;'(r)	-	-	=	-a	(!(	X	*(	r	)	,:r))	=	L	,----+	[3f(x,	r)]	arj	arj	[	4	Brj	ax;	i=I	3.f(x,	r)]	Br;	arj	x=x*(r)	X=X*(r)	The	profit	function	n	in	Example	2
depends	on	the	input	vector	v	and	the	parametric	prices	p	and	q	=	(q1,	...	However,	Ramsey	himself	criticized	such	"impatience",	so	he	put	r	=	0,	in	effect.	If	gi	(x*)	=	b.i,	we	say	that	the	constraint	g;	(x)	::.=	bi	is	active	or	binding	at	x*.	z~oo;	1.	,	xr+1)	F(t,	x	1	,	X1+d,	and	by	the	usual	first-order	condition	we	must	have	s;cx;,	...	It	includes	all	the
necessary	conditions	that	emerge	from	the	classical	theory,	but	can	also	be	applied	to	a	significantly	wider	range	of	problems.	The	normal	case	is	when	r	>	y,	which	is	always	trne	when	e	~	1;	it	is	also	true	when	0	<	e	<	l	and	ot	>	(1	-	r::)r.	Let	f	(x,	be	a	real-valued	function	defined	for	all	x	in	A,	yin	B	(not	necessarily	subsets	of	Euclidean	spaces),
where	A	and	B	are	given	sets,	and	let	C	be	a	subset	of	A	x	B.	Putting	w	=	11.ox	+	(1	-	"Jco)Y,	we	get	(10).	Iflimt-+oo	x(t)	>	x1,	then	x(t)-x1	>	0	fort	sufficiently	large.	Theorem	2.3.5(a)	shows	that	f	=	gq	is	also	concave.	So	we	try	u*	=	A	sin	2t	+	B	cos	2t	instead,	and	adjust	constants	A	and	B	appropriately.	(x,	u)	is	the	relevant	sufficient	condition.	The
space	with	coordinates	x	1	,	....	oo.)	+	r	2	)	3f	2	)dr	+	y	2	)-	312	dx	dy	(b)	Jr	+	½e	1	,	then	i(t)	+	x(t)	=	-ce-	+½et+	ce-	+	½e	1	=	et.	(Hint:	The	inational	number	,/2	is	a	boundary	point	of	the	set	(I)	of	rational	numbers,	but	what	is	Q?	,	Xn.	We	can	choose	the	eigenvectors	so	that	they	all	have	length	1,	by	replacing	each	xi	with	x1/	llxJ	11-	According	to
Note	1,	the	matrix	P	is	then	orthogonal.	(b)	Let	R(x,,	Xj)	=	Q(O,	...	The	populations	of	predator	and	prey	will	therefore	oscillate	cyclically.	Suppose	that	present	wealth	fa	Ao,	and	the	minimum	desired	legacy	is	Ar,	so	that	an	admissible	wealth	function	must	satisfy	A(O)	=	Ao	and	A(T)	2:	Ar.	Characterize	the	possible	solutions.	,	n,	then	there	is	one	and
only	one	vector	of	functions	x1	(t),	...	we	get	x	Ax;	=	J-.;x1x;	and	x;Ax.i	=	A/x;x;.	3	=	2,	3,	....	Then	the	Euler	equations	take	the	form	(9)	at	time	T	+	l,	and	at	times	t	=	1,	...	(b)	Prove	that	if	two	sequences	{xk)	and	{yk}	are	bounded,	then	(i)	(ii)	lim	(XkYk)	:::	lim	xk	·	lim	Yk	if	x1c	2:	0	and	Yk	2:	0	for	all	k	k-+00	k700	k-'!-00	Note	that	the	examples	in	(a)
show	that	the	inequality	sighs	::::	in	(i)	and	(ii)	cannot	be	replaced	by	equaJs	signs.	,	l}	Show	that	the	correspondence	x	I-+)	:P(x)	has	the	closed	graph	property	and	is	also	lower	hemicontinuous	if	:P(x)	=	:P	0	(x)	for	every	x	in	X,	where	:P	0	(x)	=	{y	E	A	:	g(x,	y)	b},	«	Proof	of	the	closed	graph	prope1ty:	Assume	that	Xk	---+	x	0	E	X	and	Yk	-	y	0	when	k---
+	oo,	where	Yk	E	:P(xk)	for	all	k.	Then	A	bas	n	linearly	independent	eigenvectors	v1,	v2,	...	One	possibility	is	x*(t)	=	tin	[0,	8/9],	with	u*(t)	=	1,	and	x*(t)	=	8	-	8t	in	(8/9,	1],	with	u*(t)	=	-2.	+	(BF*)	-_	-	-d	(apn]	~)	-.	r3	-	r2	-	½,/3	t	+	r	+	1	=	(r	-	C4	sin	½/3	t)	+	0	1)	2	(r	½t	-	¾	+	l	).	Now	suppose	that	V	is	a	strong	Lyapunov	function.	The	problem	then
becomes	3.	The	function	f	is	called	lower	semkontinuous	at	x	0	if	limH,o	f	(x)	:::	f	("x	0).	Suppose	F(t,	x)	is	the	continuous	function	ax,	in	which	case	F;(t,	x)	=	a	is	also	continuous	everywhere.	However,	if	we	define	a	new	control	v1	by	Ur	=	v1	x	1	,	then	restriction	(ii)	combined	with	Ur	2::	0	reduces	to	the	control	restriction	v	1	E	[O,	I],	and	we	have	a
standard	dynamic	optimization	problem.	In	general	we	have	the	following	important	result:	Suppose	that	f	(x)	is	defined	for	all	x	in	a	convex	set	Sin	~	11	and	that	Fis	defined	over	an	interval	in~	that	contains	f	(x)	for	all	x	in	S.	(If	the	set	in	question	is	of	the	form	S	=	{x	:	!Ji	(x)	:5	bi,	j	=	l,	,	.	=	F	(f	(x))	convex.	Define	h(x,	y)	=	ln[a	2	-	(x	2	+	y2)].
Sincef{~(x,y)	=	f~1(x,y),	we	have	D	2	(x,	y)	=	f{\	(x,	y)f{~(x,	y)	-	U{;(x,	y))	2	Hence,	the	conditions	in	Theorem	2.3.2(a)	and	(b)	reduce	to	those	in	Theorem	2.3.1	(c)	and	(d),	respectively.	Ifa	>	1	andb	>	2,	(x*',	y*)	ifa	::=	1	andb	>	2,	(x*,	y*)	1	=	=	(1,	2);	ifa	>	1	andb	s	2,	(x*,	y*)	=	(1,	b);ifa	s	1	andb	s	2,	(x*,	y*)	=	(a,	b);	(a,	2).	Therefore,	the	three	vectors
V	f,	Vg	1,	and	Vg2	all	lie	in	the	(two-dimensional)	plane	of	normals	to	Kat	P.	These	are	two	instances	of	optimal	control	pmblems.	Solve	the	following	difference	equations:	E.	The	set	B	is	bounded	because	V(x)	>	V(xo)	when	llxll	is	sufficiently	large,	and	Bis	closed	because	Vis	continuous.	the	rabbit	populationgrowslogisticallyintheabsenceoffoxes.)
Verifythatx	0	=	(ah+ko)/(ab+os),	y	0	=	(bk	-	hs)/(ab	+	/le)	is	an	equilibliurn	point	Prove	that	L(x,	y)	defined	in	Exsmple	2,	with	(x	0	,	y0	)	as	given	in	the	present	case,	is	aLyapunov	function	with	i	=	-sb(x-x0	)	2	-a3(y-y0	)	2	along	a	solution	curve.	Then,	according	to	(3),	the	Jacobian	matrix	f'	(x)	cannot	have	rank	m	at	any	solution	point	By	differentiating
(4)	w.r.t.	x	it	follows	from	the	chain	rule	in	matrix	form	that	V	F(f(x))f'(x)	=	0.	One	method	for	solving	variable	final	time	problems	is	first	to	solve	the	problem	with	ti	fixed	for	every	t	1	>	to.	This	is	one	of	the	most	important	concepts	in	mathematics	and	its	applications.	j	SECTION	1	·1	.7	/	STABILITY	OF	NONLINEAR	DIFFERENCE	EQUATIONS	11.7
Stability	of	Nonlinear	Difference	Equ	4·19	ns	Stability	of	an	equilibrium	state	for	a	first-order	linear	difference	equation	with	constant	coefficients	was	considered	ln	Section	11.	Similarly,	a	sequence	{Xk}	in	[Rll	is	bounded	if	the	set	{xk:	k	=	1,	2,	...	;,'w	7.	The	chain	rule	(2)	is	written	in	a	very	compact	fonn.	,	Xn,	and,	in	turn,	the	quantities	g	1	.	In	the
case	of	(1),	the	general	solution	usually	depends	on	n	arbitrary	constants,	Xn	=	,.	For	each	smooth	curve	that	joins	the	points	A	and	B,	the	integral	in	(2)	has	a	definite	value.	8.3	Why	the	Euler	Equation	is	Necessary	In	the	previous	section	we	showed	how	to	use	the	Euler	equation	to	find	solution	candidates	to	variational	problems.	This	reduces	to
latter	inequality	holds	if	and	only	if	t,,	=T	koeaT-l	:::	kr,	i.e.	k	0	ear,	1	1	(kr)	-	-	:::	-	ln	-	a	a	T)	:::	(vii)	(viii)	kr.	,	".,	V	i:.;	1-	(x"	+	ch)r,	ri	>	0	for	all	r	'-'	L.,	'	i=-	-.!!-,	cigk(x''	+	qh)	0	such	that	'\	'	-	-	-	-	-	r	i	"	=	0,	k	=	1,	.	So	let	f	(x)	=	ax	2	+bx+	c	(with	a	=f=.	When	x	=	-I,	y	=	l,	(i)	and	(ii)	yield	A1	=	1/2	and	A2	=	3/2.	Then	the	sequence	triple	({x;"L	{u7},
{pi})	is	optimal.	An	Economic	Interpretation	Consider	a	firm	producing	some	final	product	by	using	n	different	intermediate	goods.	The	control	region	is	open,	so	(3)	implies	that	Hi	=	0,	i.e.	-2u;'	-	Pt=	0	fort=	0,	1,	2,	and	-2u;	=	0	fort=	3.	io,	SECTIOI\J	10.4	/	EXISTENCE	THEOREMS	AND	SENSITIVITY	375	A	technical	problem	with	the	Filippov-Cesari
existence	theorem	is	in	order	to	ensuTe	the	existence	of	an	optimal	control,	the	class	of	admissible	control	functions	must	be	enlarged	to	include	''measurable"	functions.	(,	0111B'Xi11	bordere	d	matnx	B)	.	(The	proofs	are	given	at	the	end	of	this	section.)	Suppose	thai	z	=	f	(x)	=	f	(xi,	..	Prove	that	the	general	solution	of	x	+	+	bx	=	0	in	the	case	¾a	2	x
=	Ceo:	1	cos(f3t	+	D),	where	C	and	Dare	arbitrary	constants,	a	=	-	b	<	0	can	be	written	as	-½a,	and	,8	=	½,,/4b	-	a2	.	(a)	For	a?:	3b,	(x,	y,	z)	=	(b,	½(a	-	b),	½(a	-	b))	with	AJ	=	e-	O);	(ii)	3£/3y	=	-2y	(=	0	if	y	>	0),	The	only	solution	is	obviously	x	=	y	=	0,	The	Lagrangian	is	concave,	2.	Thus	the	complementary	slackness	condition	holds.	2.)	So	the
maximized	Hamiltonian	is	fl	=	maxuE[-2,oo)	(3u	-u	3	)	~	2,	which	is	concave.	Confirm	the	result	by	finding	the	general	solution	of	the	equation.	It	is	given	by	»	»	C(w,	y)	=	min{w-x:	/(x)	~	y}	X	In	particular,	we	would	like	to	apply	Theorem	14.2.1	in	order	to	demonstrate	that	C(w,	y)	is	a	continuous	function,	and	that	the	input	demand	correspondence,
defined	by	~(w,	y)	=	argmin{	w	·	x:	X	f	(x)	:::	y}	I	SECTION	14,3	/	FIXED	POINTS	FOR	COhlTRACTION	IVIAPPINGS	513	is	upper	hemicontinuous,	A	difficulty	here	is	that	the	constraint	set	X	(w.	In	this	case	a,,y	u	E	[0,	a]	maximizes	the	right-hand	side	of	the	Bellman	equation.	,m	(9)	T-+ao	(c)	no	condition,	i	=	m	+	1,	...	For	arbitrary	yin	Y,	we	have
f(x1c1,	y)	S	f(xk1	,	Y1c),	so	taking	limits,	we	get	f(x	0	,	y)	S	f(x	0	,	y	0	),	Hence,	V(x	0	)	=	maxy	f(x	0	,	y)	S	f(x.	This	leads	to	the	following	variational	problem:	min	1T(x	2	+	dt,	x(O)	=	xo,	x(T)	=0	where	x	0	is	the	initial	deviation	from	the	target	leveL	Find	the	optimal	solution	x*(t).	Find	the	general	solutions	of	the	equations	in	Problems	1	and	2.	Use	(6)
and	(7)	to	classify	as	(quasi)concave	or	(quasi)convex	each	of	the	functions	z	=	F	(x,	y)	defined	for	aJI	x	>	0,	y	>	0	by:	(a)	z	(d)	(@)	=	100xll3y!/4	z=/x2+y2	(e)	=	250xo.02Y0.98	z	=	(x-J/4	+	Y-1/4)-3/4	(c)	z	z	=	x2	y	3	z	=	(xl/3	+	yl/3)3	(b)	(f)	2.	Explain	why	the	results	in	(c)	and	(d)	show	that	(an)	and	{bn	l	both	converge.	This	is	to	be	expected.	All	of	this
was	derived	under	the	assumption	that	p(T)	>	0,	i.e.	1	-	a(T	-	t*)	>	0,	which	gives	1	1	(kr)	T--	0,	then	the	optimal	=	0.	In	fact,	for	i	=	1,	2	....	This	gives	the	same	solution	as	the	one	obtained	by	using	Theorem	12.1.	L	(!,	::::	In	principle,	all	detenninistic	finite	horizon	dynamic	problems	can	be	solved	in	this	alternative	way	using	ordinary	calculus.	Check
the	answer	by	calculating	We	obtain	F'(x)	=	½(x	2)2x	·	2x	-	½x	2	x	-1	+	jx	½t	dt	2	2	=	x6	-	½x3	+	lx2	¾t3	=	x6	-	½x3	+	¼(	(x2)3	-	x3)	=	ix6	-	%X3	X	1	In	Richard	Feynman's	Surely	You're	Joking,	Mr.	Feynman!	(Bantam	Books,	New	York,	1986),	the	late	Nobel	laureate	vividly	describes	the	usefulness	of	this	result	to	physicists;	it	is	equally	useful	to
economists.	498	I	T	O	PO	L	O	G	Y	A	1\1	D	SEPA	RAT	I	O	1\1	C	H	A	PTE	R	1	3	Pn::iof'	has	µ"1	Let	1	denote	then	x	1	matrix	with	all	elements	equal	to	L	Forµ,	large	enough,	one	Al,	so	1	»	11-	1Al.	It	follows	that	µ,-	1A	is	productive,	so	the	set	»	h	=	{µ,	:	µ,	>	0	andµ,-	is	productive}	is	nonempty.	Q	is	positive	definite	if	c	1	<	c	<	c2,	positive	semidefinjte	if
ci	s	c	:::	c2,	and	indefinite	if	c	<	c1	or	c	>	c2.	Then:	(a)	A	necessary	condition	for	f	to	be	guasiconcave	is	that	(	-1	)'	B,.(x)	2:	0	for	all	X	in	and	r	=	I,	...	(t)µ(t)	dt	0	for	=	Then	µ(t	1	)	Proof:	Suppose	there	exists	a	numbers	in	(t0	,	t	1)	such	that	f	(s)	>	0.	This	in	turn	results	in	a	lower	capital	stock	in	the	future,	thus	reducing	the	possibilities	for	future
consumption.	The	usual	definition	of	strict	convexity	is	this:	Sis	strictly	convex	if	for	each	pair	of	distinct	pointsxandyinS,everypointoftheopenlinesegment(x,y)	=	{h+(l-Jc)y:	0	a	i=l	forallx	=	(x1,	...	(ii)	jJ(t)	=	-H;(t,	x*(t),	u*(t),	p(t))	=	2x*(t)e-	21	-	p(t)	and	p(T)	=	0.	,	n,	(5)	lf'(x)I::::	h	>	0	and	lof;(x)/ox;I	:S:	k	Then	f	has	an	inverse	which	is	defined	and	C	1	on
the	whole	of	rr;gn.	Geometrically,	the	problem	is	illustrated	in	Fig.	If	f'	(x)	is	positive	quasidefinite,	then	w'	(t)	=	h'	·	f'	(g(t))	·	h	>	0	for	h	c/=	0	and	so	w(l)	>	w(O).	a	r	LEM$	FOR.	u*(t)	p(t)	=	3t	2	-	10	-½u	x-	2	=	pu	and£	=	H	+	q(x	-	u).	Consider	the	standard	end-constrained	problem	(	l	0.	·--.......	Equation(*)	SECTION	8	2	/	Solve	the	problem:	max	1\4	-
291	THE	EULER	EQUATION	3x	2	-	16x	-	4x	2	)e-	1	x(O)	=	-~,	x(2)	=	½-	Here	F(t,	x,	=	(4-3x	2	-	16x-4x	2	)e-t,	so	BF	/ax=	-6xe-1	anclaF	/ax=	(-16	-	8i)e-	1	.	If	A	(t)	is	the	constant	matrix	A,	then	P(t,	s)	=	P	(t	-	s,	0)	=	eAU-s)	for	all	t	and	s.	Then	f	(x)	=	f	*(b	).	Let	cJ	denote	i's	consumption	of	good	j.	,	T-1;	etc.	The	maximum	value	of	h2(u)	is	h2(1/2)	=	2	+	2x
+	l/2	-	1/4	=	9/4	+	2x.	{~	-]	483	MAX	I	M	U	fVI	TH	EO	RE	M	S	ifx	=	e-	pa	by	definition	of	k	and	a.	But	we	find	that	Hence	the	equation	is	not	globally	asymptotically	stable.	A	general	solution	of	(J)	is	a	function	of	the	form	x	1	=	g	(t;	A)	that	satisfies	(1)	for	every	value	of	A,	where	A	is	an	arbitrary	constant.	~_ivfJ	4.	,x,,)	in	S	SECTION	·1	3	.	Assuming
that	u*(t)	>	o	(we	try	this	assumption	in	the	following),	3(Hc')*	/Bu	=	O,	so	=	0.5A(t).	(b)	Find	the	equiliblium	point	(x*,	y*),	and	find	necessary	and	sufficient	conditions	for	(*)	to	be	globally	asymptotically	stable.	Thus.	AU	the	terms	of	a	convergent	sequence	eventually	cluster	around	the	limit,	so	the	sequence	is	a	Cauchy	sequence.	-	HARDER
PROBLEMS	4.	The	right-hand	side	of	(i)	then	approaches	the	right-hand	side	in	(1)	(see	the	argument	for	formula	(2.	It	is	also	bounded,	because	if	(x1,	x2,	y	1,	y2)	E	F	(r,	s,	m)	then	r	x;	:S	m	and	sy;	:::	m,	i.e.	x;	E	[O,	m/r],	y;	E	[O,	m/s].	Using	the	definition	of	wand	rearranging,	we	find	the	first	equation	in	(b).	2	X	.A.14,4.4	600	ANSWERS	5.	Moreover,
L1x	=	bxo/x	2	>	0,	L~Y	=	ayo/l	>	0,	and	L'.:)'	=	0,	so	Lis	strictly	convex	for	all	x	>	0,	y	>	0.	=	then	x*	solves	the	local	mini-	m	+I,	...	SECTION	7.6	/	QUALITATIVE	THEORY	279	(B)	For	each	(t,	x)	in	A	there	exist	a	number	r	>	0	and	an	interval	(a,	b)	that	contains	t,	with	(a,	b)	x	r)	0,z>0	(a)	Find	the	general	solution	of	the	partial	differential	equation	az
az	x	ax	-	y	By	(b)	Find	a	solution	z	=	x,	x	>	0,	y	>	0,	z	>	0	=	f	(x,	y)	of(*)	such	that	f	(x,	I)	=	x	2	for	all	x.	,	n,	it	follows	from	(iv)	that	the	double	sum	in	(ii)	is	>	0.	(a)	Positive	definite	(	a	~b	lb)	2	C	(c)	(-~	3/2	(b)	Positive	definite	-1	1	0	3f)	4.	(Show	that	in	this	case	sf'	(k'')	<	A.)	Give	an	economic	interpretation	of	the	result.	x(),	=	0,	(9)	i=m+l,	..	(a)	Prove
that	if	Fis	C	2	and	F(x,	y)	=	C	defines	y	as	a	twice	differentiable	function	of	x,	then	F'1	F~	1-	F'	=	-(F;)3	1	F"ll	F"12	F'2	F"	21	F"	12	0	11	Y	=	-(F;)3	-1-[F"11	(F21)2-2F1211	F	11	F21	+	.	In	the	examples	and	problems	to	follow	we	shall	assume	without	proof	that	po	=	I.	for	i	=	m	+	1,	...	:,·	The	Hamiltonian	with	p(t)	=	-1	is	H(t,x,	u,	p)	=	3u	-	u3,	which	is
not	concave	in	(x,	u).	Clearly,	this	is	accomplished	by	choosing	an	N	2'.:	1/s.)	The	sequence	{y1c}	is	divergent.	(b)	Find	necessary	and	sufficient	conditions	for	f	(x,	y)	to	be	concave/convex.	II	538	AP	P	EN	D	IX	A	fXAM?LE	3	/	SETS,	C	O	M	PL	ETEN	ES	S,	AN	D	CONVER	G	EN	C	E	Prove	that	the	sequence	{x,J	with	the	general	term	xk	Cauchy	sequence.
Since	the	optimal	control	should	maximize	H(t,	x*(t),	u,	p(t)),	we	see	from	the	expression	for	H	that	we	must	have	u*(t)	=	1	for	all	t	in	[O,	l].	(ii)	Indeed,	(ii)	holds	when	m	=	1	because	xo	=	y	~	a	-	f(a)	~	a	and	also	xo	=	y	=	x	1	f(xo)	~	x1	As	the	induction	hypothesis,	suppose	that	k	::::.	Two	kinds	of	stability	are	shown	in	Figs.	Show	that	there	exists	a
sequence	{x	11	),	x	11	E	S,	such	that	x	11	-+	b*.	If	(x*(t),	u*(t))	is	an	optimal	pair	with	corresponding	adjoint	function	p(t),	then	according	to	condition	(9.4.7)(c'),	p(t	1	)	=	0.	Section	11.	A	solution	of	(1)	is	a	pair	of	differentiable	functions	(x(t),	y(t))	which	is	defined	on	some	interval	I,	and	which	satisfies	both	equations.	It	follows	from	the	rules	for	the
inner	product,	(	1.1.36),	that	p-	+	(l	-	l)x	2	)	=	p	·	h	1	+	p,	(1	-	l)x2	=	Ap	·	x	1	+	(1	-	,l,_)p	-	x	2	~	lm	+	(1	-	,l,_)m	=m	(Where	did	we	use	the	assumption	that	A	E	[0,	1]?)	Convexity	of	H_	is	shown	in	the	same	way,	and	it	is	equally	easy	to	show	that	the	hyperplane	H	itself	is	convex.	,	Un	(t)	are	any	n	linearly	independent	solutions	of	(3)	and	C	1,	.	In	fact,
r(½)	=	=	2	e-u	du=	fa.	(a)	(9/4,	3/2)	is	locally	asymptotically	stable,	(9/4,	-3/2)	is	a	saddle	point	(b)	See	Figure	A6.9.4.	y	Figtli'e	A6.9.4	3	4	583	CHAPTER	7	L	x	=	Cie'	+	C2e-	1	+	C3e	21	+	5	+	2.	Picard's	Method	of	Successive	Approximations	Here	is	a	brief	indication	of	how	to	prove	Theorem	5.8.2,	which	simultaneously	suggests	a	method	to	construct
an	approximate	solution	of	x	=	F(t,	x)	with	x(to)	=	xo.	Moreover,	g;(x	0	)	=	f/(x	0	)	for	all	i	and	£;	(x	0	)	=	f/J	(x	0	)	for	all	i	and	j.	The	theory	we	have	discussed	so	far	is	insufficient	for	another	reason.	For	certain	special	values	of	x,	however,	we	can	compute	sin	x	and	cos	.x	exactly	by	using	elementary	geometry.	,	x1,	...	Then	e-x	2	-i	:::	a	iff	-x	2	-	y	2	:::
Ina	iff	x	2	+	y2	:S	-	In	a.	Let	f	SECTION	4.4	/	MULTIPLE	INTEGRALS	OVER	PRODUCT	DOMAII\JS	167	be	a	continuous	function	defined	on	R	with	f	(x,	y)	2:	0	for	all	(x,	y)	in	R	.	,	XM-d	is	surely	bounded.	(a)	Show	t1at	I	A	=	(	1/3	119	1/2)	is	productive.	Let	Xo,	.:1l),	...	Disregarding	the	around	(0,	0):	i	J	E.	But	how	do	we	find	a	particular	solution	u*	=	u*
(t)	of	(4)?	/	E(-00,00)	J(0	[qf(K)	-	c(l)]	dt,	K=I	-	8K,	K(O)	=	Ko,	K(T)	free	Here	is	an	economic	interpretation:	K	=	K	(t)	denotes	the	capital	stock	of	a	firm,	f	(K)	is	the	production	function,	q	is	the	price	per	unit	of	output,	I	=	I	(t)	is	investment,	c(l)	is	the	cost	of	investment,	8	is	the	rate	of	depreciation	of	capital,	Ko	is	the	initial	capital	stock,	and	T	is	the
fixed	plaru1ing	horizon,	(b)	Let	f(K)	=	K	-	0.03K	2	,	q	=	l,	c(l)	=	1	2	,	8	=	0.1,	Ko=	10,	and	T	=	10,	Derive	a	second-order	differential	equation	for	K,	and	explain	how	to	find	the	solution,	9.3	Regularity	Conditions	In	most	applications	of	control	theory	to	economics,	the	control	functions	are	explicitly	or	implicitly	restricted	in	various	ways.	But	then	from
(iii)	and	(iv),	/3	=	p(4)	-	p(4-)	=	4.	The	differential	equation	for	p(t)	is	-x	2	-	cu	2	+	pu,	so	H~	p(t)	From	i'(t)	=	-H,;(t,	(t),	u*(t),	p(t))	=	2x*(t)	=	u*(l)	and	u*(t)	=	p(t)/2c,	we	have	=	p(t)/2c	The	two	first-order	differential	equations	(	*)	and	(**)	can	be	used	to	determine	the	functions	p	and	x*.	Hence,	X1	depends	on	V	1,	...	Because	D	is	a	convex	combination
of	the	two	other	points	Band	C.)	For	a	proof	of	the	following	theorem	see	e.g.	Corollary	18.5.1	in	Rockafellar	(1970).	In	short,	we	have	to	plan	ahead.	It	requires	that,	for	each	j,	the	number	Aj	is	nonnegative,	and	moreover	that	Aj	=	0	if	gj	(x)	<	b.i	·	Thus,	if	AJ	>	0,	we	must	have	&i	(x)	=	b1	.	Ifa	11	=	0,	then	Q(x1,	1)	=	2a	12	x	1	+	a	22	,	which	is::::	0	for
all	xi	if	and	only	if	a	12	=	0.	If	the	interest	rate	per	period	is	a	constant	r,	the	relevant	difference	equation	is	W1+1	=	(l	+	r)w1	+	Y1+1	-	C1+1,	t	=	0,	1,	2,	...	l	.	Figure	6	shows	ihe	graph	of	a	coffespondence	F	:	[a,	b]	.--,,	IR	which	does	have	the	closed	graph	property.	,	x	11	=	x,,(t)	that	satisfy	all	the	equations.	It	suffices	to	prove	that	(a)	=>	(b)	=>	(c)
=>	(d)	=>	(a).	By	Theorem	1.6.2	all	eigenvalues	are	real.	R	£ECTION	2.&	@I)	1.	In	control	theory	the	situation	is	similar.	,	bm,	Given	the	quantities	x1,	...	Note	that	(x,	y)	E	A	if	and	only	if	g(x,	y)	>	0.	,	x	11	(t)	are	state	variables	cha.racterizing	the	given	economic	system	at	time	t.	with	domain	[-Jr	/2,	rr	/2]	and	range	[-1,	I],	has	an	inverse	function	g.
The	other	solutions	are	found	in	the	usual	way	by	separating	the	variables:	I	Since	z/(z	+])	If	we	substitute	_£_	dz	z+l	=	f	2t	cit	=	(z	+	1-1)/(z	+	1)	=	1	-1/(z	+	1),	we	obtain	z	-	In	lz	+II=	t	2	+	c,.	Equation	(	**)	requires	this	ratio	to	be	equal	lo	r.	The	resulting	function	p	=	p(t)	is	called	the	adjoint	function	associated	with	the	differential	equation.	In	order



to	solve	the	problem	(8),	we	first	find	XT+l	from	(9),	yielding	the	function	Xr+1	=	xr+1	(xr,	VT).	NONLll'HAR	PROGRAMMING	129	Inequality	Constraints:	Nonlinear	Programming	A	more	general	form	of	constrained	optimization	problem	arises	when	we	replace	the	equality	constraints	in	the	Lagrange	problem	(3.3.1)	with	ineqllality	constraints.	Let
max	(	Jo	U(f(K,	t)	-	K-	oK,	t)	dt,	K(O)	=	Ko,	What	is	the	Euler	equation	in	this	case?	+	a	11	can	be	decomposed	into	its	first	and	second	degree	factors,	i.e.	factors	of	the	fonn	r	+	c	for	real	roots	of	the	equation	p(r)	=	0	and	r	2	+	ar	+	b	for	complex	conjugate	pairs	of	roots.	So	we	get	the	same	solution	as	with	the	direct	argument.	A	slight	modification	of
the	proof	of	Theorem	7	.5	.2	yields	the	following	result:	Let	a=	(a	1	,	.••	,	a11	)	be	an	equilibrium	point	for	system	(1),	and	assume	that	there	exists	a	strong	Lyapunov	function	V	(x)	for	(1)	that	is	defined	in	all	of	IR	11	and	is	such	that	V(x)	-.,-..	Solve	the	following	difference	equations:	(a)	x	1+3	-	3x1+1	+	2x1	=	0	(b)	X1+4	+	2Xt+2	-I-	X1	=	8	2.	We	can
find	the	maximum	by	first	maximizing	with	respect	to	u	1,	and	then	with	respect	to	uo.	(The	proof	uses	some	results	from	Chapter	3.)	Lei:	x	0	be	an	arbitrary	point	in	S	and	consider	lhe	problem	max	f	(x)	subject	to	g(x)	=	V	f	(x0	)	·	(x	-	x	0	)	::S	0,	x	E	S	Let	.£(x)	=	f(x)	-	).:'ilf(x.0)	·	(x	-	x0)	=	f(X)	-	Jc[f{(x0	)(x1	-	x?)	+	·,	·	+	J;;(x	0)(x11	-	xi)],	Then.£'	(x)	=	VJ
(x)	-	Jc.	Vf	(x	0),	and,	in	particular,	£'	(x0)	=	0	for,\	=	J,	so	for	tl1is	value	of	Jc	the	76	CHAPTER	2	/	MULTIVARIABLE	CALCULUS	first-order	conditions	for	a	local	maximum	at	x0	are	satisfied.	Consider	the	following	special	fom1s	off	(t):	SECTION	6.3	(A)	/(t)	/	CONSTANT	COEFFICIENTS	231	=	A	(constant)	In	this	case	we	check	to	see	if	(4)	has	a
solution	that	is	constant,	u*	=	c.	It	is	a	saddle	point	(b)	See	Fig.	UN	s	l)	Consider	the	first-order	differential	equation	x	=	F(t,x)	and	suppose	that	both	F	(t,	and	F~	(t,	x)	are	continuous	in	an	open	set	A	in	the	tx-plane.	The	dynamic	constraint	is(*)	above.	At	(x	0	,	y0	,	u	0	,	v0	)	=	(2,	1,	-1,	2)	(which	does	satisfy	the	equations),	a(F,	G)/o(u,	v)	=	-2	and	J:(2,
1)	=	1/2,	J;,(2,	1)	=	6,	g~(2,	l)	=	1,	and	g;,(2,	1)	=	2.	,	Xn	2::	0.	'T	-	l,	Xo	>	0	1=0	(a)	Compute	lr(x),	fr_	1	(x),	fr_	2	(x).	A	variational	problem	does	not	necessarily	have	a	solution.	Show	that	z(t)	-	r(t)z(t)	1	21	p(t)=exp(-	=	2p(t)x(2t)	-	x(t)	1	r(s)ds)	164	C	H	A	PTE	R	4	/	T	O	PI	C	S	I	N	I	N	TE	G	RAT	I	O	N	O	(l)	(Recall	that	r	is	the	upper	case	Greek	letter
"gamma".)	This	function	crops	up	in	several	areas	of	application,	and	there	is	a	vast	literature	investigating	its	mathematical	properties.	In	particular,	it	presents	most	of	the	mathematical	tools	rnquired	for	typical	graduate	courses	in	economic	theory-both	micro	and	macro.	272	CHAPTER	7	/	DIFFERENTIAL	EQUATIONS	Ill:	HIGHER-ORDER
EQUATIONS	The	Resolvent	We	shall	explain	how	one	can	(in	principle)	solve	the	general	linear	equation	system	(4).	1	/	DYNAMIC	PROGRAMMING	431	ui,	uI,	..	(See	e.g.	Nikaido	(1970),	Chapter	3.)	.	Then,	examine	all	cases	where	one	of	the	multipliers	is	0,	while	all	the	others	are	positive,	etc.	1	=	0,	and	thus	x,	and	(c)	Suppose	that	all	the	(real)
eigenvalues	are	different.	1	2	The	CES	function	z	=	A(81x	P	+	82x	P	+	·	·	·	+	811	x;P)-f.LIP,	A>	0,	µ,	>	0,	p	I	0,	8;	>	0,	i	:=:::	l,	...	,	n	-	1.	Examine	the	stability.	The	instantaneous	profit	per	unit	of	ti	me	at	time	t	is	then	n(t,	x(t),	u(t))	=	q(t)u(t)	-	C(t,	x(t),	u(t))	If	the	discount	rate	is	r,	the	total	discounted	profit	over	the	interval	[0,	T]	is	(	Jo	[q(t)u(t)-
C(t,x(t),	u(t))Je-r	1	dt	It	is	natural	to	assume	that	u(t)	2::	0,	and	that	x(T)	2:	0.	Examples	are	given	in	Fig.	This	can	often	be	determined	even	if	we	cannot	find	explicit	solutions	of	the	equation.	(n	-	2)	·	....	(a)x	+	(2/t)x	=	-1.	An	important	alternative	necessary	and	sufficient	condition	for	convergence	is	based	on	the	following	concept:	A	sequence	{x1c)	of
real	numbers	is	called	a	Cauchy	sequence	if	for	every	s	>	0,	there	exists	a	natural	number	N	such	that	lx	11	-	x,,,	I	N	and	all	m	>	N	Note	that	the	terms	of	a	Cauchy	sequence	will	eventually	be	close	together,	which	need	not	be	the	case	for	an	arbitrary	sequence.	Suppose	p(O)	:::=	L	which	implies	that	p(t)	<	1	throughout	(0,	T].	=	x'	Ax,	where	A	=	(	~
3	O	-	~)	and	x	-2	8	2x2x3	+	3x3x1	-	2x3x2	+	8xl	=	(	::	)	.	2	I	SOM	E	EXAM	PL	ES	369	It	is	easy	to	find	explicit	expressions	for	x[(t)	and	xI(t).	Geometrically,	such	a	solution	describes	a	curve	in	~	11	•	The	parameter	t	usually	denotes	time,	and	as	t	varies,	we	say	that	the	system	"moves	along"	the	cw-ve.	The	result	is	t	(1	+	r)-	1	Wt	=	wo	+	L(l	+	r)-k(Yk	-
ck)	(3)	k=I	If	time	Ois	now,	then	the	left-hand	side	is	the	present	discounted	value	(PDV)	of	the	assets	in	the	account	at	time	t.	Assume	that	one	wants	to	maximize	the	objective	function	E[f(O,	Xo,	uo)	+	f(l,	Xi,	u1)]	=	f(0,	Xo,	uo)	+	E[f(l,	X1,	u1)]	(*)	where	E	denotes	expectation	and	f	is	some	given	reward	function.	The	simplest	of	these	criteria	is:	NG
Ol'flMAL	The	pair	(x*(t),	u*(t))	is	OT	optimal	if	for	each	admissible	pair	(x(t),	u(t))	there	exists	a	number	Tu	such	that	Du(t)	::':	0	for	all	t	:::.	This	is	a	first-order	differential	equation	which,	in	general,	is	easier	to	handle	than	the	(second-order)	Euler	equation.	11	are	negative.	Integration	yields	½x	3	=	½t	2	+	t	+	C,	or	x	=	V½t	2	+	3t	+	3C.	Y(t)	=	f(K(t),
t)	and	replace	U(C)e-r	1	by	U(C,	t).	3	The	solutions	guaranteed	by	Theorem	6.9.1	could	have	their	starting	points	very	close	to	the	equilibrium	although	the	solutions	are	defined	on	an	infinite	time	interval.	In	general,	there	are	implicitftmction	theorems	which	state	when	an	equation	or	a	system	of	equations	defines	some	of	the	variables	as	functions
of	the	remaining	variables.	With	the	assumptions	imposed	on	f	and	g,	if	to	is	a	point	in	I,	and	xo	and	Yo	are	given	numbers,	there	will	be	one	and	only	one	pair	of	functions	(x(t),	y(t))	that	satisfies	(1)	and	has	x(to)	=	xo,	y(to)	=	Yo-	p	z(t+	M)	~	Q	~	z(t+M)-z(t)	~t	K	i(t)	Figure	1	Figure	2	rJ.OTE	If	(x(t),	y(t))	is	a	solution	of	(1),	at	time	t	the	system	is	at	the
point	(x(t),	y(t))	in	the	xy-plane.	The	current	value	Hamiltonian	is	He	=	-u	2	+	)cue-at,	which	is	obviously	concave	in	x	and	u.	Note	that	g\	(x,	y)	=	g&	(x,	y)	2(.x	+	y	-	2)	=	0	for	x	=	y	=	1,	so	the	gradient	of	g	at	(1,	l)	is	(0,	0),	which	is	not	a	linearly	independent.	Then	H(x)	r;	B(O;	2a	+	2)	for	such	x.	,	a,i)	for	system	(l)	is	stable	if	for	each	s	>	0	there	exists
a	8	>	0	(that	generally	depends	on	s)	such	that	every	solution	x(t)	of	(1)	with	llx(to)	-	a	II	<	ofor	some	to	is	defined	for	all	t	>	to	and	satisfies	the	inequality	llx(t)	-	all	<	s	for	all	t	>	to	If	a	is	stable	and,	in	addition,	there	exists	a	80	>	0	such	that	llx(to)	-	all	<	80	=}	lim	llx(t)	-	all	1->00	=0	then	a	is	called	focally	asymptotically	stable.	This	contradicts	the
hypothesis	that	the	solution	y(x)	is	unique.	Given	any	policy	function	u	=	u(x,	v),	define	the	operator	Tu	:	:B	-,.	f:X)	5	J~:)	f	(x,	t)	dt	Let	K	(t)	denote	the	capital	stock	of	some	firm	at	time	t,	and	p(t)	the	purchase	pdce	per	unit	of	capital.	By	choosing	different	control	functions	u(t),	the	system	can	be	steered	along	different	paths,	not	all	of	which	are
equally	desirable.	Then,	for	every	e	>	0	and	every	j	=	1,	...	Then	f	(x)	>	0	and	f	(y)	>	0,	by	hypothesis.	NOTE.	The	derivative	of	V	(x(t))	w.r.t.	t	is	d	-V(x(t))	=	dt	Ln	oV(x(t))	clx;	Ln.	3V(x(t))	-=	a	f;(x(t))	=	i=I	ax	I	dt	i=l	x·!	VV(x(t))	·	f(x(t))	(3)	SECTION	7.5	/	STABILITY	FOR	NONLlr\JEAR	SYSTEMS	275	Define	V(x)	=	vV(x)	·	f(x)	=	I:;'=	1	V/(x)f/(x).	SE	CT
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denote	the	vector	X;	augmented	by	an	extra	component	equal	to	1.	To	prove	(b)	-;s-	(c),	note	that,	because	A	111	-,.	(a)	Transform	the	problem	in	Example	12.1.3	to	the	fom1	(1).	On	the	other	hand,	a	closed	pyramid	in	3-space	is	convex	but	not	strictly	convex.	,	bm	are	the	available	quanti1ies	of	m	different	resources.	Prove	that	f	is	convex.	u(x),	and
v(x)	be	given	v(x)	F(x)	=	u(x)	f(x,	t)	dt	(2)	160	C	H	A	PTE	R	4	I	TO	PI	C	S	I	N	I	N	TE	G	RAT	I	O	N	If	x	changes,	then	the	limits	of	integration	v(x)	and	u(x)	both	change,	and	in	addition	the	integrand	f(x,	t)	changes	for	each	t.	These	applications	are	regarded	as	major	triumphs	of	mathematical	economics.	(Hint:	Xk+t	--	2	=	-	4)/(xk+t	-~	2).)	21,	and	use
this	to	prove	540	APPEI\IDIX	A	/	SETS,	COMPLETENESS,	AND	CONVERGEI\JCE	3.	Define	qr-k	=	PT-k//3T-k_	We	prove	by	backward	induction	that	at	each	time	T	-	k	we	have	an	interior	maximum	point	vf	-k	in	(iv).	The	optimal	control	is	u	1*C	X	)	=	X	;c1;y	t	,	t	<	T	(ix)	SECTION	1	2.	Tu,e·	(4)	t,K;Tf	1	In	general,	let	f	(t)	be	a	function	defined	for	all	t	::".
The	constant	ko	is	the	initial	capital	stock,	and	the	condition	k(T)	2:	kr	means	that	we	wish	to	leave	a	stock	of	at	least	kr	to	those	who	live	after	time	T.	To	prove	the	reverse	implication	let	x,	x	0	E	Sand	A	E	[O,	l].	The	following	result,	originally	due	to	Mangasarian	(1966),	has	been	referred	to	before	(Theorem	9.4.2).	Because	the	Lagrangian	is	concave,
this	is	the	optimal	solution.	Find	a	particular	solution	of	x-	4x	+	4x	=	t	2	+	2.	In	the	solution	will	even	be	differentiable	as	a	function	of	(10	,	x0	).	Let	the	Hamiltonian	for	this	new	problem	be	H	1	=	f	+	S'	(x	)g+q	g	=	f	+(q	+	S'	(x)	)g,	with	adjoint	variable	q.	Consider	the	equation	x	+	ax	+	bx	=	0	when	¾a	2	-	b	=	0,	so	that	the	characteristic	equation	has
a	double	root	r	=	-a/2.	It	is	clear	that	AA	2':	0.	L	Kuhn-Tucker	conditions:	(i)	-2(x-l)-2Ax	=	O;	(ii)	-2yev	2	-2>-y	+	+	2.	Specifically,	n	=	n(v,	p,	q)	=	pF(v)	-	q1v1	-	·	·	·	-	qnVn	Let	n*(p,	q)	denote	the	value	function	in	the	problem	of	maximizing	v*	=	v*(p,	q)	be	the	associated	v	vector.	In	the	next	section,	we	consider	the	special	case	when	the	functions	a	1
(t),	...	On	the	other	hand,	in	Fig.	Since	the	objective	function	is	134	CHAPTER	3	I	STATIC	OPTIMIZ,ll,TION	continuous	and	the	admissible	set	is	closed	and	bounded	(why?),	the	extreme	value	theorem	ensures	that	there	is	a	solution.	236	C	HAP	TE	R	6	/	D	IF	FE	RENT	I	AL	EQ	U	AT	I	O	N	S	11	:	SEC	ON	D	-	O	RD	E	R	EQUA	TI	ON	S	(b)	The
corresponding	characteristic	equation	is	r	2	+	2r	+	5	=	0,	with	complex	roots	ri	=	-	l	+	2i,	rz	=	-1	-	2i,	so	u1	=	e-	1	cos	2t	and	u2	=	e-	1	sin	2t	are	linearly	independent	solutions	of	the	homogeneous	equation,	(See	(Ill)	in	Theorem	6.3.1	and	Note	6.3.2.)	Ast	->	oo,	both	u1	and	u2	tend	to	O,	since	cos	21	and	sin	2t	are	both	less	than	or	equal	to	1	in
absolute	value	and	e-	1	-+	Oas	t	-+	oo.	1,	which	deals	with	the	case	when	x(/	1)	is	free.)	For	this	reason,	an	optimal	solution	sta_rting	at	(t,	x)	is	automatically	an	optimal	solution	from	(t',	x')	as	well:	the	"tail"	of	an	optimal	solution	must	be	optimal.	Problem	1.2.6(b)	tells	us	that	the	eigenvectors	must	be	linearly	independent.	BLEM$	FOR	TIOl\l	.'.3	9
C!:.10)	1,	Suppose	that	x''	=	(xi,	...	To	see	this,	take	any	point	(x,	in	B.	250	CHAPTER	6	/	DIFFERENTIAL	EQUATIONS	II:	SECOND-ORDER	EQUATIONS	R.	Compute	the	gradients	of	the	following	functions	at	the	given	points.	(A	multiplier-accelerator	model	of	growth)	Let	Y1	denote	national	income,	Ir	total	investment,	and	S1	total	saving-all	in	period
t.	Case	2,	Logarithmic	Utility:	Here	u(c)	=	ln	c,	and	the	Euler	equation	is	E[/3	/	Cr	I	v1_i]	=	l/(ac	1-1),	implying	that	Cr-1	=	1/(af3E[l/C1	I	v1.-1]),	proportional	to	the	conditional	harmonic	mean.	5	'J',;	1.	See	Problem	5.	f	has	both	NOTf	1	In	most	economic	applications	the	set	S	referred	to	in	Theorem	3.1.3	is	specified	using	one	or	more	inequalities.	We
need	to	check	that	Jw(x)	=	J(x)	when	w	=	I	-	p.	The	requirement	that	x(t)	tends	to	a	limit	as	t	approaches	infinity	is	often	too	restrictive.	i°*O	fr	As	for	uniqueness,	one	can	prove	that	if	x(t)	and	y(t)	are	solutions	of	the	equation	lying	in	A	with	x(to)	=	y(to),	then	x	(t)	=	y(t)	for	all	t	at	which	both	solutions	are	defined.	Also	j(0)	s	0	and	(c)	Let	a	=	(l	xy)	/2
and	b	=	x,	and	use	the	result	from	(b).	(b)	B	2	(±1,	0)	=	-64,	so	(±1,	0)	are	local	minimum	points.	Moreover,	it	follows	that	the	length	of	V	f	(x)	equals	the	magnitude	of	the	maximum	directional	derivative.	The	only	significant	differences	are	that	v	1	appears	as	an	extra	state	variable,	in	effect,	and	that	(6)	allows	for	uncertainty	by	including	the
conditional	expectation	of	ft+l·	As	in	the	corresponding	detenninistic	problem	considered	in	Section	12.1,	fast	(7)	is	used	to	find	u}	(x1,	Vy).	Is	it	also	globally	asymptotically	stable?	(Compare	the	sheep	example	illustrated	in	Figs.	(b)	(1,	0)	=	2,	g;(l,	0)	=	0.	(For	a	precise	proof	we	refer	to	e.g	.	=	0,	=	x(l)	1	(ii)	x(l):::	2?	In	general,	a	point	(a,	b)	where	f
(a,	b)	=	g(a,	b)	=	0	is	called	an	equilibrium	point	(or	stationary	point)	for	system	(1).	The	inte1ior	of	any	set	S	is	open.	Look	at	the	cases	(A)	'A	1	=	0,	'A	2	=	O;	(B)	lc	1	=	0,	'A	2	>	O;	etc.	EXAMPLE	:z	Let	A	be	the	partitioned	3	x	5	matrix(*)	in	Example	1,	and	let	B	be	the	5	x	4	matrix	B	=	?__!	(0	0	0	0	0	0	--~--i)	=	1	0	0	1	(t:	t~)	with	the	indicated
partitioning.	(	1	+uo+ui--u	2)	+(l+uo+u1+u2-u	2	)	I	=(l-u	02	)+(l+uo-u	2,	1	J+	2	3	=4	+	2	3uo	-	u	0	+	2u	1	0	-	2	2	u	1	+	u2	-	u2	-	2	u3	428	C	H	A	PTE	R	1	2	I	D	I	SC	RETE	TI	1V1	E	O	PT	I	M	I	Z	AT	I	O	N	The	problem	has	been	reduced	to	that	of	maximizing	J	with	respect	to	the	control	variables	uo,	u1,	u2,	and	u3.	Then	solve	the	constrained	optimization
problem	with	the	new	right-hand	sides,	and	find	the	conesponding	(exact)	value	of	the	value	function.	If	f	denotes	profit,	and	b	Fix	a	vector	b	=	b,	and	let	x	be	the	corresponding	optimal	solution.	(a)	Derive	a	difference	equation	of	order	2	for	y	1	,	and	find	its	characteristic	equation,	(b)	Find	approximate	solutions	of	the	characteristic	equation,	and
indicate	the	general	solution	of	the	system.	But	at	any	point	where	it	is	differentiable,	(2)	The	number	p(to)	therefore	measures	the	marginal	change	in	the	optimal	value	function	as	xo	increases.	Define	I'"(xs,	Vs)=	sup	W"(xs,	Vs,	n)	11:	We	now	claim	that	J	0	(x,	v)	=	P	(x,	v)	(5)	The	intuitive	argument	for	this	is	just	the	same	as	it	was	for	(12.3.5)	in	the
earlier	deterministic	case:	because	time	does	not	enter	explicitly	in	P(v	I	v	1),	g,	or	f,	the	future	looks	exactly	the	same	starting	in	state	(x,	v)	at	time	t	=	s	as	it	does	starting	in	the	same	state	at	time	t	=	0.	Sox	is	the	required	solution.	The	arc	x	is	measured	with	the	same	unit	of	length	as	the	radius.	Higher	consumption	today	is	in	itself	preferable,	but
equation	(ii)	tells	us	that	it	leads	to	a	lower	rate	of	investment.	In	particular,	sometimes	the	solution	requires	p(t)	to	have	discontinuities	at	interior	points	of	[t0	,	t	1].	(III)	Constraint	1	is	inactive,	2	is	active.	In	the	following	argument	we	assume	that	f*	(b)	is	differentiable.	Hence	(4)	is	globally	asymptotically	stable	if	and	only	if	A1	tends	to	Oas	t	--+	oo,
for	each	choice	of	initial	vector	x(O)	=	xo.	Similarly,	if	{xk)	is	bounded	below,	its	lower	limit	(or	lim	inf),	is	defined	as	liminf	Xk	k-+oo	=	n--.~oo	lim	(inf{x1c	:	k	:::=	n})	(4)	If	{xk}	is	not	bounded	below,	we	write	Jim	infk-+oo	xk	=	-oo.	,	and	each	containing	infinitely	many	Xk.	As	in	the	two-dimensional	case,	we	can	find	a	subsequence	{xk1	J	of	{xk}
such	that	XkJ	E	Kj	for	j	=	1,	2,	....	NOTE	2	Let	x	=	a	be	an	equilibrium	point	for	the	scalar	equation	x	=	F	(x).	Since	Fis	increasing,	F	(!1	(Jex+	(1	-	,\)x0	),	...	at	time	t,	as	well	as	explicitly	on	time	t.	y	I	Ji	I	I	_h:	y	Figure	6	=	tanx	SECTION	B.	In	order	to	show	that	the	integral	converges,	we	partition	the	interval	(0,	oo)	into	two	parts	to	obtain:	Concerning
the	first	integral	on	the	right-hand	side,	note	that	O	::::	e-	1	::::	1	for	t	::::	0,	so	0::::	e-	1ix-l	::::;	t,-l	for	all	t	>	0.	Consider	the	difference	equation	x	1	=	,Jx1_	1	-	1	with	x	0	=	5.	,	llt	=	(u~,	...	1,	Determine	which	of	the	following	four	sets	are	convex:	0	(c)	(b)	(a)	(d)	2.	(x	-	x	0	)	::c	0.	Choose	b'	=	(b1,	...	Assuming	that	x	=	x(t)	is	C	2	,	one	finds	that3	o2	F	a2	F
.	rv,	=	356	CHAPTER	9	I	CONTROL	THEORY:	BASIC	TECHNIQUES	In	Fig.	Show	that	av	/oA	0	=	l(O).	For	a	closed	ball	Br(a),	however,	every	boundary	point	is	an	extreme	point.	If	the	pair	(x*	(t	),	u*	(t)),	together	with	a	continuous	and	piecewise	differentiable	adjoint	function	p(t),	satisfies	all	the	conditions	in	Theorem	10.Ll	with	p	0	=	1,	and	if	H	(t,	x,
u,	p(t))	is	concave	in	(x,	u)	for	all	t	in	[to,	ti]	(15)	then	(x*(t),	u*(t)	solves	the	problem.	Note	th----,..K	a/2b	a/b	Figure	6	Figure	7	In	sector	(I),	C	>	aK	-	bK	2	and	K	>	a/2b,	so	K	<	0	and	C	<	0.	2),	13.4	1.	As	in	the	proof	of	Theorem	9.7.1,	it	is	easy	to	see	that	ft~	ft~	1	Du=	1f1	(H''	-	H)	dt	+	1'1	~	p(t)	·	(x(t)	-	x*(t))	dt	(i)	~	Integration	by	parts	yields	1	1)	=	1/J
p(t).	(lt	is	also	true	that	if	Fis	compact-valued	and	upper	hernicontinuous	at	x0	,	then	the	sequence	property	in	the	problem	holds.)	8,	For	each	i	we	have	g;(x,	y)	<	b1	and	g1(x,	y')	:::	b;,	so	for	every	'A	in	(0,	l)	we	get	g;(x,	Jcy	+	(1	-	Jc)y')	::=;	'Aj;(x,	y)	+	(1	-	'A)g;(x,	y')	<	'Ah;+	(1	-	i.)b;	=	b;.	Theorem	9.11.	240	CHAPTER	6	/	DIFFERENTIAL	EQUATIONS
II:	SECOND-ORDER	EQUATIONS	Solution	Method	Autonomous	Systems	When	systern	(l)	is	of	the	form	i	=	f(x,	y),	j,	=	g(x,	y),	so	that	f	and	g	do	not	depend	explicitly	on	t,	there	is	an	alternative	solution	procedure:	Around	a	point	where	x	:f.	Since	f*	(b)	is	nondecreasing,	from	(6)	we	have>-,1	=::	0.	(a)	H	CHAPTER	11	2,	Lett*	""'	0.44285	be	the
solution	of	2	-	t*	=	.	max	11(/)E(-00,00)	2.	The	k	>	n	+	1	vectors	y	1,	...	Note	that	the	inequality	(cl)	must	be	shown	for	all	admissible	x(t),	which	is	often	problematic.	,x;)	is	an	interior	point	of	S	that	solves	problem	(	l	).	It	is	also	easy	1	Some	authors	use	c	as	the	inclusion	symbol,	and	some	use	Xk	~	1-1/(l+k)>l-l/k	~	=	1,	2,	,	..	If	x*(t)	is	not	O	then	=c
(vi)	=	be	st	/u	2	,	so	(vi)	yields	A(t)be	st	/(u'(t))	2	=	c.	,	PnJ(t))',	t	E	IR,	satisfying	P1Uo)	=	e1,	where	e1	is	the	jth	standard	unit	vector	in	IR".	The	following	display	sets	out	some	of	the	most	important	properties	of	the	Cobb-Douglas	function.	Letting	y)	=	(l,	1)	yields	the	contradiction	1	=	0.	»	FOR	SEC	T!ON	l3	T	1	.	There	is	a	chapter	on	elementary
topology	in	~	11	and	separation	theorems.	A	precise	result	is	formulated	in	the	next	theorem.	==}	f	is	strictly	concave.	For	the	point	l'x	shown	in	Fig.	In	the	next	example	the	terminal	time	is	an	arbitrarily	given	natural	number	and	the	optimal	control	turns	out	to	depend	on	the	state	of	the	system.	It	says	that	oF	/oi	1=ti	is	always	less	than	or	equal	to
0,	but	equal	to	O	if	x*	(t1)	overshoots,	in	the	sense	that	it	is	greater	than	x	1	.	Multiplying	(*)	from	the	left	by	x'	gives	x'	Ax	=	x'	('Ax)	=	'Ax'x	=	'A,	because	x'x	=	1.	In	finding	J"	(x,	v),	it	is	sometimes	useful	to	know	that	it	is	the	limit	as	T	-+	oo	of	the	value	Jl'(0,	x,	v,	T)	=	E	[	Li=o	{3	1	f	(	X	1	,	u(	X	1	,	V	1))]	derived	from	using	the	stationary	policy	u(x,	v)
all	the	time	from	t	6	=	0	until	t	=	T.	,	f	111	)	at	x	it	must	equal	the	Jacobian	matrix	f'	(x),	and	we	know	some	of	the	properties	of	the	de1ivative.	The	associated	values	of	the	multipliers	are	Jc	1	=	.1c2	=	L	When	),1	=	>-2	=	1	the	Lagrangian	is	-x	2	-y2-	y+	11/4,	which	is	a	concave	function	of	(x,	y,	z).	If	I	=	I	+	l,	..	Consider	the	following	control	problem
with	two	alternative	terminal	conditions:	/J	max	[,	11EU	,	to	f(t,x,	u)dt,	,	x	=	g(t,	x,	u),	x(to)	=	xo,	{	x(t1)	free	(i)	x(t1)	=X1	.fr~	Think	of	x	=	x(t)	as	a	firm's	capital	stock	and	1	f(t,	x,	u)	dt	as	the	total	profit	over	the	planning	period	[t0	,	t	1],	in	line	with	our	general	economic	interpretation	in	Section	9.6.	Define	the	value	function	by	V(t,	x)	fJ	=	max	·l	uEU
t	11	f(s,	x(s),	u(s))	ds:	.i(s)	=	g(s,	x(s),	u(s)),	x(t)	=	x,	{x(t	1	)free	}	x(t1)	=	X1	C.	Then	there	exists	a	sequence	{xk}	in	X	converging	towards	x	0	,	such	that	{y(xk)}	does	not	converge	to	y(x	0	).	,	v;	>	0,	If	F	is	concave,	then	:rr	is	also	concave	as	the	sum	of	the	concave	function	p	F	(VJ,	.	On	the	other	hand,	if	small	changes	in	the	initial	conditions	might
lead	to	significant	differences	in	the	behaviour	of	the	solution	in	the	long	run,	then	the	system	is	unstable.	Note	thatXs	will	depend	on	V1,	V	1+1,	...	Consider	the	system	of	equations	(2)	and	suppose	there	exists	a	function	G	such	that	fm	(x)	=	G(f1(x),	...	Among	many	possible	terminal	conditions	consider	the	following:	i	limHco	x;	(t)	exists	and	is	equal
to	x/,	limHco	x;	(t)	::=	xl,	no	conditions	imposed	on	x;	(t)	as	t	-+	oo,	=	l,	...	F~;	2	In	the	next	section	we	specify	the	regularity	conditions	to	be	imposed	on	F	and	x(t).	Consider	the	vector	x	=	(x1,	...	Evidently,	V(x(I))	converges	to	some	limit	V*	:::	0.	(1989))	T	maxLF(t,x1,x1+1),	xo	given	and	x1,x2,	...	Find	VG	at	an	arbitrary	point	where	x	I	0,	and	show
that	it	is	mthogonal	to	the	straight	line	segment	joining	the	point	and	the	origin.	Prove	that	{xk)	is	a	Cauchy	sequence.	If	we	start.	Obviously,	existence	of	an	equilibrium	is	an	important	issue	in	these	more	general	models	as	well.	Given	any	x	in	!B(p,	111),	let	ak	=	(1	-	1/k),	k	=	I,	2,	....	in	[O,	l]	and	x,	yin	S,	the	definition	(1)	of	a	concave	function	implies
that	G(Jcx	+	(1	-	+	·	·	·	+	amfm	+	(1	-	1)y)	?:	a1	[V1(x)	+	(l	-	;\,)fi(y)]	+	·	·	·	+	am[\f,n(X)	+	(1	-	11.)f,11(Y)]	=	A[aif1(X)	+	·	·	·	+	a,,ifm(x)]	+	(l	-A)[aif1(y)	+	·	·	·	+	+amfm(y)]	=	11,G(x)	+	(l	-	A)G(y)	A)y)	=	aif1	+	(1	-	A)y)	Using	definition	(l)	again,	this	shows	that	G	is	concave.	+	L	(a)	Three	degrees	of	freedom.	i	(c)	There	exists	a	number	b	>	0	such	that
admissible	pairs	(x(t),	u(t)).	In	the	final	chapter	we	discuss	conespondences	and	the	fixed	point	theorems	that	economists	most	often	use.	The	problems	we	study	are	briefly	formulated	as	max	I,,[11	F(t,	x,	i)	dt,	x(to)	=	xo,	(a)	x(t1)	free	or	(b)	x(t1)	2:	x	1	(1)	•	to	If	the	terminal	condition	is	(a),	any	C	1	function	is	admissible	if	its	graph	joins	the	fixed	point
(to,	x	0	)	to	any	point	on	the	vertical	line	t	=	t1	,	as	illustrated	in	Fig.	V	=	--	b(t)	a	whereµ,,	A,	y,	and	a	are	constants,	and	b(t)	is	a	fixed	function.	(b)	Differentiation	yields	½e	12	2t	-	e-x	,i	(x	1)	e-x	x	=	0,	and	the	result	follows.	·'	Solving	these	We	have	seen	how	the	problem	of	solving	(most)	first-order	systems	of	the	form	(1)	can	be	transformed	into	the
problem	of	solving	one	second-order	equation	in	only	one	of	the	variables.	Neve1theless,	11ieorem	2.10.3	uses	sign	conditions	that,	if	applied	to	a	symmetric	matrix,	are	equivalent	to	its	definiteness.	As	suggested	by	(2),	we	introduce	the	transformation	z	x	1-	3	=	x-	2	.	(a)	F'(x)	4,	I=	=	e-pg(pJ	1	1	_	(1	-	xt)-	=	(ae()!	ex)	(b)	F'(x)	-	e°'	16x	3	+	l)/2a	2	(b)
F'(x)	f(g(p))g'(p)	-	=	y(t)	-	f	1	e	1	-dt	X	forn	=	x	6	+	3x	5	+	5x	4	F(t,	t)	1	X	=	1.	Consumption	perunit	of	time	attime	tis	then	given	by	C(t)	=	r	A(t)	+	w	-A(t).	=	IRI,	f(x)	=	ex,	f(S)	=	(0,	oo)	(b)	S	=	~,	f(x)	=	e<	2	,	f(S)	=	[1,	oo)	(c)	S	=	(0,	1),	f(x)	=	1/x	For	any	E	>	0,	let	8	=	E.	Example	9.9.1	showed	a	simple	case,	We	study	two	examples.	Prove	this	by
examining	the	function	defined	forall	(x,	y)	by	f	(x,	y)	(1	+	y)	3	x	2	+	.	ax	5.	Then	u	1	=	tr	satisfies	equation	(8),	but	how	does	one	find	another	solution?	But	then	these	stronger	"global"	conditions	give	global	stability.	If	u*	(t)	=	uo,	then	u*(t)	-	u	=	u0	-	u	<	0	for	all	u	in	(uo,	tti],	so	(3)	is	equivalent	to	aH*	/au	:s	0.	If	we	stipulate	the	probability	of	future
disturbances	and	then	want	to	optimize	the	expected	value	of	the	objective	functional,	this	gives	a	stochastic	control	problem,	in	which	optimal	Markov	controls	are	determined	by	a	different	set	of	necessary	conditions,	Discrete	time	versions	ofstochastic	control	problems	are	discussed	extensively	in	Chapter	12	ofrhis	book.	Since	f{U22	-	:=;	0.	For
fixed	x,	the	first	coordinate	takes	all	values	less	than	or	equal	to	x	2	.	Show	that,	given	the	total	output	Y	that	the	firm	produces	over	the	whole	year,	the	firm's	total	cost	per	year	is	minimized	by	choosing	a	constant	flow	of	output.	,n	Ojj	9,	Let	A	be	a	symmetric	matrix.	(In	the	example	above	we	used	another	approach.)	XT-1,	~LE	fOR	.$ECTfON	'12.2
1.	Finally,	applying	Note	1	with	F(p,	w)	=	[0,	oo)	shows	that	rr(p,	w)	is	continuous	and	17(p,	w)	is	upper	hemicontinuous	for	p	<	2p	0	and	w	w	0	/2.	NOTE	::	It	may	well	be	that	the	solution	in	Theorem	5.8.2	can	be	extended	to	a	larger	interval	than	that	described	in	the	theorem.	Then	the	system	is	transformed	into	the	first-order	system	=	x	1,	which	is
in	the	form	(1).	Note	too	that	n	-	mis	the	number	of	degrees	of	freedom	remaining	when	m	independent	constraints	are	imposed	on	n	variables.	As	before	it	has	comments	on	the	content.	=	(k,	l	+	3/	k)	(d)	Xk	=	(l	+	1/k,	(l	+	1/k)')	Prove	that	a	sequence	in	IR1"	cannot	converge	to	more	than	one	point.	This	means	that	S	is	convex.	=	bK	and	U(C)	=	c	1-v
/(!	-	where	b	>	0,	v	>	0,	Equation	(1)	yields	b)	,	..	lfitweretrue	thatp(T):::	1,	then	one	would	have	p(t)	>	1	and	so	s*(t)	=	l	for	all	tin	[O,	T),	implying	thatk*(T)	=	koeaT	>	kr,	a	contradiction.	12,5	u;	does	not	maximize	More	Variables	Consider	the	following	end	constrained	problem	with	n	state	and	r	control	variables:	T	max	L	f	(t,	Xr,	u	1	),	x1+1	=	g(t,	x1	,
u	1	),	:x.o	is	given,	u1	E	Us;	!Rr	(1)	1=0	Here	x	1	is	a	state	vector	in	!Rn	that	evolves	from	the	initial	state	x	0	according	to	the	law	of	motion	in	with	u	1	as	a	control	vector	in	U	that	is	chosen	at	each	t	=	0,	...	Sowecouldhaveadded	the	condition	a	22	>	0	to	the	right-hand	side	in	(5)(a),	but	it	is	superfluous.	We	must	show	that	Pa	is	convex.	Thus	.Jw(x)	=
J(x)	when	w	=	1	-	p,	so	the	specified	policy	w	really	is	optimal.	In	the	same	way	we	see	that	y*	<	2	leads	to	Az	=	0	and	so	from	(ii)	y*	=	3,	contradicting	the	constraint	y	::.=	2.	NOTE	5	The	results	in	Theorem	2.3.5	can	easily	be	generalized	to	the	case	U	(x)	F(f1	..	It	follows	that	if	the	equilibrium	points	exist	and	are	distinct,	then	x1	is	always	unstable,
while	x2	is	locally	asymptotically	stable	if	(b	-	1)2	-	4ac	<	4,	and	unstable	if	(b	-	1)2	-	4ac	>	4.	11	(x	0	)	is	the	Hessian	matrix	of	J:.	Consider	next	the	general	quadratic	form	n	Q(x)	=	n	L	I>iJXiXJ	(aij	=	a_fi)	(3)	i=l	j=l	in	n	variables	subject	to	m	linear,	homogeneous	constraints	hnXJ	+	·	··+	bmJXt	+	·	·'	+	bmnXn	=	0	b1	11	x	11	=0	(4)	=	0,	where	B	=	(biJ)
is	an	m	x	n	matrix.	=	(1,	1)	Let	b	=	(1,	3).	Again	the	first-order	partial	derivatives	of	the	Lagrangian	are	equated	to	0:	a£(x)	ax	I	=	af(x)	_	~	,	_agi(x)	/	I\.1	ax-I	"--'	OX·I	j=J	=0	,	i=l,	...	,	can	be	expressed	as	a	triple	sum	involving	third-order	derivatives.	-	2x1x2	+	3xix,	+xi+	3xf	4.	l	.3	it	suffices	to	prove	that	H	(x)	has	a	dosed	graph	at	x.°.	A	convergent
sequence	is	one	that	converges	to	some	number.	When	x	1.	Indeed	x1	x2	x3	=	axo	+	bo	=	ax1	+	bi	=	a(axo	+	bo)	+	bi	=	a	2xo	+	abo	+	b1	=	ax2	+	b2	=	a(a	2xo	+	abo	+bi)+	b2	=	a	3	xo	+	a	2bo	+	ab1	+	b2	and	so	on.	Is	the	equilibrium	point	(xo,	yo)	asymptotically	stable?	l	Find	the	solution	of	the	following	difference	equation	which	has	xo	t	From	(3)
we	immediately	getx1	=	0,	=	5(-3)1,	=	5:	1,	...	Control	theory	is	now	used	by	a	large	number	of	economists,	even	when	they	face	a	problem	that	can	be	solved	with	the	calculus	of	variations.	By	Theorem	6.8.1,	the	equilibrium	point	(0,	0)	is	locally	asymptotically	stable.	If	x*	is	not	an	interior	point	of	S,	it	must	belong	to	the	boundary	of	S.	and	(O,a).	11
belong	to	Sand	assume	that	f(x")	::c	f(x').	11!1	'}	E4	?	and	show	that	the	maximum	cannot	occur	at	an	intelior	point	of	S.	Suppose	that	each	consumer	i	has	preferences	represented	by	the	utility	function	where	the	parameters	aj	are	positive,	and	independent	of	i,	with	ot	1	+	ot2	=	l.	In	a	problem	in	the	theory	of	production,	McElroy	studies	the
equation	ox	c!v1	v1	-	ax	+	v2=	xe(x)	av2	where	.s(x)	is	a	given	positive	function	and	v	1,	v2	,	and	x	are	positive.	For	t	>	T	we	then	have	-i:(t)	=	F(x(t))	>	½F(a).	In	the	second	case,	V	1+	1	may	take	values	anywhere	in	a	Euclidean	space.	(a)	The	Hamiltonian	is	H	=	(1	-	s)eP	1f(k)e-M	+	p(seP	1	f(k)	-	U).	This	proves,;=:.	,	Xn	+	han)-	Then	1	Open	sets	and
related	topological	concepts	are	reviewed	in	Section	13.1.	A	function	f	is	said	to	be	of	class	ck	(k	::::	1)	in	a	set	U	if	f	and	all	its	partial	derivatives	of	order	:S	k	exist	and	are	continuous	throughout	U.	At	some	point	on	the	line	K	=	Ko,	continuity	suggests	that	there	should	be	some	particular	value	A*	(0)	of	)c(O)	such	that	the	resultant	curve	is	of	type	II,
which	converges	to	the	stationary	point	(	K,	A).	Kaldor	uses	the	system	1	:f·	=	a(l(Y,	K)	-	S(Y,	K)),	K	=	I(Y,	K)	(a>	0)	(*)	where	Y	is	national	income,	K	is	capital	stock,	I	(Y,	K)	is	an	investment	function	and	S	(Y,	K)	is	a	savings	function.	E	MPLE	The	generalized	CES	function	is	defined	for	x	1	>	0,	x2	>	0,	...	Then(*)	becomes	w	=	nu	+	y(t)	-	f	-	AeY	1
Multiplying	this	first-order	equation	by	the	integrating	factor	e-rt	leads	to	Integrating	each	side	from	Oto	t	gives	In	particular,	Again	p(T)	>	0	and	thus	w*(T)	=	0,	so	the	optimal	path	involves	choosing	p(O)	such	that	p(O)	=	A-e,	where	A=	2	r-y	[erTwo+	{Ter(T-t)y(t)dt-f(erT_1)]	erT	-	eYT	Jo	r	This	is	the	same	answer	as	that	derived	in	Example	2.4.2,
equation	(iii),	SECTION	9.4	/	THE	STANDARD	PROBLEM	319	There	are	two	significantly	different	cases	involved	here.	276	CHAPTER	7	/	DIFFERENTIAL	EQUATIONS	Ill:	HIGHER-ORDER	EQUATIONS	Consider	a	solution	with	x(0)	=	XQ.	For	an	economic	application,	see	Problem	5.	01	01	Ix	-	vi	dx	dy	=	{.	Arguing	as	in	Example	14.1.5,	F+(p,	w)	has
the	closed	graph	property	for	w	»	w0	and	p	<	p	0	.	f(h(t'))	So	there	can	be	no	interior	minimum	point	t'.	Every	solution	of	the	Euler	equation	is	clearly	a	solution	to	(4)	for	some	constant	C.	Let	c(t)	denote	consumption	expenditure	flow	at	time	t,	and	y(t)	the	given	income	flow.	Example	1.5.1	(a)	shmved	that	the	characteristic	polynomial	is	-	A	--	6	=	0.	In
the	continuous	variable	case	these	necessary	conditions	become	a	little	bit	more	complicated:	essentially,	the	optimality	equations	must	hold	at	every	time	t	=	0,	1,	2,	...	Finally,	Section	7	.7	gives	a	brief	introduction	to	some	types	of	partial	differential	equations,	which	occasionally	arise	in	economic	applications,	7,	1	linear	Differential	Equations	A
differential	equation	of	the	nth	order	can	usually	be	written	in	the	fonn	dnx	dt	(	dx	t	d"-	1x,	t"-	-·-11	=	F	t,x,	-d·,	...	The	theorem	implies	that	for	ally	the	equation	y	and	x'	(y)	is	continuous.	One	of	the	most	impmiant	properties	of	a	differential	equation	is	whether	it	has	any	equilibrium	or	stationary	states.	A2	=	5A	-	5	I,	A4	=	75A	-	lO0I	=	BA	have	the
same	eigenvalues.	C	Ko	Figure	2	SECTION	6.9	/	SADDLE	POINTS	257	The	evolution	of	the	system	depends	critically	on	the	values	of	K	(0)	=	Ko	and	C	(0)	=	Co.	In	Fig.	Because	the	detenninant	of	A	is	equal	to	-6,	the	equilibrium	is	a	saddle	point.	±	½J(a	-	=	Ax	+	Bx'	11	2	1)	2	-	4b.	Hence	l	·	d	::=:	0	for	all	d	~	0,	which	implies	that	A	~	O.	Then	x	2	+	y	<
2	and	y	=	1"	But	then	from	(iii),	)q	=	0.	Then	x	=	(1/t	2	)[C	+	.f	t	2	(-1)	dt]	=	ct-	2	-	½t.	~	riable	Final	Time	Consider	problem	(1)-(5)	with	variable	final	time	t1	•	The	problem	is	among	all	control	functions	u(t)	that	dming	the	time	interval	[to,	ti]	steer	the	system	from	x0	along	a	time	path	satisfying	(2)	to	a	point	where	the	boundary	conditions	in	(4)	are
satisfied,	to	find	one	which	maximizes	the	integral	in	(1\	The	time	t1	at	which	the	process	stops	is	not	fixed,	as	the	different	admissible	control	functions	can	be	defined	on	different	time	intervals.	7	gives	some	stability	results	for	nonlinear	first-order	difference	equations.	The	constraint	qualification	is	therefore	equivalent	to	the	condition	that	the
gradients	V	g	1	(x:''),	...	Let	A(x,	y)	=	(	f{	(x'	y)	that	the	following	three	conditions	are	all	satisfied:	(a)	tr(A(x,	y))	(b)	(c)	!A(x,	y)I	=	f{(x,	y)	+	g~(x,	y)	=	f{(x,	y)g~(x,	y)	-	f{(x,	y)g~(x,	y)	:/=	0	in	all	of	y)	g;	(x,	y)	J;(x,	y))	,	and	assume	g~(x,	y)	<	0	in	all	of	!R	2	fi(x,	y)g;	(x.	Dividing	each	equation	by	2,	we	see	that	these	two	equations	can	be	written	as	Ax	=
AX.	Xn	+	½cxf	+	+	x,;)	+	R3	=	y	=	0,	z	=	1.	(SeeExampleB.3.2.)	(b)	Suppose	Ax;	=	A;X;	and	Ax.i	=	>-.1x1	with	A;	#	>-.1.	Compute	f(X)	(a)	Jo	2	e-ax	dx	(b)	(a>	0)	1	+00	-00	1	2	--e-x	1•	dx	0	5	'1Kt·	2.	By	TheoremA.2	..1,	the	definition	of	Yn	implies	that	there	is	a	term	xk-	from	the	original	sequence	{xk}	(with	k11	:::	n)	satisfying	II	IYn	-	xi:,,\	<	1/n.	7	(iii)
3H/au=pif,;-p	2	=0,	(iv)	3H	;ac	=	U'	(c)e-r	1	-	p	1	=	0.	G.	In	paiiicular,	what	is	F'	(x	)?	By	adjusting	the	physical	units,	assume	ii	=	11.	Taylor's	formula	helps	remedy	this	deficiency	(see	e.g.	EMEA,	Section	7.6):	2.().1	{TAYLOR'	If	f	is	n	f(x)	+	l	times	differentiable	in	an	interval	that	contains	a	and	x,	then	f'(a)	fnl(a)	=	f(a)+-·-cx-a)+···+--(x-a)	l!	n!	,	11
f(n+ll(c)	+	-	-	-	(	x	-	a	)	11	+	1	(n	+	l)	!	(2)	for	some	number	c	between	a	and	x.	Hence,	{x,c}	converges	to	b*.	Also,	He	=	He''	implies	that	aHc;ax	=	(8H/8x).	The	interval	(0,	1)	is	not	closed,	so	Brouwer's	theorem	does	not	apply.	,	3	·	2,	1	=	-	I,	that	f(3)	=	l)!	for	every	natural	number	n.	When	x	1	has	been	found,	we	can	also	find	X2,	...	(See	Problem	7.)	A
sequence	that	does	not	converge	to	any	real	number	is	said	to	diverge.	Consider	an	n	x	n	matrix	A	which	has	an	inverse.	(b)	Now	suppose	that	lf'(x*)I	>	1.	The	trick	is	to	calculate	the	total	derivative	of	the	expression	F(x,	x)	-	iaF(x,	x)/ai:	d	[	.	Clearly,	if	t	<	1	the	maximum	of	g	occurs	at	11	=	0,	and	if	t	>	1,	the	maximum	occurs	at	11	=	1.	Equation	(*)	is
stable	if	I-al	<	1,	which	happens	when	N	<	2{38.	SECTIQ[\J	4.3	Let	us	compute	some	values	of	f(x).	(a)	5.	The	eigenvalues	are	the	solutions	of	the	equation	I	alla21-	A	cttz	a22	-	)c	I=	-	(a11	+	a22)A	+	(a11a22	-	a12a2t)	=	0	The	case	in	which	A	has	different	real	eigenvalues,	1c	1	and	two	linearly	independent	eigenvectors	(	vi	)	and	(	V2	u1)	,	Uz	(8)	is
the	simplest.	For),.	',	T	t=T+l	+	(3)	(If	xr+i	does	not	appear	explicitly	in	F(T,	XT,	xr+i),	the	last	equation	becomes	tiivial.)	This	is	a	second-order	difference	equation	analogous	to	the	Euler	equation	in	the	classical	calculus	of	variations.	(Hint:	If	S	ls	unbounded,	then	for	each	natural	number	k	there	exists	an	xk	in	S	with	llxkll	>	k.)	5.	Thus,	=	l+x-u	+I+
(x+u)	=	2+2x+u-u	2	.	Then	(iii)	implies	c	=	WT	/ii.	Moreover,	equation	(6)	yields	ls(X)	In	particular,	(ii)	gives	=	max	[f3sul-y	UE(O,x)	Jr	(ar-1	(x	h-1(x)	-	u	))	=	13T-I	+	ls+1(as(X	-	=	f3T	Aai~J{	(x	-	max	[ul-y	uE(O,x)	_	u))]	(iii)	u)	I-y,	so	+	,BAai~~(x	-	u)	1-y]	(iv)	Let	h(u)	=	u	1-Y	+	cY	(x	-	u)	1-Y	denote	the	maximand,	as	a	function	of	u	in	(0,	x),	where	cY	=
/3Aat\.	0	x	=	u,	(-9-	4I	u	2	)dt,	x(0)	x(0)	=	0,	=	0,	u	E	JR	x(T)	free,	x(T)	=	16,	u	E	JR	(s,7il!:	2.	4,	where	A,	B,	and	Care	the	only	extreme	points.	Solve	Example	1	when	f(K)	v-/-	1,	and	b	-f	(b	-	r)/v.	Let	p*	=	(p	1	',	...	111	E	2	Use	(3)	to	compute	F'(x)	when	F(x)	the	integral	first	and	then	differentiating.	How	to	Handle	the	Constraint	Qualification	If	the	CQ
fails	at	an	optimal	point,	it	may	happen	that	this	point	does	not	satisfy	the	KuhnTucker	conditions.	,	xm)	be	the	(m	+	r)	x	(m	+	r)	leading	principal	minor	of	this	matrix.	In	this	sense,	F	is	a	"fixed"	or	"setup"	cost	that	must	be	incuned	in	order	to	produce	any	positive	level	of	output	Suppose	the	fim1	faces	the	output	plice	P.	So	there	is	clearly	no	number
y	such	that	Yk	tends	to	y	as	k	tends	to	oo.	,	bm)	denotes	a	resource	vector,	then	f*(b)	is	the	maximum	profit	obtainable	given	the	available	resource	vector	b.	But	then	we	see	that(**)	implies	that	D1	and	D2	defined	by	(*)	are	both	positive.	In	the	first	case,	x	1	tends	to	-oo,	and	in	the	second	case,	x	1	exhibits	increasing	fluctuations	or	explosive
oscillations	around	the	equilibrium	state.	,	T	there	is	either	a	discrete	distribution	P1	(Z1	),	or	a	continuous	den:-:ity	function	p	1	(z	1	).	A.	Here	z	aK	-	bK	2	represents	a	concave	parabola	with	z	=	0	for	K	=	0	and	for	K	=	a/b.	liil	This	result	extends	easily	to	differential	equations	of	order	n,	as	we	will	see	in	Section	7.3.	The	following	is	a	special	result	for
the	case	of	second-order	equations,	when	n	=	2:	h	>	()	-+	(3)	The	two	roots	(real	or	complex)	r1	and	r	2	of	the	quadratic	characte1istic	equation	r	2+ar+b	=	Ohavethepropertythatr	2+ar+b	=	(r-r1)(r-r2)	=	-(r1	+r2)r+r1r2.	The	state	variable	x	1	evolves	from	the	initial	state	xo	according	to	the	law	of	motion	in	(	1),	with	u1	as	a	control	that	is	chosen	at
each	t	=	0,	...	=	x(t)	that	joins	the	points	(t0	,	x0	)	and	(t1,	x	1)	has	length	Find	the	x(t)	that	minimizes	L	Comment	on	the	answer.	(a)	(d)	x	-	3x	=	0	4x	+	4i	+	X	=	0	'1Mi	2.	Differentiation	under	the	Integral	Sign	Let	f	be	a	function	of	two	variables	and	consider	the	function	F	defined	by	F(x)	=	1d	f	(x,	t)	clt	where	c	and	cl	are	constants.	However,	if	the
function	n:	in	(4)	is	concave,	and	if	we	impose	the	Slater	condition	on	the	admissible	set,	then	Theorem	3.9.1	shows	that	x*	maximizes	profit.	Then	the	determinant	B2	=	B2(x1,	is	z;	-z	X2	XJ	a1	B2	=	-z	XJ	a1(a1-l)	x2	aIa2	--z	z	-z	a2a1	02(a2-l)	X2X1	x2	--z	Xz	a1a2	(x1x2)	2	~	----'7	3	x1x2	l	az	=	az	Clj	-z	0	z;~	-	0	C/1	a2	CIJ	-	a,	1	a2	02	-1	z	2	where	we	have
systematically	removed	all	the	common	factors	from	each	row	and	column.	,	u0(X).	The	theorem	gives	necessary	conditions	for	an	admissible	vector	to	solve	problem	(1	).	Section	8-2	presents	the	Euler	equation,	while	Section	8,3	gives	its	rather	easy	and	very	instructive	proof.	-R.	(By	Theorem	1.6.2	these	eigenvalues	are	all	real.)	7.2	Let	Q	=	x'	Ax	be
a	quadratic	fonn,	where	the	matrix	A	is	symmetric,	and	let	...	In	particular,	for	each	t	=	l,	2,	...	For	example,	S	might	be	the	domain	of	a	function	that,	like	a	Cobb-Douglas	production	function,	is	not	defined	on	the	whole	of	ITi'I"	(see	Example	2.5.5).	But	f	1';;	(1	/	t	2	)	d	t	converges	(to	1/to),	so	the	second	integral	on	the	right-hand	side	of(*)	converges.
Then	if	d(x,	y)	<	8.	(a)	{£111)	x=ax-	)'	.	,	of	n	variables.	to.	E	IR	11	\	U	and	IR1n	\	U	is	closed,	y	0	=	lim,._,	00	Yk,	E	IR	11	\	U.	Finally,	in	order	to	ensure	that	profits	remain	bounded,	assume	that	for	each	fixed	w	»	0	the	average	cost	C(w,	y)/y	tends	to	oo	as	y	_,,.	If	we	put	g	=	(g1,	...	Then	3.f*(r)	a,:;-	=	[cJJ(x,	r)]	arj	J=l,	...	From	the	Kuhn-Tucker
conditions,	y	-	2A(x	y	-	2)	=	0	and	x	-	2'A(x	y	-	2)	=	0.	Put	F(x,y)	=	f	00	G(u,y)du,	with	G(u,y)	=	J!00	f(u,v)dv.	Also,	as	c	-+	0,	so	r	-+	oo	and	therefore	x*(T)	-+	0.	7.	sinx	+	2x	cos	x	t(ebF	e(a-b)0	=	-	J:	v:-r	e	(You	need	inte-	+	C.)	e"e).	In	optimal	economic	growth	models	there	is	often	a	discount	factor	in	the	objective	function.	2	It	would	be	more
appropriate	to	call	(1)	a	"recurrence	relation",	and	to	reserve	the	term	"difference	equation"	for	an	equation	of	the	form	Llx,	=	.f	(t,	x1),	where	/'l;x	1	denotes	the	difference	x	1+	1	-	Xr,	However,	it	is	obvious	how	to	transform	a	difference	equation	into	an	equivalent	recurrence	relation,	and	vice	versa,	so	we	make	no	distinction	between	the	two	kinds
of	equation.	~	\,	2	"	~	_:	l	'	''	Figure	2	-2x	-	y	3	.	Warning:	It	is	possible	to	have	both	Aj	Problem	3.6.l.	=	0	and	gj(x)	=	b1	at	the	same	time	in	(3).	In	an	economic	model,	(i)	K.	Then	we	let	x*	(r)	denote	one	of	these	choices,	and	try	to	select	x	for	different	values	of	r	so	that	x''	(r)	is	a	differentiable	function	of	r,	108	CHAPTER	3	/	STATIC	OPTIMIZATION
Fonnula	(3)	claims	that	the	first	effect	is	zero.	,	A11	are	reaL	(b)	Eigenvectors	that	correspond	to	different	eigenvalues	are	orthogonal.	(This	is	valid	also	fort=	T,	because	then	pr=	0.)	Then	Hi=	f3	1	(wx	-	2vx)	-	px	and	H;	=	j3	1	(wv	-	v2	)	+	p(l	-	v).	A	general	quadratic	matrix	is	positive	quasidefinite	if	and	only	jf	the	(symmetric)	matrix	A+	A'	is	positive
semidefinite.	On	the	basis	of	the	vector	field	one	can	draw	paths	for	the	system	and	thereby	exhibit	the	phase	portrait	or	phase	diagram	of	the	system.	,,	T	-	l,	whereas	J(T,	x,	u)	=	fJT	Ax	1-v.	The	theorem	is	illustrated	(for	the	case	n	=	m	=	l)	in	Figs.	(Hint:	See	the	proof	of	Theorem	A.3.5.)	4.	In	Problem	3	you	are	asked	to	find	a	unique	solution
candidate	by	using	the	maximum	principle.	If	we	choose	the	same	u	E	[O,	a)	in	each	period,	then	J"	=	I::o	f:F	x	1	(u	-a)	where	x	1	=	ii1	xo.	For	this	reason	Theorem	5.8.1	is	a	local	existence	theorem;	it	ensures	the	existence	of	a	solution	only	in	a	small	neighbourhood	of	to.	But	if	the	left-hand	side	of	(**)	were	lower	than	the	right-hand	side,	then	existing
bondholders	would	do	better	to	sell	their	bonds	and	set	up	replicas	of	this	small	business.	f'	(x*)	E	(-	1,	0).	,	x;,	...	We	then	say	that	the	equilibrium	state	x*	=	c/b	is	globally	asymptotically	stable,	R	SECTION	6	,4.	)	In	almost	all	control	problems	encountered	in	applications	one	can	assume	that	if	there	is	a	measurable	control	that	solves	the	problem,
then	there	exists	a	piecewise	continuous	control	that	solves	the	problem.	Problem	7	asks	you	to	prove	that,	if	H	=	f	+	pg	is	the	ordinary	Hamiltonian	associated	with	problem	(1),	then	u*(t)	maximizes	H(x*(t),	u,	p(t))	for	u	E	U	and	p(t)	=	-aH*	/ax,	with	p(t	1)	=	0.	Then	it	is	natural	to	allow	control	functions	that	suddenly	switch	all	the	investment	from
one	plant	to	the	other,	Because	they	alternate	between	extremes,	such	functions	are	often	called	bang-bang	controls.	Equivalently,	at	least	one	must	be	an	equality.	The	standard	procedure	for	solving	problem	(1)	is	similar	to	the	recipe	used	to	solve	the	corresponding	problem	with	equality	constraints	in	Section	3.3.	3	We	define	the	Lagrangian
exactly	as	before.	NDi	i:	2	The	implications	in	parts	(c)	and	(d)	cannot	be	reversed.	Let	c(t)	denote	hil,	consumption	expenditure	at	time	t	and	y(t)	his	predicted	income.	The	constants	T,	Ko,	Kr,	and	x	0	are	positive.	(a)	x	=	(c)	x	=	4.	This	section	addresses	the	question	whether	these	functions	exist	and,	if	they	do	exist,	whether	they	are	differentiable.	If
C(0)	=	Co	is	bigger,	so	that	the	path	starts	at	a	point	like	R,	then	consumption	increases,	whereas	capital	first	increases	and	then	decreases.	Conversely,	if	limx~,xo	f	(x)	=	limx-+xa	f	(x),	then	lim,~xo	f	(x)	exists	and	is	equal	to	both.	See	Fig.	The	rule	for	subtracting	partitioned	matrices	is	similar.	,	x	11	)	and	r	=	(r1,	...	If	we	put	f(x,	y)	=	a	2	-	x	2	-	y2
and	F(u)	=	lnu,	then	h(x,y)	=	F(f(x,y)).	Then	h	1	(u)	=	(1	-	y)u-Y	-	(1	-	y)cY(x	-	u)-Y	=	0	when	u-Y	=	cY	(x	-	u)-Y	and	sou	=	(x	-	u)/c,	implying	that	Ur-1	=	u	=	x/w,	where	..L	w	=	l	,	c	1/y	=	1	+	(/3	Aar1-y	_	1)	,..,1/y	=	Cr_	1	(v)	for	a	suitably	defined	constant	Cr-1-	Because	y	E	(0,	1)	and	cY	>	0,	the	function	his	easily	seen	to	be	concave	over	(0,	x),	So	the
value	of	u	given	in	(v)	does	maximize	h(u).	Therefore,	D,,	=	f	t,	·	to	(H*	-	H)	dt	+	11'	.	By(**)	one	has	p	0	x:::	p0	·	x0	for	all	x	in	S.	But	then	for	all	k	>	None	has	xk	E	B0	(x	0	)	n	S,	and	so	d(f(xk),	f(x	0	))	<	s.	The	system	can	be	written	as	The	characte1istic	polynomial	of	A	is	IO~	A	Hence	the	eigenvalues	are	A1	and	(	=	-1	and	A2	=	=	(A+	l)(A	-	2).	Then	the
effect	of	the	initial	conditions	"dies	out"	as	t	-,.	Vve	have	the	following	result:	(a)	F(a)	=	0	and	F'(a)	<	0	=;,	a	is	a	locally	asymptotically	stable	equilibiium	(b)	F(a)	=	0	and	>	0	=;,	a	is	an	unstable	equilibrium.	,m	(llb)	i=m+I,	...	(OJ	Y*(x)	=	{	{-./x72,	Ji72}	ifx>2	(-1,1}	2.	=	k,	where	k	is	a	constant.	Consider	the	inequality	signs	in	inf	f(x)	=	0	and	inf	g(x)	=
-1,	inf(f	(x)	g(x))	=	0	>	inf	f	(x)	+	1.	Thus:	(3)	Theorem	2.3.4	implies	that	a	sum	of	concave	functions	is	again	concave.	After	attempting	it,	however,	you	might	come	to	appreciate	better	the	easy	proof	above,	which	needs	no	differentiability	assumptions	at	all.

2022-5-3 · Modern	economic	and	public-policy	decisions	demand	mastery	of	quantitative	methods	and	data-driven	analysis.	A	pathbreaking	dual-degree	program—jointly	designed	by	the	Department	of	Economics	at	The	Chinese	University	of	Hong	Kong	(CUHK)	and	the	School	of	Education	and	Social	Policy	at	Northwestern	University	—opens	the
door	to	the	study	of	…	A	comprehensive	and	coherent	set	of	mathematics	standards	for	each	and	every	student	from	prekindergarten	through	grade	12,	Principles	and	Standards	is	the	first	set	of	rigorous,	college	and	career	readiness	standards	for	the	21st	century.	Principles	and	Standards	for	School	Mathematics	outlines	the	essential	components	of
a	high-quality	school	mathematics	program.
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